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1. A Definition

You might well ask why | have decided to talk about the meaning of the Goldsteorem
and physics on the Light Front. After all, while important, this is not really a sebject. The
answer is simple. | have chosen to give this talk, rather than talk aboutesmanch, because at
past Light Cone meetings | have discovered that this subject is not asndgtstood by all of the
participants as it should be. Therefore, people have not understealistussions that have taken
place between Stan Brodsky and me on the question b&adron condensateand the problems
with the uniqueness of the Light Front vacuum state. | have titled this talk sSMa®egeneracy
and Goldstone Bosons: A Challenge for the Light Cone" to emphasize thetanpe of this issue
for a proper understanding of PCAC and Current Algebra.

As it turns out, during my recent travels | found that my titles are not aleaggfy understood.
So | went back to the Wikipedia for a definition dégeneracyThis is what | found:

e de-gen-er-a-cy [ di?jénn?r?ssee ] noun (plural de-gen-er-gies)
Definition:
bad behavior: immoral, depraved, or corrupt behavior, or an iostafthis

worsened condition: a condition that is worse than normal or worsebifane
worsening of condition: the process of becoming physically, morallpemtally worse

Eal A

quantum physics states of equal energy: the condition of two or margwmu states
having the same energy.

I would love to discuss the first three topics, but alas, | will be discussiaddirth in this talk.
The point that | want to make in the time allotted to me, is that the successes of &@XCurrent
Algebra require us to conclude that in our world the hadron sector isclesg to a theory where
SU(3) x SU(3) is realized as a Goldstone (other people say spontaneously broken) symfe
corollary of this, is that in the limit of an exact Goldstone symmetry, the grotatd sf the theory
is enormously degenerate and this feature of QCD is not apparent in thieRAr@nt formulation of
the theory.This is the feature of QCD that has to be better understood.

2. A Parable

What would a general talk be without a parable ? Nothing! So, having saidltill begin
with a modified version of a parable that | believe | first heard from Sy@weman.

Once upon a time in a universe far, far smaller than ours there lived theitasawant Doctorus
E, who was an expert on practically everything and worked at the fat@ogstallus U. One day
as the Doctorus was deep in thought a student interrupted with a strasgevaton. He said,
"Doctorus, | have just discovered an amazing thing! The world is translati@riant!" Never at a
loss for a response the famous savant replied "Dummkopff, everyounlys that! Come here and
look out the hyper-viewer at what can be seen in the sky. Obviouslyifiyove the entire world
over by one grelp (an astronomical unit in Crystallus) everything looksdihee. We have known
that forever".
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Crystallus U.
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Figure 1: Read the pictures left to right and top to bottom

"But no Doctorus", said the student,"that is not what | meant! | mean thdaweeof physics
don’t change even if we translate the world by an arbitrarily small amoumt'wiich the savant
responded "How could you know that ? It would take an infinite amounnefgy to move the
whole world by an arbitrarily small amount! How could we test this idea ?"

"That's the neat thing Doctorus”, said the student. You don’t have to rtwvevhole world
to find out if there is, what | call, Aidden symmetryAll you have to do is see how much energy
it takes to excite an arbitrarily long wavelength excitation. The consequerbe hidden sym-
metry is that this energy will go to zero as the wavelength goes to infinity. Iitiaddthese long
wavelength excitations satisfy sum rules constraining their interactions withfiectiens”

"Hmm", said the savant, "let me think about this."

As it turned out the young student was correct. In fact, parable asateslation invariance
(by arbitrarily small translations) is realized akidden symmetrin a crystal. The excitations are
calledphononsand these phonons have no mass (i.e., their energy as a function of monge®sim
to zero as the momentum vanishes).

3. Examples of Goldstone Symmetries

Of course, | wouldn’t be talking about this if the only example of a hiddemragtry was
phonons in a crystal. In fact, condensed matter physics is replete with saofsystems that
exhibit this phenomenon.

For example, ferromagnets are objects that exhibit spontaneous matjoetiza., in these
systems magnetic moments of atoms align with one another to produce an olesqreatistent
magnetic field. Since this magnetic field points in a definite direction, it follows tleatatational
invariance of the full theory ikiddenfrom us. The massless excitations (or gapless excitations of
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this system are callethagnony Since the manetization could point in any direction, it follows
that the ground state of this system is infinitely degenerate. Similarly, theematierromagnets,
where the spins anti-align, but point in a definite direction.(High temperatyrersonductors ex-

2y
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Ferromagnet:
Anti-Ferromagnet:
Hidden symmetry: Rotation invariance
Hidden symmetry: Rotation invariance
Particle: Magnon

_ Particle: Spin-wave
Coulomb’s law + exclusion principle

Figure 2: Both the ferromagnet and anti-ferromagnet have rotatiowariance as a hidden symmetry.

hibit this behavior when they are under-doped.) Once again the hidaemelyy is rotational
invariance and the massless excitations are cafpgttwaves

Finally, not to be outdone by the world of condensed matter physics, patigkcs also has
its share of hidden (or Goldstone) symmetries. For the purposes of thisssisn | will avoid
theories that have the additional complication of the Higgs phenomenon takiog and will
concentrate on QCD. It is an old story that the only consistent explanatitime dGoldberger-
Treiman relation, Adler-Weissberger calculation oftli¢gy sum-rule, the sum rule for the squares
of the masses of the pseudoscalar mesons, Weinberg’s formula far-thre scattering lengths,
Dashen-Weinstein theorem on the slope of the form factoislindecay, etc., is that QCD is
close to a theory in whicBU(2) x SU(2) (and in factSU(3) x SU(3)) is an exact buhidden (or
Goldstone) symmetry. Moreover, the only source of symmetry breakintharguark mass terms
in the Hamiltonian. In other words, if quark masses were zero, then this syynwtid be exact
and therr, K andn meson would all have zero mass. They would be, like the phonons, magnons
or spin-waves, the massless excitations associated with the hidden symmsgtilye ®ay, one
reason | like calling this sort of symmetry a hidden or Goldstone symmetry,rritiie the more
popularspontaneously brokesymmetry is that it avoids having to talk about a "really broken,
spontaneously broken, symmetry" when quark masses are non-zero.

The key point | want to make in the rest of this talk is that it is genrally true, abvgus in
the case of the condensed matter examples | talked about, that in ordegr®tdtbe Goldstone
bosons (these massless excitations) there has to be somethiigglte

4. Formalities

Since | see friends in the audience with a bit of a formal bent, | will sperehanioments
giving some formal insight into the meaning of the Goldstone theorem anditgagts about there
having to be stuff that wiggles. A more extensive discussion of some of theges can be found
in my Heidelberg lectures[1] .

The story begins with that perennial favorite, Noether’s theorem. Yoknallv the theorem,
you learned it in grade school. It says, that if a Lagrangian has a caugnsymmetry then there
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exists a locally conserved current associated with that symmetry; i.e.,
oy j*=0. 4.1)

The usual follow up to the proof of this theorem is the observation that assequence of current
conservation there is an associated conserved charge

Q:/d3xj0(x). 4.2)

It is usually argued that a consequence of the current conservati@tien that the time derivative
of this charge vanishes

aoQ:/d3x o"'ojo(x):—/d3x B.7%) =0, 4.3)

at least if surface terms can be neglected. Then, so the story goesvera ime independent
Hermitian operator that can be exponentiated to provide a unitary repadearof the symmetry
group. It is here that the story becomes more complicated. As with all thingsysigs there is
often agotcha

To better understand what the gotcha is, define the operator

Qa= [ dxj°x, (4.4

where the integration is over a finite three volufde The good thing about his operator is that it
exists and the local nature of the commmutator of the current with local fiektagiees that

Jlim [Qa, ¢(X)] (4-5)

exists, since onc€ is larger than the intersection of either the past or future light cone of the
point X with the surface of integration in Eq.4.5. This observation tells us that by takengmit
Q — o in all commutators ofQq with all local observables we obtain an automorphism of the
space of local observables: the question is whether thisiisrem automorphis In other words,
is the a Hermitian operatd defined on the Hilbert space that generates the same automorphism.
If so, it can be exponentiated. Furthermore, if the conserved curcérgs to the algebra of a
compact Lie group, then so will the conserved Hermitian charges anddhetbey will generate a
unitary representation of the Lie group on the space of physical statédsaticase we say that the
conserved currents are realized adligner symmetryThe hallmark of a Wigner symmetry is that
the states are grouped into finite dimensional representations of the Lig (@ioae it is compact)
and they all have the same mass; i.e., they are degenerate. Also, using tiez-Bogart theorem,
we are able to relate matrix elements of operators that transform as irrkdregbesentations of
the group, to one another. Hence, we get relations between couplistaots) transition matrix
elements, etc.

Suppose, however, that the automorphism defined by the consenvedtsus not inner? This
can only be the case if the limit of the operafas fails to exist a2 — oo, This will happen if there
is a massless patrticle coupled by the current to the vacuum state. Whenpipénbdhe existence
of the conserved currents implies that the system has a non-trivial symimetthis symmetry is
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no longer realized by having the states of the theory bundled into nice finitediomal irreducible
representations of the Lie group. Rather, the consequences of the Byraneeexact low-energy
theorems controlling the low energy behavior of the massless patrticle thaipsedadoy the con-
served currents to the vacuum. Such a symmetry is not immediately obvious bl derahat
reason | will adopt Coleman’s terminology and refer to it ésdmlenor Goldstonesymmetry. This

is the sort of symmetry realized by the conserved axial vector current€ i the limit of van-
ishing quark masses. The Goldstone bosons, i.e. the massless partiplesl tothe vacuum state

by these currents, are tlreK andn mesons. Some of the consequences of this symmetry are:
the Goldberger-Treiman relation, the Adler-Weissberger realtion, theCPsei-consistency con-
ditions, the Dashen-Weinstein theorem on the form factokslindecay, and Weinberg'’s theorem
on the behavior of low energy — 1T scattering. This list is by no means complete, | give it only to
convince you that there is a great deal of experimental evidence timis$ pmthe fact that the axial
current part of chiraBU(3) x SU(3) is realized as a hidden or Goldstone symmetry, whereas the
symmetry generated by the vector currents is of the Wigner type.

Of course, since this talk is about massive degeneracies, | shouldigypla@nt out that the
existence of the massless particle created by this current means that tls¢ émeegy state of
the theory is enormously degenerate. This is because we can add angrrafrmbro momentum
massless particles to the vacuum without increasing the energy. It is théhdiathe light-front
formalism insists that the vacuum is the unique lowest energytbiatenakes reconciling the light
front treatment of QCD with the real world so problematic. | would also like tiotpout that any
argument that sayia hadron condensatezan explain the Goldstone boson phenomenon is simply
incorrect, in that it cannot explain this huge vacuum degeneracy.

4.1 Finite Volume Considerations

I now have to say a few words about what happens if | make the spatisthedinite, instead
of infinite. Why do | feel compelled to do this? Because all non-perturbapproaches to dealing
with QCD involve beginning with a system in a finite volume and then taking the voluiméndy,
and when the volume is finite, the ground state of the theory is unique. Wharéstthe massive
degeneracy | spoke of?

To clarify this issue, let us return to the example of the ferromagnet. Imagineake a state
that is the tensor product of essentially the same norm one spin state datéaelsite, and assume
that this state is constructed so that the expectation value of the spin (ortmagoe) points in a
definite direction. This product state is a contender for the infinite volume etiagd state.

If one now applies a rotation to the spins on each site one obtains a new steteidh the
magnetization points in another direction. Now, because the volume is finite énapwf two
such states is given by

N
W) =[]lw) and [®)=[]Ia) (4.6)

N
(W) = (wila). (4.7)
|
Note, since two non-aligned states of unit length have an overlap whosetou®is less than one;
i.e., || (¢il@)|| <1, it follows that the overlap of the finite volume statdsand ® goes to zero
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exponentially as that number to the powér Furthermore, for a spin-spin Hamiltonian it is clear
that

(WH W) =(D|H [®), (4.8)
(W H|®) ~ XN = 0, (4.9)

where X is some number less than unity. Since the different states are not orthghgohéhe
are unit length) one can use them to form an orthonormal basis and diagothe Hamiltonian
truncated to this space of states. These will be the correct lowest lyingsééges in the limit of
largeN and they will be split by an amount that goes to zerdNas> «. It is the fact that these
states become split by exponentially small amounts as the number of sites geth#rgxplains
how a finite size ferromagnet seems to form. Clearly, the state in which tlmerfagnet points in
a definite direction is a linear combination of the eigenstates we constructezk tBasplitting
between these states is so small, turning on a small magnetic field will put the dpstethis
magnetizedstate. If this field is then turned off adiabatically the different eigenstatesewolive
in time with slightly different phases, due to their energy differences. Mengnce these energy
differences are exponentially small, it will take an exponentially long time to sem#gnetization
vanish.

The key point of all of this, is not why we can see ferromagnets that hdugte volume.
Rather it is that that the signal of the infinite degeneracy of the infinite volume ifaih enormous
number of nearly degenerate states whose number grows rapidly witlasimgevolume. This
enormous degeneracy is what a light front calculation, done in finite volshwild see. This is
what, to the best of my knowledge, isn’t apparent yet. The statement éhttie of the light front
is that the vacuum state is empty (and unique) is, in the case of spontagetustsy breaking, a
problem, not a virtue.

5. What Happens in the Instant Formalism ?

Having criticized the light front approach because it doesn’'t make ytteesddress Goldstone
symmetries, it would be remiss of me to not argue that this problem is less diffidhk instant
formalism. | will now contend that for a non-Abelian gauge theory, sudQ@B, the formation of
Goldstone bosons is an inescapable property of the strong coupling limé didbry.

5.1 The Schwinger Model

Given the limitations of time, | will begin with a very short discussion of theltdimensional
Schwinger model, because it exhibits most of the physics | wish to disciiss. that | will make
an even briefer foray into QCD. The point of this, as | have already, #td show that for these
theories it is trivial to argue that the strong coupling limit of the theory explaimg the vacuum
state can be very degenerate and support the existence of Goldssoms bo

We begin with the formulation of the lattice version of the Schwinger moda}ia 0 gauge.
The setting for the model is a 1-dimensional lattice whose sites are labelled ydberj. The
fermions in this model live on the sites and are represented by the two-cemidermion fieldy;
and its conjugatei/JT. The Abelian gauge field of the modé;, lives on the link joining the pair
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of lattice sitesj and j + 1, The conjugate variable #; is the electric field variabl&; = A,- and
they satisfy the canonical commutation relatigAs Ej;/] =i d; j. Since the variablég appearing
in the Schwinger model Lagrangian, it follows that the Maxwell equation cgrfriom varying
the Lagrangian with respect #y will not be an equation of motion. With these definitions, if
we follow the usual prescription, we construct the Hamiltonian of the gef@mic of the lattice
Schwinger model:

H = Hg +Hs, (5.2)
where
. 9 2
HE = ?ZEn
/ _i n,—l .
Hi = 5 (yf)*K(n—n)gge " A (g )P, (5.2)

n,n

where the kinetic terniK(n— n')O,B is a two-by-two matrix for each value of—n', the fermion
fields satisfy the anti-commutation relations

(WD )P} = G 0 (53)

The link fields satisfy the harmonic oscillator commutation relations given above.
Now in any number of dimensions, the missing Maxwell equation is just the Gawsdn
one dimension this law takes the particularly simple and suggestive form

G =Ej1—Ej—yf ¢ =0. (5.4)

The important fact is that although this equation is not one of the Eulerabagy, or Heisenberg
equations of the theory, it follows from the specific form of the Hamiltoniahalaf the operators
G; commute with the Hamiltonian; i.e.,

[Gj,H] =0 Vj. (5.5)

From this it follows that, although the theory contains states that do not sttesfgauss law, we
are free to restrict ourselves to the subspace of states which do, ssneathiltonian will never
take us out of this subspace. Furthermore, since the opef@jaee precisely the operators that
generate local time-like gauge-transformations, all gauge invarianatgpemust also commute
with the Gj’s. From this discussion we see that by beginning\in= 0 gauge we over quantize
the theory, in that canonical manipulations can create more states than wlaevigver, thanks to
gauge invariance we can select a subspace of states that gives Lenttyanh are interested in.
Obviously, since we have the choice of how to choose our basis statsgewhat satisfying
the Gauss law will be most easily done if we work in a basis in which the opefaf@andp; =
ijT y; are diagonal. Since we are dealing with fermions, we have the possibilityvafghéour
possible fermion states: these correspond to the state having no partidgsamicle of charge
—1, or one anti-particle of chargel, or finally, one particle and one anti-particle on a single lattice
site. Note, if we impose the Gauss condition then specifying the charge<brsiéga completely
(up to a constant background field which we will take to be zero) spetifeestate. Note, since
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the Hamiltonian only contains the operate8i, it can only couple together states in which the
electric field changes in absolute value by one unit.

At this juncture | am in a position to keep my promise and argue that in thedfmit  the
Schwinger model has an infinitely degenerate ground-state. Mordowél,argue that for very
large, but finiteg? the theory has a Goldstone boson that, due to the anomaly, fails to appear as w
take the limitg? — 0.

| begin by noting the the tern%g 5 j E? means that wheg? >> 1 having any flux (i.e. any
non-vanishing value foE;) costs a lot of energy. Thus, the ground state of the theory in this limit
must be a state wheig = 0 for all links. By the Gauss condition this means that the charge on
each site must vanish. However, we have already seen that there gredsible zero charge states
for each site. Thus we see that in the lagddimit, for a lattice withV sites, there will be %
degenerate states with energy zero. All other states will have infiniteyensayy, if we takeg?
large but finite, then we observe that the kinetic term can separate a gdaireatie a particle and
anti-particle on different sites joined by a unit of flux. Since this is a higkrgynstate the energy
denominator appearing in perturbation theory is large and so we are invitexzhtdhe effects of
the kinetic term on the ground state by second order perturbation themmeueér, since the ground
is so degenerate, we must do degenerate perturbation theory, sindfdfentidegenerate states
are mixed by the kinetic term. This leads us to an effective Hamiltonian which ifiead the
Heisenberg anti-ferromagnet, and as | already said, this theory hasraetgy that is realized in
the Goldstone mode. Of course, there are no little magnetic spins in this ctwes,thee role of
spin has to do with the chiral charge of the state which, for each site, istmefsiine particle and
anti-particle number on that site minus one.

Time doesn’t permit me to discuss this model further, especially the interesirygos what
happens to the Goldstone mode in the continuum ¢%e— 0) limit. Since what happens in this
case is specific to the anomaly in the axial current, it presumably is not nelevthe case of the
octet of axial currents in QCD. | refer you to my paper with Kirill MelnikoYyih the subject for
all of the details.

5.2 What About QCD ?

At this point | can only give the briefest summary of what happens in Q€&ne works in
the corresponding version 85 = 0 gauge, the story parallels that of the Schwinger model. Once
again, gauge invariance requires that in the large coupling limit the cologeloa every site must
vanish in order to avoid having non-vanishing flux on any link. Thusheéte can have as maaqg
or gqgstates as are allowed by the exclusion principle. If we simply focus on thebp®sesons
that there are a large number of zero energy states on each site. As asthefache Schwinger
model we do degenerate second order perturbation theory to undkvetian happens when we
turn on the kinetic terms.

The result is that we obtain a frustrat8td(12) x SU(12) anti-ferromagnet. The frustration
is due to the presence of next nearest neighbor hopping terms. Theesansebreak the global
symmetry to chiralSU(3) x SU(3). It is straightforward to show that, in this system, the vector
SU(3) symmetry is realized in Wigner fashion, meaning that there are dege®eig8emultiplets
of particles with non-vanishing mass, but the axial part of the symmetry ligedan Goldstone
mode. The massless multiplet of mesons arerth& andn mesons. Another bonus is that in
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this limit we get the good predictions of the ratio of magnetic moments obtained in tI8Jo&)
symmetry scheme, but none of the bad predictions. A complete discussios abpfimoach appears
in paper by myself, Sid Drell, Helen Quinn and Ben Svetitsky[3]-[4].

6. The Challenge

This talk can be summarized as follows:
e Exact symmetries can be realized in Wigner or Goldstone mode.

e When a symmetry is realized in Wigner mode the states of the theory form datgeiree-
ducible representations of the symmetry group and the lowest energy siatgus.

e When a symmetry is realized in Goldstone mode the lowest energy state of thg iheo
infinitely degenerate, the states of the theory do not form irreducibleseptations of the
symmetry group and there are massless particles coupled by the consemezds to any
one of the possible ground states.

¢ In finite volume the signal of a Goldstone realization of a symmetry is that the rnuofibe
nearly degenerate states grows rapidly with increasing volume and theegapen these
states shrinks exponentially with the volume.

e The existence of aondensatsuch as the magnetization, for a ferromagnet, or the staggered
magnetization for an anti-ferromagnet, signals a Goldstone symmetry. Thisaadeethis
condensate transforms non-trivially under the symmetry transformatiahsceits existence
implies the ground state isn’t unique.

¢ PCAC means that the pion, kaon and eta are would be Goldstone bosoashwahny where
the quark masses are set to zero. This interpretation is overwhelminglgrsegpy experi-
mental data. This means that these particles are really the wiggling of thepardeneter or
condensate.

e Finally, in order for the Goldstone particle to exist there has to be somethinig¢henevery
place where the particle can exi$his means that the condensate that is the order parameter
for this Goldstone symmetry cannot be confined to the interior of hadrons.

Thus, to reiterate, the challenge for the Light Front is to show how the famaives rise to
this sort of pattern of degeneracy when the physical volume of spacerss large.
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