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Abstract

For X-ray Free-Electron Lasers such as LCLS and
TESLA FEL, a change in the electron energy while ampli-
fying the FEL radiation can shift the resonance condition
out of the bandwidth of the FEL. The largest sources of en-
ergy loss is the emission of incoherent undulator radiation.

Because the loss per electron depends only on the un-
dulator parameters and the beam energy, which are fixed
for a given resonant wavelength, the average energy loss
can be compensated for by a fixed taper of the undula-
tor. Coherent radiation has a strong enhancement propor-
tional to the number of electrons in the bunch for frequen-
cies comparable to or longer than the bunch dimension. If
the emitted coherent energy becomes comparable to that
of the incoherent emission, it has to be included in the ta-
per as well. However, the coherent loss depends on the
bunch charge and the applied compression scheme and a
change of these parameters would require a change of the
taper. This imposes a limitation on the practical operation
of Free-Electron Lasers, where the taper can only be ad-
justed manually.

In this presentation we analyze the coherent emission of
undulator radiation and transition undulator radiation for
LCLS, and estimate whether the resulting energy losses are
significant for the operation of LCLS.

INTRODUCTION

Recent experiments [1, 2, 3] have shown successfully
the operation of free-electron lasers (FEL) in the mode
of self-amplified spontaneous emission (SASE), starting
from the spontaneous undulator radiation. This supports
the construction of SASE FELs in the X-ray regime [4, 5].
These 4th generation light sources allows for unprece-
dented brightness with Ångstrom spatial and femtosecond
time resolution for all branches of science [6].

For a successful operation of an X-ray FEL it is essen-
tial to keep the electron beam synchronize with the radia-
tion field. Any externally induced loss in the electron en-
ergy will degrade the performance. However if the energy
change is known it can be compensated by an adjustment in
the undulator field. The dominant contribution is the emis-
sion of incoherent undulator radiation [7], which is in the
case for X-ray lasers even larger than the maximum FEL
signal. Other sources are undulator wakefields, which have
been already presented elsewhere (e.g. [8]).

In this presentation we calculate the contribution of co-
herent emission of radiation, which is enhanced by the
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number of electron per bunch (≈ 5 · 109). In particular for
X-ray FELs the bandwidth of coherent emission is large
because the electron bunch is strongly compressed to re-
duce the FEL saturation length, and thus it excites higher
frequency components. In addition the particular compres-
sion scheme at LCLS [4] generates a current profile which
is rather flat with spikes at the edges than Gaussian (see
Fig. 1). This increases the bandwidth of the excited fre-
quencies. The two radiation processes, which can emit co-
herently in an undulator, are the undulator radiation and the
transition undulator radiation at the entrance and exit of the
undulator.
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Figure 1: Current profile of the electron bunch in the LCLS
undulator, calculated by start-to-end simulations.

COHERENT UNDULATOR RADIATION

Undulator radiation is the dominant radiation source and
is emitted mainly in the forward direction due to the strong
Doppler shift from the electron motion. The on-axis radi-
ation can interact back on the electron beam, driving the
free-electron laser mechanism. For larger emission angle
with respect to the forward direction, the intensity drops
quickly and the emitted wavelength is red-shifted. How-
ever beyond a threshold angle the radiation wavelength is
comparable to the bunch length and the radiation adds up
coherently. In the following we estimate the emitted energy
due to the coherent enhancement by the particle distribu-
tion. Because we are integrating over a wide frequency
range and including all directions of observation, any ap-
proximation in our calculation is excluded.

The energy emitted per solid angle and frequency inter-
val is given by
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with Ĩ(ω) the Fourier-transformed current profile, �n the
vector of observation, �β the electron velocity in units of
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the speed of light c, �r the trajectory of the electron, and
Q the bunch charge. For evaluation the transverse oscil-
lation βx = K/γ sin(ωut) is in the xz-plane, where γ is
the electron energy, K is the unitless undulator parameter,
and ωu = cβ0ku is the undulator wavenumber with ku =
2π/λu and λu as the undulator period. Although the longi-
tudinal velocity βz is modulated within a undulator period,
the average velocity is given by β0 = 1− (1+K2/2)/2γ2.

The dominant contributions in the integrations over t
arise from the transverse oscillation βx in the cross prod-
uct and the transverse position rx in the argument of the
exponential function. The latter has the maximum ampli-
tude (ωK/γωu) sin(θ) � 1 and can be expanded in Taylor
series. Both terms add up coherently as (K/γ) exp(iωut)
with the cross product �n× [�n× (�ex + nx(ω/ωu)�ez)].

The integral yield a sinc-function around the central fre-
quency ω = ωu/(1−β0 cos θ), which is the resonant undu-
lator wavelength, including the red shifting Doppler effect,
when observed under an angle θ. Because the width of the
sinc-function is the inverse of the number of undulator pe-
riods Nu, it selects only a narrow frequency window in the
remaining integration over ω. We approximate the sinc-
function by a Dirac-function δ(ωu−ω(1−β0 cos θ)). The
integration over the frequency and the angle φ of the solid
angle dΩ = sin(θ)dθdφ yields
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For our calculation we consider the cases of a Gaussian and
rectangular profile with the rms bunch length σz and form
factors

|ĨG(ω)|=e−ω2σ2
z and |ĨR(ω)| =
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Under the condition kuσz � 1 the total emitted power
is

EG =
Q2LuK2

32πε0σ2
zγ2

and (3)
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for a Gaussian and rectangular current profile, respectively.
For LCLS parameters (K = 3.63, γ = 27500 and σz = 20
µm) the energy losses are EG = 6.4 µJ and ER = 40.5 µJ,
both three orders of magnitude smaller than the losses due
to the incoherent undulator radiation of 17 mJ [4].

The transverse extension of the electron bunch σt can
suppress the emission for very short bunches. Assuming a
Gaussian distribution in the transverse direction the form
factor of the current profile |Ĩ(ω)|2 has then the additional

factor exp(−ω2σ2
t sin2 θ/c2). The applied correction func-

tion S(σt/σz) is then
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2
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where Φ is the Error function. The function S(x) is shown
in Fig. 2. For LCLS the ratio is about 1 and the reduction
in the emitted energy is negligible.

Figure 2: Suppression of the emitted energy due to the
transverse size σt of the electron bunch. The function S(x)
depends on the ratio x = σt/σz .

COHERENT TRANSITION UNDULATOR
RADIATION

Due to the transverse oscillation the average longitudi-
nal velocity of the electron bunch is slower within the un-
dulator than outside. The induced longitudinal acceleration
of the short end pieces of the undulator, which match the
straight trajectory outside of the undulator with the sinu-
soidal trajectory within, causes the emission of transition
undulator radiation [9, 10]. The radiation footprint is sim-
ilar to transition radiation [11], but there the emission is
produced by the boundary condition of the electric field
at the surface. A similar radiation source is edge radia-
tion [12, 13], when an electron enters or exits the field of
a bending magnet. However in transition and edge radia-
tion the electron is modelled to come to a complete halt,
while for transition undulator radiation the electron is only
slowed down by ∆β = (K/2γ)2.

Low Frequency Approximation

In the low frequency model we assume that the change
in the velocity is instantaneously. The emission of a single
electron entering a undulator module is therefore

d2E

dωdΩ
=
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16π3ε0c
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1− βd cos θ
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,

(6)
where βu = 1− (1+K2/2)/2γ2 is the velocity within the
undulator and βd = 1−1/2γ2 the velocity in the free space



outside the undulator. If the electron would be stopped
completely (βu → 0) then the emission (Eq. 6) is identi-
cal with that of transition and edge radiation. Due to the
interference of the two terms in Eq. 6 the radiation is more
confined in the forward direction. Emission under large an-
gles θ � 1/γ is suppressed by a factor γ−2 in comparison
to transition and edge radiation.

The radiation patterns from the undulator entrance and
exit interfere with each other with opposite signs and
an additional phase factor exp(iω∆τ), where ∆τ =
(Lm/cβu)(1 − βu cos(θ)) is the retarded time-interval
when the electron enters and exits the undulator module,
and Lm is the undulator module length. If the undulator
consists out of N modules additional terms arising with
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,

τ = ∆τ+(Ld/cβd)(1−βd cos(θ)), and Ld the drift length,
separating two adjacent undulator modules. Including also
the excitation by the current profile, expressed by the form
factor Ĩ(ω) the angular distribution per frequency interval
becomes

d2E

dωdΩ
=

Q2

16π3ε0c

(
βu sin θ

1− βu cos θ
− βd sin θ

1− βd cos θ

)2

× 4
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|Ĩ(ω)|2. (7)

For a typical undulator the drift between two modules
corresponds to the slippage of a few resonant wavelength,
which is much shorter than the bunch length. As a re-
sult the phase difference ω(τ − ∆τ) << 2π is negligi-
ble for frequencies excited by the bunch profile. Therefore
the two sine-functions sin(ω∆τ/2) and sin(ωτ/2) cancel
each other in good approximation in Eq. 7. Effectively the
undulator modules are joined together into one single long
undulator module.

For very long undulator (Nτ � σz/c) the sine-function
sin2(ωNτ) is fast oscillating and can be approximated by
its average value 1/2. In this case the integration over the
frequency is decoupled from the angle of observation θ,
yielding c

√

π/4/σz and c
√

π2/12/σz for Gaussian and
rectangular profile, respectively. The resulting emitted en-
ergy is
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for the Gaussian profile and is higher by the factor
√

π/3 ≈
1.02 for the rectangular profile.

It is useful to point out that Nτ is proportional to the
slippage length of the radiation field within the undulator.
The limit, discussed above, is equivalent to the condition
that the bunch length is shorter than the slippage length
Ls = (λ/λu)z. Otherwise the radiation is suppressed due

to sin2(ωNτ) � 1 for ω < 2πc/σz . We solve Eq. 7 nu-
merically and express the suppression by the additional fac-
tor

E = E0 · F (Ls/σz) . (9)

The function F is shown in Fig.3 and is quadratic/linear
for Gaussian/rectangular profile and small arguments. For
LCLS the suppression is 0.01, yielding a total emitted en-
ergy of 1.3 µJ, which is comparable in its magnitude to the
coherently emitted undulator radiation. It would require an
undulator of about 15 km for LCLS-like parameter in or-
der to see no suppression by the destructive interference
between undulator entrance and exit.

Figure 3: Function F for the suppression of the CTUR sig-
nal due to finite bunch length of a rectangular and Gaussian
profile (solid and dashed line, respectively).

It seems to be counter-intuitive that the energy loss oc-
curs over the entire undulator length, while the emission
processes are spatially and temporarily localized at the en-
trance and exit of the undulator. But emission becomes
only distinguishable in the far field zone, which lies out-
side the undulator. At the location of the electron the ve-
locity field is the dominant field. In this model of undulator
transition radiation the electrons are slower within the un-
dulator and therefore the electrostatic field is less Lorentz
contracted. However it is not seen be all electrons instanta-
neously. The change in the field is seen immediately only
by the trailing electrons, while it requires some distance to
catch-up with electrons ahead. This distance is the slippage
length. As seen in Fig.3 the electron bunch has reached al-
most electrostatic equilibrium after Ls > 3σz and only a
negligible energy loss occurs further. At this point any re-
tarded field information has propagated through the entire
bunch.

High Frequency Limit

In the low frequency limit we assumed that the change
in the velocity is instantaneously, but in reality each un-
dulator module has a short tapering section to match the
straight trajectory of the drift with the sinusoidal within.
Typically the tapering section is one or two undulator pe-
riods long. Note that the characteristic frequency, which
can ‘probe’ the explicit tapering is of the order of the res-



onant wavelength of the FEL. Thus, the low frequency ap-
proximation is valid for all current profiles, except for the
micro-bunching, induced by the FEL process.

To estimate the high frequency dependence we refine our
model by assuming a linear change in the velocity over the
time interval δT . The acceleration is β̇ = (βu − βd)/δT
for entering the undulator module, yielding the profile of
the electric field

E(τ) =
e sin θ

4πε0cR

β̇

[(1− βd cos θ)2 − 2β̇τ cos θ]
3
2
, (10)

where τ is the retarded time. The observed pulse length is
δτ = (1 − cos θ(βd + βu)/2)δT . The spectrum for small
angle (θ � π/2) is
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e tan θ
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Figure 4: Power spectrum of the radiation pulse from a
single electron at a single undulator entrance or exit.

Fig. 4 shows the spectra for different angle of observa-
tion. For larger value of θ > K/γ the pulse duration δτ
becomes larger, resulting in a stronger suppression of emis-
sion at a given frequency. As an example a LCLS like un-
dulator is tapered over two undulator periods. The time of
observation δτ is about 1.7 Å/c and even at the resonant
wavelength at 1.5 Å the spectral power is only dropped by
about 50% (ωδτ ≈ 7) for θ ≤ 1/γ.

Because the spectrum is not suppressed significantly at
the resonant wavelength, it might be considered to use
CTUR as a parasitic emission signal to measure the degree
of current modulation (micro bunching). With the assump-
tion |Ĩ(ω)|2 = |b|2δ(ω − ωr) the resulting emitted energy
per solid angle becomes

dE

dΩ
=

4|b|2
Z0

|Ẽ(ωr, θ)|2e−ω2
rσ2

t sin2 θ/c2

× sin2(ωr∆τ/2) sin2(ωrNτ/2)
sin2(ωrτ/2)

. (13)

The radiation is strongly suppressed by two factors.
First, the decoherence effect due to the finite transverse
beam size confines the coherent radiation toward the for-
ward direction θ � 1/γ, where the sine-term in Ẽ sup-
presses the radiation. Second, the interference of undulator
entrance and exit is destructive because ωr∆τ and ωrτ are
a integer number of π for any well tuned FEL, despite the
enhancement N2 from multiple undulator modules. How-
ever within a single undulator FEL, like the VISA FEL, the
bunching occurs only within the undulator and there is no
interference with the undulator entrance.

CONCLUSION

For X-ray Free-electron Laser the contributions of the
coherent undulator radiation and transition undulator ra-
diation to the overall energy loss of the electron bunch is
negligible in comparison to the incoherent emission of un-
dulator radiation. For CUR the emission is suppressed de-
spite its enhancement by coherence because it requires the
emission under an large angle so that the red shifted wave-
length becomes comparable to the electron beam size. In
contrast the transition undulator radiation is broadband but
sees strong interference between the emission from the en-
trance and the exit of the undulator, which shifts the emis-
sion towards higher frequency and out of the bandwidth ex-
cited by the electron bunch. The possibility to measure the
bunching factor in the FEL process is only given for long-
wavelength FELs, where other methods exist to accomplish
the measurement.
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