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THE IMPEDANCE OF FLAT METALLIC PLATES WITH SMALL
CORRUGATIONS§
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INTRODUCTION
The RadiaBeam/SLAC dechirper has been installed

and commissioned at the Linac Coherent Light Source
(LCLS) [1]. It consists of two pairs of flat plates with small
corrugations, with the beam passing in between. The pur-
pose of a dechirper is to compensate residual energy chirp—
energy to longitudinal position correlation—just upstream
of the undulator in a linac-based, free electron laser (FEL).
The flat geometry allows for adjustment of strength of the
dechirper; having both a horizontal and vertical module al-
lows for cancellation of unavoidable quad wake effects. The
LCLS, however, doesn’t generally need extra chirp control;
the installed dechirper has, instead, been used more as a fast
kicker, to facilitate a two-color mode of operation [2].
Analytical formulas for the longitudinal and transverse

wakes of a dechirper have been developed to make it easier
to do parameter studies and to plan the effective use of the
device [3]. These formulas are more accurate than results
of perturbation calculations of the past [4]. Note that we
are here interested in very short-range wakes/high frequency
impedances: the typical rms bunch length σz ∼ 10 µm,
which implies that the typical frequency of interest is f ∼
c/(2πσz) = 5 THz (c is the speed of light).
In this report we begin by introducing the concepts of

wakefield and impedance, particularly in periodic structures
and in flat geometry. Then we discuss the corrugated struc-
ture as a dechirper, the surface impedance approach to wake
calculation, and how explicit analytical formulas for the
wakes of the dechirper are obtained. This is followed by
comparisons with numerical simulations and with measure-
ments at the LCLS, and finally by a summary.

This report summarizes much of the theoretical work on
the dechirper done together with G. Stupakov, I. Zagorodnov,
and E. Gjonaj. The comparison with measurements are taken
from Ref. [5], [6]. The formulas of this report are given in
Gaussian units; to change a wake or impedance to MKS
units, one merely multiplies by Z0c/(4π), with Z0 = 377 Ω.

WAKEFIELDS AND IMPEDANCES
Let us here limit consideration to periodic structures with

boundaries made of metal or dielectrics; e.g. resistive pipes,
dielectric tubes, periodic cavities. A driving charge Q passes
at the speed of light c through such a structure. A test charge
moves on a parallel trajectory, also at speed c, but at distance
s behind. The longitudinal (point charge) wake, w(s), is the
(longitudinal) voltage loss of the test particle per unit charge
Q per unit length of structure. Thus, the point charge wake,
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for structure period p, is

w(s) = −
1

Qp

∫ p

0
Ez(z, t)

���
t=(s+z)/c

dz , (1)

with Ez the longitudinal electric field, z the longitudinal
position, and t the time of the test particle.
The bunch wake is given by the convolution of the point

charge wake and the (longitudinal) bunch distribution λ(s):

Wλ(s) = −
∫ ∞

0
w(s′)λ(s − s′) ds′ ; (2)

note that a value of Wλ < 0 means energy loss by the beam.
The impedance, for wavenumber k = 2π f /c, is given by the
Fourier transform of the wake, w̃(k):

Z(k) = w̃(k) =
1
c

∫ ∞

0
w(s)eiks ds . (3)

The transverse wakes and impedances, wy(s), Zy(k), which
are concerned with the transverse force on the test particle,
are defined analogously to the longitudinal ones.

Case of Flat Geometry
Typically we are interested in wakes of pencil beams, i.e.

of beams with small transverse extent. In round (cylindri-
cally symmetric) geometry it is known that, for particles
near the axis, the longitudinal wake is (nearly) independent
of their transverse positions, and the dominant transverse
wake—the dipole wake—depends linearly on the offset of
the driving particle. Consider, however, the flat geometry
of two (longitudinally) corrugated infinite plates, with the
aperture defined by y = ±a. The transverse wakes and
impedances, for particles near the axis, are of the form: [7]

wy(s) = y0 wd(s)+ y wq(s) , wx(s) = wq(s)(x0− x) , (4)

with (x0, y0) the transverse offset of the driving charge, (x, y)
that of the test charge.

Wakes at the Origin, at s = 0+
For a periodic structure, the wake approaches a finite

constant as s→ 0, w0 ≡ w(0+), one that is independent of
the properties of the boundarymaterial. This has been shown
to be true if the boundary is a resistivemetal, a (metallic) disk-
loaded structure, or a dielectric tube. It is probably generally
true for boundaries made of metal or dielectric (see [8]; but
not if the boundary is a plasma [9]). The constantw0 depends
only on the shape and size of the aperture (e.g. iris radius in
disk-loaded RF structure) and on the (transverse) location
of the particles. The same statement can be made about the
slope of the transverse wakes at the origin w′

y0—for both the
dipole and quad wakes discussed above.



For example, in a round structure, with the particles
moving on axis, w0 = 4/a2, with a the radius of the
aperture. However, for particles on axis in flat geometry,
w0 = π

2/(4a2), where here a represents the half-aperture of
the structure.

One can see that, if one knows the impedance Z(k), then
w0 is given by (c/π times) the area under Re[Z(k)]. How-
ever, one can obtain w0 also from the asymptotic behavior of
Z(k) at high frequencies [10,11]. The asymptotic impedance
Za(k) is related to the wake at the origin w0. By letting the
wake w(s) ≈ H(s)w0, we find the asymptotic form

Za(k) =
w0
c

∫ ∞

0
ds eiks = i

w0
kc

, (5)

where we have neglected the contribution to the integral at
the upper limit. Thus if we know Z(k), we can obtain w0 by
the relation [11]

w0 = −ikcZa(k) = −ic lim
k→∞

kZ(k) ; (6)

this procedure will yield a positive constant.
In the transverse case the wakes start at the origin linearly:

wy(s) = H(s)w′y0s , (7)

with w′
y0 the value of the slope of the wake at the origin.

Substituting into the impedance formula, we find the form
of the asymptotic impedance

Zya(k) = −i
w′
y0

c

∫ ∞

0
ds seiks = i

w′
y0

ck2 , (8)

(where again we have neglected the contribution to the in-
tegral at the upper limit). Thus, from the high frequency
impedance we obtain [11]

w′y0 = −ik2cZya(k) = −ic lim
k→∞

k2Zy(k) , (9)

which is a positive constant.

THE CONCEPT OF A DECHIRPER
In a linac-based, X-ray FEL, by the use of accelerating

structures and chicanes, a low energy, low (peak) current
beam (∼ 10 MeV, ∼ 100 A) is converted to one with high
energy and high current (∼ 5–10 GeV, ∼ 1 kA). After the last
bunch compressor the beam is typically left with an energy–
longitudinal position correlation (an energy “chirp"), with
the bunch tail at higher energy than the head (see Fig. 1, the
blue curve).
A typical value of chirp might be ν = 40 MeV/mm. To

cancel the chirp, one can run the beam off crest in down-
stream RF cavities. Running the beam on the zero crossing
of the wave, we would need length Lr f = ν/(Gr f kr f ) of
extra RF. Or with peak RF gradient Gr f = 20 MeV/m, wave
number kr f = 27/m (for frequency f = 1.3 GHz), we would
need Lr f = 74 m of extra active RF. A dechirper is a passive
way to achieve the same result in a few meters of structure.

Figure 1: Sketch of typical longitudinal phase space of beam
at the end of acceleration in a linac-based FEL, before the
dechirper (blue), and after passing through the dechirper
(red). The front of the bunch is to the left.

An ideal dechirper would have the wake: w(s) = w0H(s),
with H(s) = 0 (1) for s < 0 (s > 0). This is because
at the end of an X-ray FEL the bunch distribution is (ap-
proximately) uniform: λ(s) = H(s + `/2)H(`/2 − s)/`,
with ` the full bunch length. For an ideal dechirper and
a uniform bunch distribution we find that Eq. 2 yields,
Wλ(s) = −w0s/`, which is linear in s, with the tail losing
the most energy. The induced chirp, ν = −QLw0/`, with
Q bunch charge and L the length of structure. Note that a
resistive beam pipe or periodic (passive) RF cavities do not
work well as dechirpers, since the wake w(s) drops quickly
as s moves away from the origin.

Corrugated Structure as Dechirper
A metallic pipe with small corrugations (see Fig. 2) can

function as a good dechirper for an X-ray FEL [12]. Ide-
ally we would like h, p � a, and it is important that
h & p. If h, p � a, then perturbation solutions exist; in
the case of round geometry, the wake is dominated by a
single mode: w(s) ≈ H(s)w0 cos ks, with w0 = 4/a2 and
k =

√
2p/aht [13].
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Figure 2: Geometry of a dechirper showing three corruga-
tions. The blue ellipse represents an electron beam propagat-
ing along the z axis. For the RadiaBeam/SLAC dechirper,
(typical) half-gap a = 0.7 mm, h = 0.5 mm, p = 0.5 mm,
and t = 0.25 mm.

As an example calculation we consider the beam prop-
erties of the NGLS project, where Q = 300 pC and ` =



150 µm. We performed a time-domain wake calculation us-
ing I. Zagorodnov’s ECHO code [14] for (round) dechirper
parameters a = 3 mm, h = 0.45 mm, p = 1 mm, t = p/2,
and L = 8.2 m. In Fig. 3 we show the numerical result (the
blue curve), the analytical result (the dashed red line), and
the bunch shape (in black, with the head to the left). We see
that the numerical result, over the core of the beam, agrees
well with the analytical one.
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Figure 3: Dechirper for NGLS [12]: wake of model of NGLS
bunch distribution (blue). The dashed, red line gives the
linear chirp approximation. The bunch shape λ, with the
head to the left, is given in black.

Using a corrugated structure with flat geometry as
dechirper has the advantage over round geometry in that the
strength of interaction can be changed by simply changing
the gap between the two plates. However, as we saw above,
w0 becomes weaker (for the same aperture). In addition, an
unavoidable quad wake is excited, even when the beam is on
axis; its effect, however, can simply be canceled by having
half the dechirper oriented horizontally and half vertically.
This, in fact, is the configuration of the RadiaBeam/SLAC
dechirper that is installed in the LCLS.

SURFACE IMPEDANCE APPROACH
To find the impedance of a structure like the dechirper

one can use the method of field matching (see e.g. [15]).
However, if the corrugations are small (h � a), the fields
excited by the driving particle can be solved using a simpler
method, a surface impedance approach [7]. According to
this method, on the walls we let

Ẽz(k) = ζ(k)H̃x(k) , (10)

with ζ(k) the surface impedance; and E , H, are the electric
and magnetic fields. We solve Maxwell’s equations (in the
frequency domain) for the fields excited by the point driving
charge. For flat geometry calculation we perform also the
Fourier transform in x of the fields, e.g. for the magnetic
field we use

Ĥx(q) =
∫ ∞

−∞

dx H̃xeiqx . (11)

We finally obtain the flat geometry generalized impedances,
i.e. impedances where the transverse positions of driving
and test particle can be located anywhere within the aperture.
The longitudinal generalized impedance can be written in
the form: [3]

Z(x0, y0, x, y, k) =
∫ ∞

0
dq f (q, y, y0, k, ζ)e−iq(x−x0) , (12)

where f is an explicit, analytical function of its arguments.
The transverse generalized impedance is given in the same
form, with a different (explicit analytical) function in the
integral, fy(q, y, y0, k, ζ). Finally, the wake is obtained by
numerically performing the inverse Fourier transform. Thus,
by performing two numerical integrals, we obtain an esti-
mate of the generalized longitudinal and transverse wakes.
A subset of these results, one in which we are normally in-
terested, is the special case of pencil beams, i.e. the case
where x ≈ x0, y ≈ y0.

For the case of a beam passing near a single plate, we begin
with the impedance for two plates separated by distance 2a.
In the expression for f (q, y, y0, k, ζ) described above we let
y = a − b and then a→∞. Using the new version of f and
performing the same integrals as before, we obtain the wakes
of a beam passing by a single dechirper jaw at distance b.
The only problem with using the surface impedance ap-

proach for the calculation of the RadiaBeam/SLAC dechirper
is that it normally is valid only if (h/a) � 1, whereas here
nominally (h/a) = (0.5/0.7) = 0.7 3 1 (and similarly for
the single jaw case). However, for the short, LCLS-type
bunches—with rms length of 10’s of microns—we demon-
strate below that this approach still works when used with a
surface impedance that represents the wall corrugations at
high frequencies.

EXPLICIT ANALYTICAL
APPROXIMATIONS OF WAKES

We have further simplified the results by extracting (ana-
lytical) parameters and using simplified formulas for cases
of pencil beams. In the zeroth order approximation [11], we
let w(s) = H(s)w0, where w0 is obtained using Eqs. 6, 12
(longitudinal case), and wy(s) = H(s)w′

y0s, where w′
y0 is

obtained using Eqs. 9, 12 (using fy; transverse case).
For better agreement with results obtained directly from

Eq. 12 and with numerical simulations, we use the first order
approximation [3], which in the longitudinal case is of form

w(s) = H(s)w0e−
√
s/s0 . (13)

Parameter s0 can also be derived in analytical form from the
structure of the impedance at high frequencies. Eq. 13 cor-
responds to the two-term, high-frequency Taylor expansion:

Z(k) ≈ i
w0
kc

[
1 −
(1 + i)
√

2ks0

]
(k →∞) . (14)

Thus, to obtain parameter s0, we begin with general form of
the impedance (Eq. 12), and substitute in the high frequency



surface impedance for the corrugated structure: [3, 16]

ζ(k) =
1
αp

(
2it
πk

)1/2
, (15)

with α ≈ 1 − 0.465
√

t/p − 0.070(t/p). We then expand to
two terms in Taylor series (at high k), integrate over dq, and
find s0 by comparing with the form of Eq. 14. A similar
procedure is followed for the transverse (dipole and quad)
wakes; in this case, the wake is of the form

wy(s) = 2H(s)w′0ys0y

[
1 −

(
1 +

√
s

s0y

)
e−
√
s/s0y

]
, (16)

with parameters w′0y and s0y . Note that the analytical
forms for the longitudinal and transverse, short-range wakes
(Eqs. 13, 16) have been used before, for the case of periodic,
disk-loaded accelerating structures [17,18]; a major differ-
ence, however, was that the parameters s0, s0y , were there
obtained through fitting to numerical results.

We now give results for two specific example calculations.
In the first example we consider a short beam on the axis of
a two-plate dechirper and find the quad wake, where the two
analytical wake parameters are given by [3]

w′0q =
π4

32a4 , s0q =
a2t

2πα2p2

(
15
16

)2
. (17)

We consider the RadiaBeam/SLAC dechirper parameters
with half-gap a = 0.7 mm, and a Gaussian driving bunch
with σz = 10 µm. We obtain the zeroth and first order
analytical bunch wakes by performing the convolution Eq. 2.
The analytical and numerical results of ECHO(2D) [19] are
shown in Fig. 4. We see that the agreement of the 1st order
analytical result and the numerical one is quite good.
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Figure 4: Quad bunch wake for a Gaussian beam on axis,
with σz = 10 µm, a = 0.7 mm, in the RadiaBeam/SLAC
dechirper [3]. Given are the numerical results of ECHO(2D)
(blue), and the analytical zeroth order (red) and 1st order
results (green). The bunch shape λ(s) is shown in black.

Our second example considers the dipole wake of a beam
offset by distance b from one plate. For this case the wake

parameters are given by [20]

w′0d =
1
b3 , s0d =

8b2t
9πα2p2 . (18)

In Fig. 5 we plot, as functions of b, the analytically ob-
tained (1st order) kick factor <yd—the average of the bunch
wake Wλd(s)—and the numerical result obtained using
CST Studio [21]. The bunch here is Gaussian with length
σz = 100 µm. We see from the figure that the agreement of
the analytical and numerical calculations is very good.
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Figure 5: Single plate dipole kick factor <yd as function
of distance of the beam from the wall b, showing the CST
results (blue symbols) and those of the 1st order analytical
model (red dashes) [22]. The bunch is Gaussian with length
σz = 100 µm.

MEASUREMENTS
One example measurement of the longitudinal effect of

the beam on axis between the jaws of both dechirper modules
is shown in Fig. 6. Here Q = 190 pC, energy E = 4.4 GeV,
and dechirper half gap a = 1.2 mm. The X-band, deflect-
ing cavity diagnostic, XTCAV, measures longitudinal phase
space of the bunch after the undulator in the LCLS. From
it, we obtain the longitudinal bunch distribution λ(s) and
the induced energy chirp ∆E(s) due to the dechirper, by
taking the average energy at position s minus that when the
dechirper jaws are wide open. Here the bunch shape is ap-
proximately uniform, with peak current I = cQλ = 1.0 kA.
For the calculation we convolve the measured λ(s) with the
analytical w(s) (see Eq 2), noting that w0 = π

2/(4a2) and
s0 = 9a2t/(8πα2p2); then ∆E = eQWλL, with L = 4 m,
the length of dechirper. In Fig. 6 the measured chirp using
XTCAV (with arbitrary horizontal and vertical offsets) is
given in blue, the calculation (with the head of the bunch
at t ≡ s/c = −85 fs) is given in red dashes. We see that the
agreement in induced chirp is good.
In the next example the beam was kept fixed, half the

dechirper (the horizontal half) was scanned across the beam
(keeping the half-gap a fixed), while the other half (the ver-
tical half) was opened wide, and the transverse kick was
measured. The parameters are half gap a = 1 mm, bunch
charge Q = 152 pC, and energy E = 6.6 GeV. The results
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Figure 6: Chirp induced in beam passing on axis between the
jaws of both dechirper modules, according to measurement
(blue) and calculation (red dashes) [5]. Here Q = 190 pC,
I = 1.0 kA, E = 4.4 GeV. The bunch head is to the left.

are given in Fig. 7, where we plot the offset at a down-
stream BPM, ∆xw vs. offset of the beam from the axis in
the dechirper, x. The figure shows the data (plotting sym-
bols) and the calculations (the curves). The bunch shape as
obtained by measurement (with head to the left), is given in
the inset plot. For the scale of the wake effect, note that a
value of ∆xw = 0.4 mm corresponds to an average kick of
Vx = 160 kV.

Figure 7: Downstream deflection, ∆xw , as function of offset
in the (horizontal) dechirper, x, for half-gap a = 1 mm [6].
Here Q = 152 pC, E = 6.6 GeV. For the analytic curves, the
gap parameter was reduced by 11% to fit the experimental
data. The bunch current, with head to the left, is shown in
the inset.

For the comparison calculations, we first numerically per-
formed the convolution of Eq. 2 to obtain the bunch wake;
then the result is given by ∆xw = eQWλxLBPM/E , with
LBPM (= 16.26 m) the distance between dechirper and mea-
suring BPM (the dashed curve in the figure). For the ana-
lytic curves, the gap parameter was reduced by 11% to fit
the experimental data. The agreement between theory and
measurements is good; the discrepancy in scale is small. In
aligning the structure, the ends of the plates are indepen-
dently adjusted; one possible cause of the discrepancy is that,
during measurement, the jaws have an unknown residual tilt.

The final example is a single jaw measurement of down-
stream offset due to transverse kick, ∆xw vs. beam offset
in dechirper, b (see Fig. 8). Note that ∆xw > 0 indicates
a kick toward the jaw, and a value of ∆xm = 0.6 mm cor-
responds to a kick of Vx = 480 kV. The beam parameters
were charge Q = 180 pC, peak current I = 3.5 kA, and
energy E = 13 GeV. The absolute offset of the beam from
the dechirper plate is not well known. Therefore, a fit of
the model to the measurement was performed, where an
overall shift in beam offset ∆b was allowed. We see that the
fit of the theory (the curve) to the data (the plotting symbols)
is good. The fit gives an overall shift of ∆b = −161 µm,
and the data in the plot has been shifted by this amount.
During this measurement, the longitudinal wake effect was
simultaneously recorded, using a downstream BPM at a loca-
tion of dispersion. The agreement between the longitudinal
theory and measurement was again good, when an overall
shift of ∆b = −138 µm was assumed in the theory. The
fact that, in both cases, the theory and measurement curves
agree well, and that the fitted shifts are close to each other,
is confirmation of our wake models and of our analysis.
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Figure 8: Downstream deflection, ∆xw as functions of beam
offset from a single dechirper plate, b [6]. Here Q = 180 pC,
I = 3.5 kA, E = 13 GeV. The symbols give the data points,
with their b values shifted by −161 µm; the curves give the
analytical theory.

SUMMARY
The corrugated, metallic structure can be used for passive

chirp control at the end of a linac-based, X-ray FEL. It can
also be used as a fast kicker, to facilitate two-color, fresh-
slice operation of an FEL such as the Linac Coherent Light
Source (where it is regularly being used for this purpose).
Using the surface impedance approach, we are able to obtain
analytical solutions for the wakes of the structure: longitu-
dinal, dipole, quad wakes; two-plate case, on axis and off;
and single plate case. These wakes agree well with numeri-
cal simulations for LCLS-type beam parameters, in spite of
the fact that the corrugation perturbation is often not small.
They also agree quite well with measurements performed
using the RadiaBeam/SLAC dechirper at the LCLS.
More comparisons with numerical simulations can be

found in [3, 22], with measurements in [5, 6].
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