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Abstract

The attractor mechanism governs the near-horizon geometry of extremal black holes in

ungauged 4D N=2 supergravity theories and in Calabi-Yau compactifications of string

theory. In this paper, we study a natural generalization of this mechanism to solutions of

arbitrary 4D N=2 gauged supergravities. We define generalized attractor points as solu-

tions of an ansatz which reduces the Einstein, gauge field, and scalar equations of motion

to algebraic equations. The simplest generalized attractor geometries are characterized

by non-vanishing constant anholonomy coefficients in an orthonormal frame. Basic exam-

ples include Lifshitz and Schrödinger solutions, as well as AdS and dS vacua. There is a

generalized attractor potential whose critical points are the attractor points, and its ex-

tremization explains the algebraic nature of the equations governing both supersymmetric

and non-supersymmetric attractors.
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1 Introduction

The study of the attractor mechanism has been a rich source of insights, both into the

physics of black holes [1, 2] and into more formal aspects of string theory [3, 4]. In the

best understood case of BPS black holes in 4D N=2 (ungauged) supergravity, the original

papers [1, 2] demonstrated that (vector multiplet) scalars are attracted to universal fixed

points at the black hole horizon, independent of their asymptotic values at infinity. These

fixed points are functions only of the charges of the black hole and the geometry of the

moduli space, and can be found by minimizing a suitable attractor potential. We will

call the solutions where the scalars take the attractor values even asymptotically, so they

remain constant instead of undergoing an attractor flow, and where the gauge fields are also

constants when expressed in terms of a suitable tetrad, attractor points. In this language,

the attractor points appearing in the original papers [1, 2] are the AdS2 × S2 near-horizon

geometries of the associated extremal black holes.

Several recent developments have encouraged us to revisit the attractor mechanism and the

classification of attractor points in a more general context. On the one hand, there have

been serious efforts to generalize the attractor mechanism to N=2 gauged supergravity

solutions; see for example the recent work [5, 6] and references therein. We are able to

extend these results to provide a simple characterization of the attractor points for general

N=2 gauged supergravities.

On the other hand, largely motivated by developments at the interface of AdS/CFT and

condensed matter physics [7], there has been intense investigation of solutions with more

general asymptotics than Minkowski or AdS. These more general asymptotic metrics can re-

flect, for instance, the symmetry groups of holographically dual field theories with Galilean

[8, 9] or Lifshitz [10] symmetries, which typically arise in condensed matter systems that

do not enjoy emergent Lorentz invariance in the infrared. We will find that the emergence

of such metrics in N=2 gauged supergravities is closely related to the attractor mechanism,

and such metrics characterize generic classes of attractor points with null or timelike Killing

vectors. In all of these generalized attractor solutions, the scalar fields take constant values,

the gauge fields and Riemann curvature are constants when expressed in terms of a suit-

able orthonormal tetrad, and the equations of motion simplify from differential equations

to algebraic equations.

We explain our strategy below and apply it to the case of D=4 N=2 gauged supergravity;

similar ideas should of course work for further extended supergravities and other dimen-

sions. As in the past, one may expect that many features of the attractor points we find will
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be universal, and will be present in more general theories with and without supersymmetry.

While to our knowledge the generality of circumstances in which one can find attractor

points governed by algebraic equations is a novel result of our work, several recent pa-

pers played an important role in motivating us to seek these simplifications. The papers

[11, 12], which instigated our work, explored Lifshitz and Schrödinger solutions in partic-

ular gauged N=2 supergravities. The earlier papers [13, 14, 15] studied similar solutions

from a higher-dimensional perspective; their low-energy effective theories are similar gauged

supergravities. The papers [16] investigated the attractor mechanism for a class of non-

supersymmetric black branes, mostly focusing on attractor flows with AdS asymptotics

and Lifshitz near-horizon geometries. Our work is a step towards extending the consider-

ations of these papers to find the most general attractors in the context of fully general

N=2 gauged supergravities, where (somewhat surprisingly) the problem is tractable. We

also find a geometric characterization of the simplest generalized attractors: their geome-

try has constant anholonomy coefficients, which implies that the tangent space curvature

components are constant and non-singular.

The organization of this paper is as follows. In §2, we define the generalized attractors

in gauged supergravity and explain their geometry, in particular, the importance of the

tangent space and the concept of anholonomy coefficents. In §3, we introduce the generic

class of 4D N=2 gauged supergravities we will study. We generalize the definition of

‘fermionic shifts’ to the case of solutions with constant vector fields and fluxes. We show

that for attractor points, configurations with constant scalar fields and constant gauge fields

in an appropriate sense, the result is a set of algebraic equations which replace the Einstein

equations and the other bosonic equations of motion. In §4 we study supersymmetric

attractors. We outline a basic ingredient in our strategy, which is to use Killing spinor

identities to help guarantee that certain supersymmetric configurations satisfy all equations

of motion. In §5 we describe a generalized attractor potential whose extrema determines

the attractor points. §6 contains a few simple examples of generalized attractor points,

while we close with a discussion in §7. In Appendix A we present the set of all constant

anholonomy coefficients specifying the anisotropic Lifshitz geometry and the set of all

constant non-singular tangent space components of the curvature tensor, contrasted with

the spacetime dependent curved space components of the curvature tensor. In Appendix

B we present the analogous data for the Schrödinger geometry.
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2 Generalized Attractors in D=4 Supergravity

We are interested in finding a generalization of the attractor mechanism of [1, 2] for cases

which include not only constant values of the scalars φi and tangent space field strengths

Fab = eµae
ν
bFµν (fluxes), but also constant values of the tangent space vectors Aa = eµaAµ.

While in the ungauged N=2 supergravity the attractor data depend only on the field

strengths Fab, in the gauged theory the Lagrangian has additional dependence on g Aa

(where g is the gauge coupling) that affects the attractor values of the moduli; this explains

our interest in solutions with constant Aa. (Note that, in general, a constant field strength

does not require constant vectors).

In the supergravity literature, the attractors are known as critical points of the supergravity

action, gauged or ungauged, which solve an algebraic form of the equations of motion

– in particular, algebraic BPS conditions. At the attractor points, scalars, fluxes and

curvature are constant in the tangent space. Examples include the AdS2×S2 near-horizon

geometries of extremal black holes with constant scalars and constant values of F01 and

F23. Our generalized attractors in gauged supergravity have an important non-trivial

new ingredient, which enters in the algebraic equations determining the attractor point:

constant background vector fields.1

More precisely, the special solutions singled out by [1, 2] are the attractor points where

the scalars and fluxes take constant values in the entire solution, determined by the black

hole charges and the geometry of the moduli space. We will find that the most elegant

generalization to fully generic gauged D=4 N=2 supergravities requires that we impose

the following conditions: the scalars should be constant, and the gauge fields and field

strengths should take constant values in the tangent space, in an orthonormal frame.

A simple new condition (which is not strictly necessary, as we shall see below, but which

characterizes the simplest generalized attractors with frozen scalars, gauge fields, and field

strengths) is that one should have constant values of the anholonomy coefficients cab
c

which are sometimes called Ricci rotation coefficients. See for example [17] for details

on supergravity tangent space and vierbein formalism, including the discussion of non-

holonomic frames. The relation that follows between constant field strengths FΛ
ab and

1It is important in the generic gauged supergravity case to have constant Aa, because unlike in the case

of ungauged attractors, the gauge fields (and not just the field strengths) enter directly into the expression

for the attractor potential; see §5. Therefore, we will take this as part of the definition of a generalized

attractor point.
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constant Abelian vectors AΛ
a is

FΛ
ab = ccabA

Λ
c . (2.1)

The easiest way to solve this equation with constant gauge fields and field strengths, is if

the anholonomy coefficients themselves are constant. We will see in §3 that, in fact, to

get algebraic equations of motion with a fully generic ansatz for the gauge fields, constant

anholonomy will be required. In this case, one can directly prove that the tangent space

Riemann-Christoffel curvature is constant as well, and so in the simplest ansatz

FΛ
ab = cab

cAΛ
c = const ⇒ Rabc

d = const (2.2)

If in certain directions in the tangent space the fluxes vanish, Fâb̂ = 0, or the vectors

vanish, Aĉ = 0, then the restrictions on the corresponding components of the anholonomy

coefficients can be relaxed. It is interesting that spaces with all constant anholonomy

coefficients have constant Riemann-Christoffel tangent space curvature which is obviously

non-singular. This property is very much in the spirit of the black hole attractors with

regular horizon geometry, where scalars reach a particular charge dependent constant value,

as opposed to black holes with a singular horizon geometry where scalars have runaway

behaviour. The feature of all constant anholonomy coefficients guarantees non-singular

constant Riemann-Christoffel curvature in the tangent space.2

Because of the caveat that when certain fluxes or vectors vanish one can relax the corre-

sponding constancy condition on the anholonomy coefficients, constant anholonomy is a

sufficient but not a necessary requirement for attractors with constant curvature and fluxes.

The earliest examples of attractors in fact exploit this caveat, and do not have constant

anholonomy. In particular, in ungauged supergravity, the attractor condition requires only

that the non-vanishing

FΛ
ab = eµae

ν
b (∂µA

Λ
ν − ∂νA

Λ
µ) (2.3)

are constant at the attractor point. For example in case of AdS2 × S2 attractors in [2] ,

F =
1

q
dr ∧ dt = 1

q
e0 ∧ e1 (2.4)

and

G = p sin θ dθ ∧ dφ = p e2 ∧ e3 . (2.5)

The tangent space magnetic field in this solution is

A3 = e
φ
3Aφ ∼ cos θ

sin θ
(2.6)

2It is known that some of these attractor solutions do have large tidal forces at loci in the space-time;

this is true, for instance, of the Lifshitz solutions we discuss in §6. We have nothing new to say about the

proper interpretation of that here.
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and the corresponding anholonomy coefficient c23
3 is not constant – it depends on θ, so that

the flux G23 = p is constant. This gives an example where the Riemann-Christoffel tangent

space curvature Rabc
d is constant and non-singular, without fully constant anholonomy. In

addition, the gauge field is not constant. However, in the ungauged case, as we mentioned

above, the gauge field (as opposed to the field strength) does not enter into the attractor

potential, and one need not include constant Aa as part of the definition of an attractor.

Nevertheless, since our interest is the generalization to generic gauged supergravity, we

will for the most part focus on the simplest generalized attractors below. These solutions

do exhibit constant anholonomy, in addition to constant vectors, field strengths, and Rie-

mann curvature. Within this class, we will find generic solutions which have emerged as

spacetimes of independent interest in the search for gravity duals of non-relativistic field

theories.

In what follows, we derive the basic equations governing generalized attractors in gauged

supergravity. Because the formalism of N=2 gauged supergravity can obscure the essential

points, we give an overview of where we are going in the next subsection. We move on to

do the more detailed supergravity analysis in §3.

2.1 Geometry of Supergravity Attractors

Here we briefly summarize some features of the geometry of supergravity. These include

concepts like vierbeins, tangent space, orthonormal frame, spin connection, anholonomy

coefficients, torsion and curvature tensors; see for example [17] for further details. We will

derive here the following statements which are relevant for generalized attractors:

i) in a space-time with constant anholonomy coefficients ccab (like our simplest generalized

attractors), there is a constant non-singular curvature tensor which is determined by the

ccab.

ii) the generalized attractor assumption that there are both constant fluxes and constant

gauge fields is most simply satisfied with constant anholonomy coefficients, and yields

eq. (2.2). More general solutions (as exemplified by the AdS2 × S2 solutions above) can

also exist, but constant anholonomy is the simplest case (and, as we will see in §3, the
case that guarantees algebraic equations of motion with a fully generic ansatz of constant

tangent-space gauge fields and field strengths).
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Given the metric ds2 = gµν(x)dx
µdxν , the vierbein eaµ is related to the metric:

gµν(x) = eaµ(x)e
b
ν(x)ηab a = 0, 1, 2, 3 (2.7)

Here ηab is the tangent space Minkowski metric. In general relativity, the Lorentz covariant

tangent space of supergravity is related to an orthonormal frame. Supergravity fermions

live in tangent space: the Dirac equation in curved space is γaeµaDµψ = γµDµψ = 0.

Here γa is the tangent space numerical Dirac γ-matrix, eµa(x) is an inverse vierbein, and

γµ(x) = γae
µ
a(x). These objects satisfy the relations:

eaµe
µ
b = δab eaµe

µb = ηab (2.8)

It is convenient to define the vierbein form

ea ≡ eaµ(x)dx
µ ds2 = ηabe

aeb (2.9)

and its dual

ẽa ≡ eµa∂µ ≡ ∂a . (2.10)

The anholonomy coefficients c c
ab are defined via the commutator of the dual vierbein forms

[ẽµa(x)∂µ, ẽ
ν
b (x)∂ν ] ≡ [∂a, ∂b] ≡ c c

ab e
λ
c∂λ:

[ẽa, ẽb] ≡ c c
ab ẽc , cab

c = eµae
ν
b (∂νe

c
µ − ∂µe

c
ν) (2.11)

A Lorentz covariant derivative in the tangent space of supergravity (acting on spinors and

tangent space Abelian vectors3) requires the spin connection ω

Da = ∂a + ωa
bcMbc = eµa(∂µ + ωµ

bcMbc) , (2.12)

where Mab is the Lorentz generator. The commutator of two such derivatives, in general,

defines the torsion and the curvature tensors of the tangent space:

[Da, Db] = Tab
cDc +Rab

cdMcd (2.13)

where the tangent space torsion tensor is

Tab
c = c c

ab + ωa
c
b − ωb

c
a (2.14)

and the tangent space curvature is

Rabc
d = ∂aωbc

d − ∂bωac
d − ωac

eωbe
d + ωbc

eωae
d − cab

eωec
d . (2.15)

3In non-Abelian cases, the non-Abelian connection term eµ
a
AΛ

µ
TΛ is present, where TΛ is the non-Abelian

gauge symmetry generator.
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In the case of a Riemannian spacetime, the torsion is absent and we have a relation between

the anholonomy coefficients and the spin connection

Tab
c = 0 ⇒ cab

c = ωa
c
b − ωb

c
a (2.16)

The inverse relation defines the spin connection in terms of the anholonomy coefficients

ωa,bc =
1

2
(cab,c − cac,b − cbc,a) (2.17)

It follows that when the anholonomy coefficients are constants.

∂acbc
d = 0 , (2.18)

the spin connection and the curvature are constant

Rabc
d = −ωac

eωbe
d + ωbc

eωae
d − cab

eωec
d . (2.19)

When we replace the constant spin connections in (2.19) by their expression in terms of the

anholonomy coefficients in (2.17), we find the non-singular curvature tensor as a function

of constant anholonomy coefficients

Rabc
d = Rabc

d[cef
g] (2.20)

This proves claim i) in the beginning of this subsection.

Our attractor point condition requires vectors and fluxes to be constant. This is possible

only if

AΛ
a = eµaA

Λ
µ = const FΛ

ab = eµae
ν
bF

λ
µν = const (2.21)

since

Fab = eµae
ν
b (∂µe

c
ν − ∂νe

c
µ)Ac = cab

cAc . (2.22)

Thus, if both Ac and Fab are constant, consistency is most obvious if the anholonomy

coefficients c c
ab are constant (in the cases that they relate non-vanishing components of

A and F ; as described in §2.1, there are interesting special examples where some compo-

nents of the gauge fields vanish, and one does not require constant anholonomy in those

directions).4

This justifies our claim ii) in the beginning of this section.

4Of course one may also contemplate non-trivial anholonomies with cancellations between different

terms in the sum over c, but the constant anholonomy attractors are the most elegant. They are also the

ones which solve algebraic equations of motion for a generic ansatz of constant tangent space fields.
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We therefore define the generalized attractors of D=4 N ≥ 2 gauged or ungauged super-

gravity as solutions of equations of motion which are reduced to purely algebraic equations,

where the tangent space curvature tensor, scalars, and fluxes are constant. In the particular

case of gauged supergravity, when also tangent space vectors are non-vanishing constants

and the anholonomy coefficients are constant, we find an interesting set of attractors which

we will study below. Such solutions exist both with and without unbroken supersymmetry.

To summarize this section: we have motivated the study of generalized attractors of N=2,

D=4 supergravity with the following features:

zi = const , qu = const , Aa = const , Fab = const , cab
c = const , Rab

cd = const

(2.23)

where zi are scalars from the vector multiplets and qu are the quaternions from the hy-

permultiplets. In the generic case where there are non-vanishing vectors at the attractor

points, the attractor values of the scalars will depend on Aa and Fab, and on all of the

parameters entering in the gauged supergravity ‘fermionic shifts’ (which we define and

study in §3), which include the gauge couplings, the Killing vectors gauging the isometries

of the special Kähler and quaternionic Kähler vector multiplet and hypermultiplet moduli

spaces, and the momentum maps. We note here that our phrasing of the conditions for an

attractor point in (2.23) is not gauge invariant; a gauge transformation can clearly turn

constant scalars and vectors into non-constant scalars and vectors. However, it is easy to

check that the equations of motion transform in a gauge covariant way, so having found

a solution of the type (2.23), a gauge transformation will preserve the fact that it solves

the equations of motion, while making the solution look more complicated. In §3.2, we
will further motivate choosing the condition of constant scalars (instead of e.g. covariantly

constant scalars) in this definition of generalized attractors.

3 Gauged N=2 D=4 Supergravity

N=2, D=4 supergravities are of particular interest for several reasons. On the one hand,

the constraints which follow from N=2 supersymmetry make such theories, to some ex-

tent, solvable. On the other hand, they still exhibit a rich structure of quantum corrections

and qualitatively new phenomena compared to their counterparts with further extended

supersymmetry. Finally, as the low-energy effective theories arising from Calabi-Yau com-

pactifications of type II string theories, they enjoy a special role in studies of string com-

pactifications and dualities as well.
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The complete Lagrangian for gauged N = 2 supergravity [21] in presence of nV Abelian

vector multiplets and nH hypermultiplets, with generic gauging of the scalar manifold

isometries, is presented in [22]. It was used in recent applications (searching for solutions

with unbroken supersymmetry) in [5, 6, 11, 12]. Here, we will use various features of generic

BPS solutions that were derived in [5], and apply them to the specific case of attractor

points with frozen scalars. We follow the notation of [5].

Gauging modifies the Lagrangian in several ways: it requires the use of gauge-covariant

derivatives for the scalars, and also the addition of a scalar potential. The bosonic La-

grangian is

L = −1

2
R(g) + gī∇µzi∇µz̄

̄ + huv∇µqu∇µq
v

+ IΛΣF
Λ
µνF

Σµν +
1

2
RΛΣǫ

µνρσFΛ
µνF

Σ
ρσ − g2V (z, z̄, q) .

(3.1)

Here i = 1, ..., nV , Λ = 0, ..., nV and u = 1, ..., 4nH . The covariant derivatives on scalars

are

∇µz
i ≡ ∂µz

i + gkiΛA
Λ
µ , ∇µq

u ≡ ∂µq
u + gkuΛA

Λ
µ (3.2)

and they define the gauging of isometries of the vector and hypermultiplet scalar manifolds

with Killing vectors kiΛ(z) and k
u
Λ(q), respectively, and coupling constant g. The functions

IΛΣ and RΛΣ are determined by special geometry in terms of the holomorphic prepotential,

or in more general cases, in terms of the periods XΛ and the dual periods FΛ; we will not

need the explicit formulae here.

The scalar potential depends on the Killing vectors and the corresponding triplet of quater-

nionic moment maps P x
Λ :

V (z, z̄, q) =
(

gīk
i
Λk

̄
Σ + 4huvk

u
Λk

v
Σ

)

L̄ΛLΣ + (gīfΛ
i f̄

Σ
̄ − 3L̄ΛLΣ)P x

ΛP
x
Σ , (3.3)

where

LΛ = eK(z,z̄)/2XΛ(z) , fΛ
i = eK/2DiX

Λ (3.4)

and XΛ are the holomorphic sections governing the special Kähler geometry. The action

is invariant under the following supersymmetry variations (up to higher order terms in

fermions):

δελ
iA = i∇µz

iγµεA +G−i
µνγ

µνǫABεB + iggīf̄Λ
̄ P

x
Λσ

AB
x εB , (3.5)

δεζα = iUBβ
u ∇µq

uγµεAǫABCαβ + 2g UA
αuk̃

u
ΛL̄

Λ εA , (3.6)

δεψµA = ∇µεA + T−
µνγ

νǫABε
B + igSABγµε

B , (3.7)
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where λiA, ζα and ψµA are the gauginos, hyperinos and gravitinos respectively, and A = 1, 2.

The supercovariant derivative in (3.7) is defined as

∇µεA =

(

∂µ −
1

4
ωab
µ γab

)

εA +
i

2
AµεA + ωµA

BεB . (3.8)

The connections Aµ and ωµA
B are associated to the special Kähler and quaternionic Kähler

manifolds, respectively; see [22] for more details. Here the gravitino field strength and mass

matrix are

T−
µν ≡ 2iFΛ−

µν IΛΣL
Σ , SAB ≡ i

2
(σx)ABP

x
ΛL

Λ , (3.9)

and FΛ−
µν = iL̄ΛT−

µν + 2fΛ
i G

i−
µν (where the − denotes the anti-selfdual part of a two-index

tensor).

3.1 Fermionic shifts in generalized attractors of gauged super-

gravity

In the supergravity literature, ‘fermionic shifts’ were traditionally associated with the part

of the supersymmetry transformations of fermions which is present in vacua with constant

scalars. Here we slightly generalize the definition of fermionic shifts, to include the presence

of constant (tangent space) vectors and fluxes. Thus we drop from (3.5)-(3.6) terms with

derivative of scalars and Lorentz covariant derivative on spinors

∂µz
i = 0 , ∂µq

u = 0 , (3.10)

but keep Aa and Fab. Since these are constant at attractors and always contracted with

numerical γ-matrices in the tangent space, these extra terms in the fermionic shifts are

also constants and may be treated on the same footing as terms depending on constant

scalars. The remaining terms in (3.5)-(3.6) with account of (3.10) define the fermionic

shifts in gauged supergravity attractors.

For the gluinos we have the shift δ̃BλiA defined as

δ̃λiA ⇒ (δ̃BλiA)εB = ikiΛA
Λ
a γ

aεA +G−i
ab γ

abǫABεB + iggīf̄Λ
̄ P

x
Λσ

AB
x εB . (3.11)

For hyperinos we have the shift δ̃Bζα defined as

δ̃ζα ⇒ (δ̃AλiA)εA = iUBβ
u kuΛA

Λ
a γ

aεAǫABCαβ + 2g UA
αuk

u
ΛL̄

Λ εA . (3.12)

Finally, for the gravitino in the tangent space, ψaA = ψµAe
µ
a , we are interested in an

integrability condition for the unbroken supersymmetry condition δεψaA = 0, which we
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present in the form

δεψaA = DaεA + (δ̃BψaA)εB . , (3.13)

Then the fermionic shift (δ̃BψaA) is

δ̃ψaA = (δ̃BψaA)εB =
i

2
AaεA + ωaA

BεB + T−
abγ

bǫABε
B + igSABγaε

B . (3.14)

The connections Aµ = eaµAa and ωµA
B = eaµωµA

B are associated to the special Kähler and

quaternionic Kähler manifolds [21, 22, 5] and

DaεA =

(

∂µ −
1

4
ωab
µ γab

)

εA (3.15)

3.2 Algebraic bosonic equations of motion at the attractor points

Vector equations

The dual field strength GΛµν is defined as a derivative of the action with respect to FΛ
µν .

In absence of gauging

GΛµν ≡ RΛΣF
Σ
µν −

1

2
IΛΣ ǫµνγδF

Σγδ . (3.16)

The Maxwell equations and Bianchi identities take a simple form

ǫµνρσ∂νGΛρσ = 0, ǫµνρσ∂νF
Λ
ρσ = 0 , (3.17)

and (FΛ, GΛ) transforms as a vector under electric-magnetic duality transformations. Gaug-

ing breaks the duality symmetry: the Bianchi identities ǫµνρσ∂νF
Λ
ρσ = 0 remain the same,

however, the gauge field equations of motion change since the action now has additional

dependence on AΛ
µ , not only on FΛ

µν :

ǫµνρσ∂νGΛρσ = −g(huvkuΛ∇µqv + gī
1

2
(kiΛ∇µz̄ + hc) . (3.18)

We see now in (3.18) that requiring covariantly constant scalars, instead of constant scalars,

would be equivalent to causing the right hand side of this equation to vanish (and hence

constitute some loss of generality). Since some of the most interesting solutions which

characterize holographic RG fixed points (like Lifshitz and Schrödinger solutions) arise

with scalars which are constant (in an appropriate gauge) but not covariantly constant,

we have chosen the former condition; we would like to include such basic solutions in our

definition of generalized attractors. Of course, there may well also be interesting solutions
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with covariantly constant scalars which are however not constant in any gauge; they do

not fall under our current definition of generalized attractors.

At the attractor points (2.23) when the gauge fields are non-vanishing, these equations

simplify:

ǫµνρσ∂νGΛρσ = −g(huvkuΛAµΣkvΣ + gīk
i
ΛA

µΣk̄
̄
Σ) . (3.19)

They can also be given in the form

ǫµνρσ∂νGΛρσ = AµΣCΣΛ , (3.20)

where CΣΛ is constant at the attractor point. In the tangent space we find

ǫabcdDbGΛcd = AaΣCΣΛ . (3.21)

At the attractor point, GΛcd is constant, related to a constant Fab as follows:

GΛab ≡ RΛΣF
Σ
ab −

1

2
IΛΣ ǫabcdF

Σcd . (3.22)

This means that ∂bGΛcd drops out of the gauge field equation and we are left with an

algebraic equation

∂bGΛcd = 0 ⇒ ǫabcd(Db − eb)GΛcd = AaΣCΣΛ . (3.23)

In the case of Abelian gauging, the connection in (Db−∂b) is just a constant spin connection

ωa
bc

ǫabcdωa
e
cGΛed = AaΣCΣΛ . (3.24)

The fact that the gauge field equations of motion are algebraic at the attractor point is

based on the generic properties of the attractor points defined above, and it is universal.

Notice that above, we assumed that the spin connection is constant, and with a fully generic

(constant in tangent space) ansatz for the gauge fields and field strengths, the equation

(3.24) is only obviously algebraic in this case. But constancy of the spin connection implies,

via (2.16), that the anholonomy coefficients c c
ab are constant as well. This justifies our focus

on the case of constant anholonomy, despite the fact that famous examples like AdS2 ×S2

satisfy algebraic equations with slightly different assumptions. It might be interesting to

explore a range of other ansatzes for the gauge fields and spin connections which could

result in algebraic equations as well.

Einstein equations

14



In a background with constant scalars, anholonomy, and curvature that also solves the

vector field equations above, one can check that the Einstein equations also reduce to

algebraic equations. Namely, in

Rab −
1

2
ηabR = T attr

ab , (3.25)

direct inspection of the supergravity action shows that T attr
ab depends only on the space-time

independent solutions for the vectors and scalars, and therefore is constant. The left hand

side is constant by the definition of the attractor point. Solving the Einstein equations

simply requires an identification of constants which makes (3.25) it consistent.

Scalar equations

Assuming the vector and Einstein equations can be solved for some constant value of the

scalars, the equations of motion for the scalars themselves reduce to the condition that a

suitable attractor potential (to be discussed in more detail in §5) be extremized:

∂ziVattractor = ∂quVattractor = 0 . (3.26)

Therefore, at extrema of Vattractor, we find a generalized attractor point.

So, we have demonstrated that finding generalized attractor points in gauged N=2 su-

pergravity with zi, qu, AΛ
a , F

Λ
ab, cab

c, Rab
cd all constant, just requires one to solve algebraic

equations of motion. However, in general, this is not easy, and unbroken supersymmetry

helps. This is the topic of §4.

4 Killing Spinors, BPS conditions and Equations of Motion

In supergravity, a useful shortcut to find particular solutions of the equations of motion,

which are second order differential equations, is to solve the conditions for unbroken su-

persymmetry. For a classical background with vanishing Fermi fields ψ, this means one

should impose

δψ = 0 (4.1)

where δ is the SUSY variation. These are first order differential equations. They are called

BPS conditions because solutions of these equations saturate a BPS bound. Solving these

first order differential equations is, in many cases, sufficient or almost sufficient to produce

a solution of the full equations of motion, as we now explain.
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Backgrounds which solve (4.1) admit Killing spinors. Using Killing spinor identities [18],

one can show that some of the equations of motion are automatically satisfied. The local

supersymmetry of the action depending on bosons φi and on fermions ψα means that

δεS(φ
i, ψα) =

δS

δφi
δεφ

i +
δS

δψα
δεψ

α = 0 . (4.2)

Here, δεφ
i is the supersymmetry variation of the bosons and δεψ

α is the supersymmetry

variation of the fermions. Unbroken supersymmetry of a bosonic configuration means that

when the fermions vanish, ψα = 0,

δεψ
α = Xα

A(φ)ε
A = 0 (4.3)

and not all components of εA vanish.5 If we differentiate eq. (4.2) over the fermions

ψβ at ψα = 0, then using the facts that δS
δφi and δεψ

α only have terms which are either

independent of the ψα or of quadratic or higher order in ψα, together with (4.3), we find

δS

δφi

δ(δǫφ
i)

δψβ
= 0 . (4.4)

These identities require certain linear combination of the bosonic field equations to vanish.

The variational derivative of the supersymmetry transformation of the bosons δεφ
i with

respect to the fermions defines the relevant linear combinations of the equations of motion

which are satisfied automatically, when the first order differential equations for unbroken

supersymmetry are solved.

Clearly, then, the simplification of the equations of motion in supersymmetric configura-

tions depends both on details of the supersymmetric theory in question and on the number

of unbroken supersymmetries. For instance, for minimal 5d supergravity, powerful tech-

niques using Killing spinors were actually used to classify all supersymmetric solutions in

[19]. For the particular case of 4D N=2 supergravity, the Killing spinor identities [18, 20]

were studed in detail in [20, 5]. It was found there that if one has solved the first order

differential equations for unbroken supersymmetry, in a background with a timelike Killing

spinor, the Einstein equations and the scalar equations of motion are automatically satis-

fied. However, one still has to solve equations of motion for the gauge fields 6. This is of

course a considerable simplification. Backgrounds with null Killing spinors are not quite

as constrained; for details see [20].

5Here A runs over the number of supercharges in the N-extended supergravity; for us N = 2.
6When the solution to the equations is given in terms of the gauge field Aµ, required in gauged super-

gravities, the Bianchi identities are automatically satisfied.
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In the next subsection, we go through the analysis of the SUSY variations for gauged N=2

supergravities. We will focus on a class of metrics in D=4 spacetime (t, xm) (m = 1, 2, 3)

given by

ds2 = e2U(dt2 + fmdt dx
m)− e−2Uγmndx

mdxn , (4.5)

where e2U and fm and γmn are independent of t. This ansatz is sufficiently general to

capture black holes as well as solutions with planar symmetry, like domain walls and plane

symmetric solutions of interest in applications of gauge/gravity duality to condensed matter

problems. Such metrics often admit Killing vectors (and of course Killing spinors, in the

case of BPS solutions).

4.1 Solutions with unbroken supersymmetry

For simplicity, we consider here the time-independent static metric in (4.5) with fm = 0

which corresponds to a frame

e0t = eU e1x = e−Uv1x e2y = e−Uv2y e3z = e−Uv3z (4.6)

where γmndx
mdxn = δijv

ivj . We will now discuss how this frame is canonically determined

in supersymmetric attractors.

If we have a supersymmetric attractor, then some Killing spinor εA(x
m) solves the condition

for unbroken supersymmetry arising from the gravitino supersymmetry variation, δεψµA =

0, defined in (3.7). Such spinors anti-commute, but we may also use commuting spinors

(by expanding in a basis of Grassmann variables) and relate them to Killing vectors. If by

abuse of notation we also call the commuting spinor ǫA, then we can define

ǭA ≡ i(ǫA)†γ0 and V A
µB ≡ iǭAγµǫB . (4.7)

One can then show that this implies that V A
µA is a timelike or null Killing vector (see [20]

for proofs); we will pursue the timelike case below. The dependence of the Killing spinor

on xm is

εA(x
m) = eUε0A (4.8)

where ε0A is a constant spinor. Furthermore, we get a tetrad canonically determined by the

Killing spinor as follows. We set

V µ∂µ =
√
2∂t , V̂ i =

1√
2
V I
Jµσ

iJ
Idx

µ (4.9)
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with σi (i = 1, 2, 3) the Pauli matrices. The equations (4.9) define a tetrad canonically

determined by the Killing spinor ǫA; rescaling each by e−U gives rise to an orthonormal

tetrad (as in §4 of the first reference in [20]).

Before proceeding to solve the equations guaranteeing the existence of unbroken supersym-

metry, we describe how the unbroken supersymmetry implies the equations of motion. As

in [5], denote by Eµ
a , E

µ
Λ, Ei, and Eu the equations of motion for the vielbein eaµ, the gauge

field AΛ
µ , and the scalars zi and qu (so e.g. Eµ

a = 0 are the Einstein equations). Then the

strategy explained above yields the following Killing spinor identities for supersymmetric

backgrounds:

Eµ
Λif

Λ
i γµǫ

AǫAB + EiǫB = 0 (4.10)

Eµ
a (−iγaǫA) + Eµ

Λ(2L̄
ΛǫBǫ

AB) = 0 (4.11)

EuUu
αAǫ

A = 0 . (4.12)

Here, UAα
u is related to the metric on the quaternionic Kähler moduli space by the equation

huv = UAα
u UBβ

v CαβǫAB (4.13)

with Cαβ = −Cβα the flat Sp(2nH)-invariant metric (see §5 of [22] for further discussion).

One can prove directly from these Killing spinor identities that if the gauge field equations

of motion Eµ
Λ = 0 are satisfied, all of the remaining field equations will be satisfied [20,

5].7 So apart from the BPS conditions which we discuss now, to find a supersymmetric

attractor point, one needs only to check the gauge field equations of motion (and the

Bianchi identities). As we already discussed, for the attractor points, these equations are

purely algebraic.

Gravitino. At the attractor point the equation

δεψµA = 0, (4.14)

simplifies significantly, and so does the integrability condition [17]:

δεψµA = 0 ⇒ [Da, Db]εA = −1

4
Rab

cdγcdεA = −(D[aδ̃ψb] + δ̃ψaδ̃ψb)ABε
B (4.15)

where the derivative ∂a in Da drops, and only the spin connection remains. Here, the

fermionic shift is defined in (3.14). Aa, ωaA
B, T−

ab and SAB are constant at the attractor

point. They are complicated functions of the vector multiplet scalars z, z̄, the hypermulti-

plet scalars qu, and the Killing vectors kiΛ, k
u
Λ on the scalar manifolds, and of the momentum

7This is for a Killing spinor that yields a timelike Killing vector; in the null case, one must also check

one of the components of the Einstein equations explicitly [20].
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maps P x
Λ [22]. The integrability condition for the Killing spinors is solved as follows. It

reads:
(1

4
Rab

cdγcd − (ω[aδ̃ψb] + δ̃ψaδ̃ψb)
)

AB
εB = 0 . (4.16)

To solve the algebraic equation (4.16) in a case with maximal unbroken supersymmetry,

the terms in brackets must vanish. Otherwise, one finds some constraints on the Killing

spinors, so that from the 2 4-component spinors εA, only some fraction may be non-

vanishing. (When there are vanishing components of ǫA, then one should solve the subset

of equations following from terms in brackets in (4.16) that multiply the non-vanishing

components of the spinor). These equations are algebraic conditions which define the

values of z, z̄, q in terms of the other constant parameters in the action and the anholonomy

coefficients. We refer to [5] for the details on gauged supergravity integrability equation

for gravitino.

The universal feature of the integrability equations for the gravitino is that, at the attractor

point, they relate the constant components of the Riemann curvature to the constant values

of scalars, vectors and parameters in the action.

Gluino. At the attractor point

δελ
iA = δ̃λiAB = 0 (4.17)

where the fermionic shift δ̃λ is defined in (3.11). It is an an algebraic function of the scalars

and the parameters appearing in the action and governing the moduli space geometry. As in

the gravitino case, one finds some constraints on εA and the remaining algebraic equations

in (4.17) have to be satisfied.

Hyperino. Here the situation is analogous: at the attractor point

δεζα = δ̃ζα = 0 (4.18)

where the fermionic shift are given in (3.6) With account of the constraints on εA, the

remaining algebraic equations in (4.18) have to be satisfied. They relate the attractor

values of scalars to parameters in the action and the moduli space geometry.

We have seen in this section that to solve all equations of motion in a BPS configuration,

one is required only to solve the gauge field equations explicitly; the other equations are

then implied by the Killing spinor identities. However, it is often more convenient to find

the attractor values of the scalars by minimizing an attractor potential, whose form we

now describe. This has the advantage that the extrema of the attractor potential also

determine the non-supersymmetric attractor points.
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5 Attractor Potential, BPS and Non-BPS Critical Points

In supergravity, generic equations of motion for scalars have terms with two spacetime

derivatives, one spacetime derivative, and no spacetime derivatives:

Xµν∂µ∂νφ+Xµ∂µφ+
∂V[φ, ...]
∂φ

= 0 . (5.1)

Here the potential V[φ, ...] depends on scalar fields without derivatives, and it may depend

on other spacetime dependent fields, like Fµν etc.

The BPS solutions have some unbroken supersymmetry, and they solve scalar equations

with at most first derivatives:

Y µ∂µφ+
∂VBPS[φ, ...]

∂φ
= 0 . (5.2)

Here again, VBPS depends on scalars without derivatives and on some other spacetime

dependent fields.

At attractor points the scalars are constant, so we are looking at the solutions of equations

of motion with constant scalars. There is a potential for such supergravity attractors such

that the variation of the scalars is an extremum of this attractor potential:

∂Vattractor[φ]

∂φ
= 0 . (5.3)

In the case of D = 4 N = 2 gauged supergravity, the attractor potential is given by

Vattractor(z, z̄, q) = g2
(

V (z, z̄, q)− (gīk
i
Λk

̄
Σ + huvk

u
Λk

v
Σ)A

Λ
aA

aΣ
)

− 1

2
ǫabcdFΛ

abGcdΣ . (5.4)

Here V (z, z̄, q) is the standard potential given in eq. (3.3), and GcdΣ also depend on scalars

as shown in eq. (3.22). F and G here are the solutions of the gauge field equations and

Bianchi identities where G is a functional of vectors and scalars.

The attractor potential has a beautiful form in terms of the fermionic shifts, defined in Sec.

3. It generalizes the Ward identity to vacua with non-vanishing constant vector potentials

and field strengths. Namely as in eq. (9.47) of [22], for N-extended supergravity vacua the

scalar potential takes the form:

δA
BV (z, z̄, q) = ZαβδAχ

αδBχ̄β − 3MACM̄CB (5.5)

where Zαβ is the scalar dependent metric on moduli space, MAC is the scalar dependent

gravitino mass matrix, and δAχ
α are the fermionic shifts. Here A = 1, ..., N .
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The potential governing our generalized attractor points for general gauged N = 2 super-

gravities has a similar structure in terms of fermionic shifts, but the shifts δ̃Aχ
α and the

gravitino mass M̃AC include terms depending on constant gauge fields and constant gauge

field strengths:

δA
BVattractor(z, z̄, q) = Zαβ δ̃Aχ

αδ̃Bχ̄β − 3M̃AC
˜̄MCB . (5.6)

When we differentiate the attractor potential with respect to the scalars, the derivative

remains proportional to the fermionic shifts, since the potential is quadratic in them. Thus,
∂Vattractor[φ]

∂φ
= 0 will be a consequence of the vanishing of the fermionic shifts, and hence

of the presence of some unbroken supersymmetry. In such cases, we have supersymmetric

attractor points.

Of course, there are also non-supersymmetric attractors; these show up when ∂Vattractor [φ]
∂φ

= 0

but the fermionic shifts do not vanish. In the case of black holes these have been studied

in [2, 23, 24] and many subsequent works.

6 Examples

In this section, we discuss a few simple examples of our general construction. For general

supersymmetric solutions, as discussed in §4, all equations of motion are guaranteed to

be satisfied if we sit at a minimum of the attractor potential and solve the gauge field

equations of motion. The novel ingredient is the central role played by metrics of constant

anholonomy in the preferred tetrad. Therefore, here we just focus on solving the equations

for constant c c
ab in an orthonormal tetrad; each such metric should arise in a wide variety

of gauged supergravities, and such metrics should be the universal geometries governing

attractor points. We will not specify special Kähler and quaternionic Kähler manifolds and

particular gaugings which, together with these metrics, give a full solution of supergravity;

we expect the metrics we find below to appear in many different specific examples.

We emphasize that all of the geometries we discuss below as examples of constant anholon-

omy have arisen before in other contexts. Our main purpose here is just to exhibit them

emerging, in a unified way, as the simplest and most generic solutions to the equations

governing generalized attractor points.
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6.1 AdS4 and dS4 solutions

AdS4 solutions of gauged N=2 supergravity are common and well studied. They are also

a particular case of the example discussed below in §6.2 and in Appendix A: AdS4 is the

special case of a Lifshitz geometry with z = u = 1.

In contrast, dS solutions are not easy to find in gauged supergravities. Generically with

non-compact gaugings one can find dS vacua, but typically, there are tachyonic fluctuations

in the spectrum and these critical points are unstable. Stable dS vacua in gauged N=2

supergravity were constructed in [25]. The ingredients include non-Abelian non-compact

gauging, de Roo-Wagemans rotation angles, and Fayet-Iliopoulos terms.

In terms of geometry, dS4 spaces give one of the simplest examples of constant anholonomy

and constant tangent-space curvature. The metric is

ds2 = dt2 − e2Htd~x2 . (6.1)

The constant anholonomy coefficients are (no summation in tangent indices k̂)

ck̂
0k̂

= −ck̂
k̂0

= −H . (6.2)

The non-zero Riemann curvature components in the coordinate basis are (no summation

on curved space indices i or j)

Rt
i,i,t = Ri

j,j,t = −Ri
j,i,j = −e2HtH2 , Ri

t,i,t = −H2 . (6.3)

Some of them are time-dependent. The tangent space Riemann curvature components are

constant. All non-vanishing components of it are

Rabcd = ±H2 . (6.4)

6.2 Lifshitz solutions

In light of gauge/gravity duality, in order to find gravity duals of field theories with spatial

translation and time translation symmetries, and (in the special case γxx = γyy below)

spatial rotation symmetry, it is useful to study the metric ansatz:

ds2 = e2U(r)dt2 − e−2U(r)
(

γ2xx(r)dx
2 + γ2yy(r)dy

2 + dr2
)

. (6.5)

A vielbein and the associated dual tetrad are given by:

e0t = eU , e1x = e−Uγxx, e2y = e−Uγyy, e3r = e−U
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ẽ0 = e−U∂t, ẽ1 =
eU

γxx
∂x, ẽ2 =

eU

γyy
∂y, ẽ3 = eU∂r . (6.6)

The non-trivial anholonomy coefficients are

c 0
30 = −U ′eU (6.7)

and

c 1
31 =

(

U ′ − γ′xx
γxx

)

eU , c 2
32 =

(

U ′ −
γ′yy

γyy

)

eU . (6.8)

It is easy to find the generic solution with constant anholonomy; the solution of the first

equation gives

eU = b1r + b2 . (6.9)

Without loss of generality, we can set b2 = 0 by shifting r.

The last two equations c 1
31 = const ≡ b3x and c 2

32 = const ≡ b3y now become:

d

dr
log γxx = (b1 − b3x)e

−U ,

d

dr
log γyy = (b1 − b3y)e

−U . (6.10)

This yields

γxx(r) = b4xr
(b1−b3x)

b1 ,

γyy(r) = b4yr
(b1−b3y )

b1 . (6.11)

The upshot is that the generic attractor point with planar symmetry is a Lifshitz solution

[10] (with, in general, different scaling in the t, x, y directions). The supersymmetry of a

class of Lifshitz solutions to some particular N=2 gauged supergravities was established in

[11, 12]. Constant scalars, vectors, and field strengths support the solutions in [11, 12], and

give nice examples of non-trivial solutions of the algebraic attractor equations of gauged

N=2 supergravity described in this paper. The components of the Riemann curvature for

the Lifshitz geometry are given in Appendix A; the reader can verify that in the tangent

space, Ra
bcd is constant.

In general, as in [10], we expect that for fully consistent solutions (which do not require

e.g. imaginary fluxes to support the background), there will be constraints on the scaling

dimensions (e.g. the z ≥ 1 constraint in [10]). Some familiar solutions arise for particular

values of the parameters in the solutions above: b3x = b3y = 0 corresponds to AdS4

solutions, while solutions with b1 = b3x = b3y correspond to AdS2× R2 geometries. That is,

these geometries are the extreme limits of Lifshitz solutions where the dynamical critical

exponent z goes to 1 or ∞.
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6.3 Schrödinger solutions

The Schrödinger metric takes the form

ds2 = r2zdu2 − 2r2dudv −−dr
2

r2
− r2dx2 . (6.12)

A convenient vielbein eaµdx
µ is given by

e0 =
rz

2
du , e1 = rzdu− 2r2−zdv , e2 = rdx , e3 =

dr

r
. (6.13)

It is a simple matter to compute the eνa = ηabebµg
µν , and from these the anholonomy

coefficients. One finds:

c 0
30 = −z , c 1

30 = 4(1− z) , c 1
31 = 2− z , c 2

32 = −1 . (6.14)

So for all values of z, the Schrödinger geometries are also examples of spaces of con-

stant anholonomy, and can be expected to arise at generalized attractor points in various

N=2 gauged supergravities. The components of the Riemann curvature tensor for the

Schrödinger geometry are given in Appendix B, and are constants in the tangent space ba-

sis, as expected. One specific gauged supergravity admitting Schrödinger solutions is dis-

cussed in [12]. The paper [15] finds a general correspondence between AdS and Schrödinger

solutions; interestingly, their Schrödinger vacua sit at the same attractor values of the mod-

uli as the related AdS vacua.

7 Discussion

Many supersymmetric and non-supersymmetric attractor solutions of supergravity are

known in D=4. The solutions with constant scalars fit into the general structure of super-

gravity attractor points described above. An interesting new class of supersymmetric and

plane-symmetric solutions with constant scalars and vectors has been identified recently

in [11, 12]. These are non-relativistic solutions of N=2 gauged supergravity with constant

scalars, including Lifshitz [10], Schrödinger [8, 9], and AdS solutions. The solutions in

[11, 12] were based on the study of particular N=2 supergravities. They give specific ex-

amples of generalized attractors in gauged N=2 D=4 supergravity. One should expect

to find many further examples of interesting attractor points, governed by the algebraic

equations discussed here.

We have focused in this paper on the solutions where the scalars are constant over the entire

space-time. A more general class of solutions (with or without unbroken supersymmetry)
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interpolates between two different vacua, each of which is characterized by fixed scalars

and constant (tangent space) vector fields. The starting and ending points of such interpo-

lating solutions are described by the universal algebraic equations presented in this paper.

In all cases, supersymmetric or non-supersymmetric, the scalars at the attractor points

are constant, the geometry is characterized by constant anholonomy coefficients, and the

equations of motion are algebraic. The extremization of the gauged supergravity attractor

potential provides the equations which fix the constant values of scalars. For supersymmet-

ric solutions, one requires the vanishing of the fermionic shifts defined in §3. More general

extrema of the gauged supergravity attractor potential provide non-supersymmetric critical

points of gauged supergravity.

It would be interesting to explore analogous simplifications which occur at attractor points

in extended supergravities in D 6= 4; to give explicit examples of supersymmetric attractors

in N=2 theories with simple canonical choices of the special Kähler and quaternionic Kähler

manifold; and, especially, to give a complete classification of the metrics that can possibly

arise at attractor points. For instance, under certain assumptions, a classification of near-

horizon geometries of extremal black holes was given in [26]; having such a classification for

extremal black brane geometries would be valuable, and would constitute a gauge/gravity

duality “prediction” for the possible ground states of holographic matter. In addition,

finding in full generality the allowed flows between different kinds of attractor points would

be quite interesting, as it would shed light on possible renormalization group flows between

dual field theories with different kinds of scale invariance. We leave these problems for the

future.

Finally, the attentive reader will have noticed that the reduction of the equations of motion

to algebraic equations occurs in this paper due to the simplicity of working with fields that

are constant in the tangent space, and is not tied to supersymmetry. For this reason, we

suspect it should be possible to find analogous algebraic solutions in many theories even

without supersymmetry - in much the same way that the original attractor mechanism for

extremal black holes has been generalized to non-supersymmetric theories as well [23, 24].
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8 Appendix A: Lifshitz geometry

Here, we work with the anisotropic Lifshitz geometry

ds2 = r2zdt2 − r2udx2 − r2dy2 − dr2

r2
. (8.1)

(Solutions with different scaling in the t, x, y directions were considered previously in e.g.

[27].) The vielbeins are

e0t = rz, e1x = ru, e2y = r, e3r =
1

r
(8.2)

The anholonomies are

c03
0 = z , c13

1 = u , c23
2 = 1 , c30

0 = −z , c31
1 = −u , c32

2 = −1 . (8.3)

In the coordinate basis t, x, y, r, we find the following non-zero components of the Riemann

curvature:

Rt
x,x,t = r2uuz , Rt

y,y,t = r2z , Rt
r,r,t =

z2

r2
,

Rx
t,x,t = r2zuz , Rx

y,y,x = ur2 , Rx
r,r,x =

u2

r2
,

R
y
t,y,t = r2zz , Ry

x,y,x = −ur2u , Ry
r,r,y =

1

r2
,

Rr
t,r,t = r2zz2 , Rr

x,r,x = −u2r2u , Rr
y,r,y = −r2.

In the tangent space, with 0, 1, 2, 3 indices now corresponding to the tetrad in (8.2), we

find instead

R0
1,1,0 = uz , R0

2,2,0 = z , R0
3,3,0 = z2 ,

R1
0,1,0 = −uz , R1

2,2,1 = −u , R1
3,3,1 = −u2 ,

R2
0,2,0 = −z , R2

1,2,1 = 1 , R2
3,3,2 = −1 ,

R3
0,3,0 = −z2 , R3

1,3,1 = u2 , R3
2,3,2 = 1 .

Happily, these are constant for all values of z and u.
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9 Appendix B: Schrödinger curvatures

Here, we work with the Schrödinger spacetime described in §6.3. The non-zero Riemann

curvature components in the coordinate basis u, v, x, r are given by:

Ru
u,v,u = r2 , Ru

x,x,u = r2 , Ru
r,r,u =

1

r2
,

Rv
u,v,u = r2z , Rv

v,v,u = −r2 , Rv
x,x,u = −r2z(−1 + z) ,

Rv
x,x,v = r2, Rv

r,r,u = −2r−4+2z(−1 + z)z, Rv
r,r,v =

1

r2
,

Rx
u,x,u = zr2z , Rx

r,r,x =
1

r2
, Rr

u,r,u = r2z(1 + (−1 + z)z) ,

Rr
u,r,v = −r2 , Rr

v,r,u = −r2 , Rr
x,r,x = −r2 .

In the tangent space, with now 0, 1, 2, 3 indices corresponding to e0, e1, e2, e3 in §6.2, we
instead find:

R0
1,0,0 = −2 , R0

1,1,0 = 1 , R0
2,2,0 = 4(−1 + z) ,

R1
2,2,1 = 1 , R0

3,3,0 = 8(−1 + z)z , R0
3,3,1 = 1 ,

R1
0,0,0 = 2 , R1

0,1,0 = −1 , R1
2,2,0 = 1 ,

R1
3,3,0 = 1 , R2

0,2,0 = 4− 4z , R2
0,2,1 = −1 ,

R2
1,2,0 = −1 , R2

3,3,2 = −1 , R3
0,3,0 = −8(−1 + z)z,

R3
0,3,1 = −1 , R3

1,3,0 = −1 , R3
2,3,2 = 1 .

We see that happily, the Schrödinger spacetime is characterized by constant Riemann

tensor (in the tangent space) for arbitrary values of z.
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