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We predict the rate for exclusive double-charmonium production in electron-positron annihilation
e+e− → J/ψ + ηc using perturbative quantum chromodynamics and the NRQCD framework for
hard, heavy-quarkonium exclusive processes. The cross sections measured at the B-factories Belle
and Babar at

√
s = 10.6 GeV disagree with the pQCD leading-order predictions by an order of

magnitude. The predictions at next-to-leading order are, however, very sensitive to the choice of
the renormalization scale, resulting in an apparent discrepancy between the theoretical prediction
and the data. We show that this discrepancy can in fact be eliminated by applying the Principle
of Maximum Conformality (PMC) to set the renormalization scale. The PMC provides rigorous
predictions which are independent of the choice of renormalization scheme. The PMC scale-setting
agrees in the Abelian limit with the standard Gell-Mann-Low scale-setting procedure used in QED,
and the factorial renormalon divergence at high orders is eliminated. By carefully applying the PMC
to different topologies of the annihilation process, one achieves precise pQCD predictions, together
with improved perturbative convergence. We also observe that the single-photon-fragmentation
QED correction is important, an effect which increases the total cross-section by about 10%. The
scale-fixed, scheme-independent cross-section predicted by the PMC is σtot|PMC = 20.35+3.5

−3.8 fb,
where the uncertainties come from the squared average of the errors due to the value of the charm
mass and the uncertainty from the quarkonium wavefunctions at the origin. We find that the typical
momentum flow of the process is 2.30 GeV, which explains the guessed choice of 2 − 3 GeV using
conventional scale-setting. The scale-fixed e+e− → J/ψ + ηc cross-section predicted by the PMC
shows excellent agreement with the Belle and Babar measurements, emphasizing the importance of
a rigorous renormalization scale-setting procedure.

PACS numbers: 13.66.Bc, 12.38.Bx, 12.39.Jh, 14.40.Pq

In the year 2002, the Belle Collaboration released the
measurements on the total cross-section of the exclusive
production of J/ψ + ηc via the e+e−-annihilation at the
center-of-mass collision energy

√
s = 10.58 GeV [1]. The

result was σ[e+e− → J/ψ+ ηc]×B≥4 = 33+7
−6± 9 fb with

B≥4 denoting the branching ratio of ηc into four or more
charged tracks. This measurements were afterwards im-
proved as σ[e+e− → J/ψ + ηc]× B>2 = 25.6± 2.8 ± 3.4
fb [2]. Later in the year 2005, the BaBar Collaboration
independently measured the total cross-section and ob-
tained 17.6 ± 2.8+1.5

−2.1 fb [3]. However, the leading-order
(LO) calculation derived using the framework of the non-
relativistic QCD (NRQCD) factorization theory [4], gives
a prediction for the total cross-section∼ 2.3−5.5 fb [5–8],
an order of magnitude smaller than the measured value.
A number of theoretical attempts have been suggested

in order to explain this discrepancy, either by includ-
ing the O(αs)-, O(v2)- and O(αsv

2)- corrections to the
NRQCD prediction, by using the light-cone factoriza-
tion approach, or by using QCD light-cone sum rules,
cf. Refs.[9–15]. The QCD next-to-leading-order (NLO)
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calculation of the process e+e− → J/ψ + ηc [14, 15] has
been regarded as a breakthrough, showing that the NLO-
terms are large and positive. The Belle and Babar data
could thus be explained by choosing the renormalization
scale µr ∼ 2 − 3 GeV. However, the NLO prediction is
highly sensitive to the choice of µr; for example, as will
be shown below, the total cross-section is decreased by
about 50% by varying µr from 3.0 to 10.6 GeV. Thus
one cannot draw any definite conclusion on the validity
of the theoretical approach.

A renormalization scale ambiguity apparently exists in
any fixed-order pQCD prediction; it is usually regarded
as an important systematic error for the pQCD predic-
tions [16]. It is thus crucial to eliminate this scale un-
certainty in order to achieve a definitive prediction. The
Principle of Maximum Conformality (PMC) [17–20] pro-
vides a rigorous scale-setting approach which is indepen-
dent of the choice of the renormalization scheme, such
as the modified-minimal-subtraction (MS) scheme [21].
It extends the Brodsky-Lepage-Mackenzie (BLM) scale-
setting method [22] to all orders in pQCD. The PMC
agrees in the Abelian limit with the standard Gell-Mann-
Low scale-setting procedure used in QED. It is designed
to eliminate the conventional renormalization scale am-
biguity by the recursive use of the renormalization group
equation (RGE). After applying the PMC, all noncon-
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formal terms involving the QCD β−function are sys-
tematically eliminated at each order, thus determining
the running behavior of the strong coupling order-by-
order. Since the factorially divergent renormalon terms
as αns β

n
0 n! do not appear in the resulting conformal PMC

series, one has a convergent pQCD series.
The PMC predictions are first-principle predictions of

QCD, satisfying the self-consistency conditions of the
renormalization group including renormalization group
invariance [23, 24]. In this paper we will show how one
can apply the PMC formalism to the e+e− → J/ψ + ηc
cross section and to thus investigate whether the dis-
agreement between theory and experiment can be elimi-
nated.
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FIG. 1. Typical Feynman Diagrams for e+e− → J/ψ + ηc up to O(α3α3
s)-order level. Fig.(1a) is the QCD LO diagram and

Figs.(1b-1c) are the QED LO diagrams, in which Fig.(1b) denotes the typical SPF (single-photon-fragmentation) diagram.
Figs.(1d-1h) are NLO QCD corrections to Fig.(1a) and Figs.(1i-1p) are NLO QCD corrections to Figs.(1b-1c).

The squared matrix element of e+e− → J/ψ + ηc can
be schematically written as,

|(Mααs
+Mαα2

s

) + (Mα2 +Mα2αs
)|2

= |Mααs
|2 + 2Re(Mααs

M∗
αα2

s

) + 2Re(Mααs
M∗

α2)

+2Re(Mααs
M∗

α2αs

) + 2Re(Mαα2
s

M∗
α2) + · · · (1)

There is no contribution from real gluons and photons.
There are in total 4 QCD diagrams (4 tree-level, 60 one-
loop and 20 counter-terms) and 72 QED diagrams (6
tree-level, 42 one-loop and 24 counter-terms) for e+e− →
J/ψ + ηc. Typical Feynman diagrams are illustrated in
Fig.(1). We will not need to calculate the NLO QED
correction to the diagrams such as Fig.(1a) in order to
calculate the amplitude Mα2αs

, since these topologies
are compensated by the initial-state radiation diagrams.
Such contributions are irrelevant to the exclusive e+e−

annihilation processes.
Fig.(1a), with three other permutation diagrams, form

a gauge-invariant subset and contribute to the LO
squared matrix element |Mααs

|2. Fig.(1b) together with
another diagram formed by attaching the second (vir-
tual) photon to the anti-charm quark line are single-

photon-fragmentation (SPF) diagrams which also form
a gauge-invariant subset and contribute to the cross-
term 2Re(Mααs

M∗
α2). Their contributions suffer from

the usual e2cα/αs-suppression but have a large kine-
matic enhancement, leading to a sizable ∼ 20% contri-
bution to the LO QCD cross-section [5, 6]. Fig.(1c) with
three permutation diagrams also suffer from the e2cα/αs-
suppression, giving contributions of order of 1% of the
LO QCD cross-section.

In the following NLO calculation, we will also calcu-
late the NLO-contributions of significant QED diagrams
which so far have not been considered in the litera-
ture. Figs.(1d-1h) are typical NLO contributions to the
LO QCD diagrams which contribute to the cross-term
2Re(Mααs

M∗
αα2

s

) at the α2α3
s-order level. Figs.(1i-1p)

are typical NLO contributions to the QED diagrams,
which contribute to the cross-term 2Re(Mααs

M∗
α2αs

)

and 2Re(Mαα2
s

M∗
α2) at the α3α2

s-order level. In doing
the numerical calculation, we observe that that the con-
tributions of the SPF diagrams are dominant over that
of the remaining QED diagrams.

We divide the differential cross-section into the follow-
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ing four parts:

dσ = dσ
(0)
α2 + dσ

(1)
α2 + dσ

(0)
α3 + dσ

(1)
α3 (2)

with

dσ
(0)
α2 ∝ |Mααs

|2, (3)

dσ
(1)
α2 ∝ 2Re(Mααs

M∗
αα2

s

), (4)

dσ
(0)
α3 ∝ 2Re(Mααs

M∗
α2), (5)

dσ
(1)
α3 ∝ 2Re(Mααs

M∗
α2αs

) + 2Re(Mα2M∗
αα2

s

). (6)

The first two terms dσ
(0,1)
α2 and the second two terms

dσ
(0,1)
α3 are the usual QCD contributions up to NLO level

and the new QED contributions up to NLO level, respec-
tively.
In order to eliminate the ultraviolet (UV) and infrared

(IR) divergences, we will adopt the usual dimensional
renormalization procedure with D = 4 − 2ǫ. The on-
mass-shell (OS) scheme is employed to set the renormal-
ization constants of the charm-quark mass Zm and the
filed Z2, and the MS-scheme for the QCD gauge coupling
Zg and the gluon field Z3 [14]1,

δZOS
m = −3CF

αsNǫ
4π

[

1

ǫUV
− γE + ln

4πµ2
r

m2
c

+
4

3
+O(ǫ)

]

,

δZOS
2 = −CF

αsNǫ
4π

[

1

ǫUV
+

2

ǫIR
− 3γE + 3ln

4πµ2
r

m2
c

+4+O(ǫ)] ,

δZMS
3 =

αsNǫ
4π

(β0 − 2CA)

[

1

ǫUV
− γE + ln(4π) +O(ǫ)

]

,

δZMS
g = −β0

2

αsNǫ
4π

[

1

ǫUV
− γE + ln(4π) +O(ǫ)

]

, (7)

where γE is the Euler’s constant, β0 = 11
3 CA − 4

3TFnf is
the one-loop coefficient of the β-function and nf is the ac-
tive quark flavor numbers, Nǫ = Γ[1− ǫ]/(4πµ2

r/(4m
2
c))

ǫ.
In SU(3)c, the color factors are given by TF = 1

2 , CF = 4
3

and CA = 3. It is noted that the renormalization scale µr
occurs via a unique form of β0ln(m

2
c/µ

2
r) in the present

NLO pQCD series, and one can unambiguously apply the
PMC to set the optimal renormalization scale. Although
we will utilize dimensional regularization, the final PMC
prediction is independent of the choice of the renormal-
ization scheme.
We adopt the package Malt@FDC [25–28] to do the

NLO calculation. As a cross-check of our calculation, we
have verified that by taking the same input parameters,

we obtain the same NLO predictions for σ
(0)
α2 and σ

(1)
α2 as

those of Refs.[14, 15].
In order to do the numerical calculation, we will as-

sume mc = 1.5 GeV, MJ/ψ = Mηc = 2mc, and

1 For the QCD correction to the QED LO diagrams, only Zm and

Z2 are involved.

α = 1/137. The e+e−-collision energy is assumed to
be

√
s = 10.6 GeV. The two-loop pQCD prediction for

the αs running coupling is assumed.

αs(µr) =
4π

β0L
− 4πβ1 lnL

β3
0L

2
, (8)

where L = ln(µ2
r/Λ

2
QCD) with Λ

(4)

MS
= 0.332 GeV which

is fixed by requiring αs(MZ) = 0.118. The J/ψ and
ηc wavefunctions at the origin are taken as |Rηcs (0)|2 =

|RJ/ψs (0)|2 = 0.978 GeV3 [14].

TABLE I. Total cross-section for e+e− → J/ψ + ηc under
conventional scale-setting (in unit: fb). Three typical renor-
malization scale µr are adopted. mc=1.5 GeV.

σ
(0)

α2 σ
(1)

α2 σ
(0)

α3 σ
(1)

α3 σtot Kα2 Kα3 rα2 rα3

µr = 3 GeV 7.83 7.58 1.53 0.19 17.13 1.97 1.12 90% 10%

µr = 6 GeV 4.92 5.63 1.22 0.34 12.11 2.14 1.28 87% 13%

µr = 10 GeV 3.80 4.73 1.07 0.40 10.00 2.25 1.37 85% 15%
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FIG. 2. The renormalization scale (µr) dependence of the
total cross-section using the conventional scale-setting. The
dashed line denotes the pure QCD contributions up to NLO
level and the solid line is the total cross-section including
the QED contributions up to NLO level. The Belle [2] and
Babar [3] measurements are presented as a comparison, which
are shown by the shaded bands.

The total cross-section predicted using conventional
scale setting with three typical choices of the renormaliza-

tion scale are shown in Table I. Here σtot = σ
(0)
α2 + σ

(1)
α2 +

σ
(0)
α3 +σ

(1)
α3 and the ratiosKα2 ,Kα3 , rα2 , rα3 are defined as

(σ
(0)
α2 + σ

(1)
α2 )/σ

(0)
α2 , (σ

(0)
α3 + σ

(1)
α3 )/σ

(0)
α3 , (σ

(0)
α2 + σ

(1)
α2 )/σtot,

(σ
(0)
α3 + σ

(1)
α3 )/σtot, respectively. We note that the QED

(especially the SPF) diagrams up to NLO level can en-
hance the pure QCD results by about 10%-15%, thus
their contributions should be taken into consideration.
The total cross-section exhibits a strong dependence on

the renormalization scale µr; it decreases from 17.13 to 10
fb by varying µr from 3 to 10 GeV. This strong scale de-
pendence can also be seen in Fig.2. By taking a smaller
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scale ∼ 2 − 3 GeV, one obtains a larger cross-section
in agreement with the Belle and Babar measurements.
However if one can only guess the scale, the predictive
power of NRQCD theory is lost, and one cannot draw any
definite conclusions on the validity of the pQCD predic-
tion. It is thus crucial to eliminate the renormalization
scale dependence.
The PMC provides a systematic way to eliminate the

renormalization scale uncertainty for the pQCD predic-
tions. Fig.1 shows there are two types of Feynman dia-
grams, i.e. the ones with or without the QED diagrams,
indicating their typical momentum flows may be differ-
ent. To apply the PMC, we divide the total cross-section

into two parts, σα2 = σ
(0)
α2 + σ

(1)
α2 and σα3 = σ

(0)
α3 + σ

(1)
α3 ,

which can be schematically rewritten as

σα2 = A1α
2
s,MS

(µr)

[

1 +
αs,MS(µr)

π
(B1nf + C1)

]

= A1α
2
s,MS

(Q1)

[

1 +D∗
1

αs,MS(Q1)

π

]

(9)

and

σα3 = A2αs,MS(µr)

[

1 +
αs,MS(µr)

π
(B2nf + C2)

]

= A2αs,MS(Q2)

[

1 +D∗
2

αs,MS(Q2)

π

]

. (10)

The second equations in Eqs.(9, 10) are obtained by using
the standard PMC procedures, and the PMC scales

Q1 =
1

2
µre

3B1 , Q2 = µre
3B2 , (11)

and the conformal coefficients

D∗
1 =

33

2
B1 + C1, D∗

2 =
33

2
B2 + C2. (12)

Numerical values for the coefficients Ai, Bi and Ci can
be obtained by using the package Malt@FDC.
It is interesting to find that Q1 = Q2 ≡ 2.30 GeV for

any choice of initial renormalization µr, i.e. the PMC
scales for the two different topologies are exactly the
same. This can be explained by the fact that the β0-terms
are the same for both topologies, and thus the running
behavior of the coupling constant determined by RGE
are identical. The PMC scales Q1,2 are independent of
the choice of the initial choice of renormalization scale µr;
thus the conventional renormalization scale ambiguities
are completely removed. The values of the PMC scales
also show that the usually guessed value of 2-3 GeV, is
in fact, correct.
The prediction for the total cross-sections after apply-

ing the PMC, taking the initial renormalization scale in
the range µr ∈ [3, 10] GeV, are shown in Table II. Ta-
ble II shows that the renormalization scale uncertainty
is eliminated by applying the PMC. Moreover, one ob-
serves that the PMC scales are independent of the choice
of the initial scale µr. The PMC prediction is also scheme

TABLE II. Total cross-section for e+e− → J/ψ + ηc using
PMC scale-setting (in unit: fb). The initial renormalization
scale µr ∈ [3, 10] GeV. mc=1.5 GeV.

σ
(0)

α2 σ
(1)

α2 σ
(0)

α3 σ
(1)

α3 σtot Kα2 Kα3 rα2 rα3

µr ∈ [3, 10]GeV 9.86 8.71 1.72 0.06 20.35 1.88 1.03 91% 9%

independent, which can be confirmed by the commensu-
rate scale relations among different observables [29]. A
demonstration of the renormalization scheme indepen-
dence for the PMC prediction has been given in Ref.[30].
The convergence of the cross-section σα3 has been greatly
improved, leading to a much smaller Kα3(= 1.03) factor.
In contrast with other PMC predictions, the convergence
of the cross-section σα2 (Kα2 = 1.88) remains an issue
because of the large conformal coefficient D∗

1 .
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FIG. 3. Our final PMC prediction for the total cross-section
of e+e− → J/ψ + ηc. The shaded band denotes the squared
average errors of the uncertainties from mc = 1.5 ± 0.1 GeV

and the wavefunctions at the zero |Rηcs (0)|2 = |RJ/ψs (0)|2 =
0.978 ± 0.04 GeV3, whose central value is for mc = 1.5 GeV

and |Rηcs (0)|2 = |RJ/ψs (0)|2 = 0.978 GeV3. The Belle [2] and
Babar [3] measurements are presented as a comparison.

Our final prediction after applying the PMC, is pre-
sented in Fig.3. The error band is obtained by taking

mc = 1.5±0.1 GeV and |Rηcs (0)|2 = |RJ/ψs (0)|2 = 0.978±
0.04 GeV3, where the uncertainties due to the wave-
functions at the origin reflect the constraint Γ[J/ψ →
e+e−] = 5.4 ± 0.15 ± 0.07 GeV [31]. One finds that the
PMC provides a precise scale-fixed NRQCD prediction,
in agreement with the Belle [2] and Babar [3] measure-
ment.
Within the framework of NRQCD, the color-octet com-

ponents may also have sizable contributions. As an es-
timate, we calculate the color-octet channels, such as

e+e− → 3S
[8]
1 +1 S

[8]
0 , e+e− → 3S

[8]
1 +3 P

[8]
J , e+e− →

1S
[8]
0 +1 P

[8]
1 and e+e− → 1P

[8]
1 +3 P

[8]
J , by using the

color-octet matrix elements derived under the heavy
quark spin symmetry [32–35]. We find that the to-
tal color-octet contributions are negligibly small – only
about 0.1 fb, for the present process.



5

In summary, by applying the PMC and taking con-
tributions from the relevant QED (especially the SPF)
diagrams into consideration, we have calculated the ex-
clusive production channel e+e− → J/ψ+ ηc up to NLO
level. Our calculation shows that the SPF diagrams are
important and increase the total cross-section by about
10%. The prediction using conventional scale-setting
shows a strong scale and scheme dependence; in con-
trast, the scale-fixed PMC prediction is renormalization
scheme independent. The PMC result shows that the
typical momentum flow of the process is 2.3 GeV. After
applying the PMC, the total cross-section increases to
σtot|PMC = 20.35+3.5

−3.8 fb, in which the uncertainty is the
squared average of the errors from the charm quark mass
and the wavefunctions at the origin.
The PMC prediction agrees with the measurements of

the Belle and Babar experiments within errors. This suc-
cessful application of the PMC illustrates the importance

of correct, rigorous, renormalization scale-setting; it also
supports the applicability of NRQCD to hard exclusive
processes involving heavy quarkonium.

Acknowledgments: We thank Hong-Fei Zhang, Sheng-
Quan Wang and Hai-Bing Fu for helpful discussions.
This work are supported in part by the Natural Science
Foundation of China under the Grant No.11705034 and
No.11625520, by the Department of Energy Contract No.
DE-AC02-76SF00515, by the Project for Young Talents
Growth of Guizhou Provincial Department of Education
under Grant No.KY[2017]135 and the Key Project
for Innovation Research Groups of Guizhou Provincial
Department of Education under Grant No.KY[2016]028,
and by the Fundamental Research Funds for the Central
Universities under the Grant No.2018CDPTCG0001/3.
SLAC-PUB-17300. PITT-PACC-1812.

[1] K. Abe et al. [Belle Collaboration], Phys. Rev. Lett. 89,
142001 (2002).

[2] K. Abe et al. [Belle Collaboration], Phys. Rev. D 70,
071102 (2004).

[3] B. Aubert et al. [BaBar Collaboration], Phys. Rev. D 72,
031101 (2005).

[4] G. T. Bodwin, E. Braaten and G. P. Lepage, Phys. Rev.
D 51, 1125 (1995).

[5] E. Braaten and J. Lee, Phys. Rev. D 67, 054007 (2003).
[6] K. Y. Liu, Z. G. He and K. T. Chao, Phys. Rev. D 77,

014002 (2008).
[7] K. Y. Liu, Z. G. He and K. T. Chao, Phys. Lett. B 557,

45 (2003).
[8] K. Hagiwara, E. Kou and C. F. Qiao, Phys. Lett. B 570,

39 (2003).
[9] J. P. Ma and Z. G. Si, Phys. Rev. D 70, 074007 (2004).

[10] A. E. Bondar and V. L. Chernyak, Phys. Lett. B 612,
215 (2005)

[11] V. V. Braguta, A. K. Likhoded and A. V. Luchinsky,
Phys. Rev. D 72, 074019 (2005).

[12] G. T. Bodwin, D. Kang and J. Lee, Phys. Rev. D 74,
114028 (2006).

[13] Y. J. Sun, X. G. Wu, F. Zuo and T. Huang, Eur. Phys.
J. C 67, 117 (2010).

[14] Y. J. Zhang, Y. j. Gao and K. T. Chao, Phys. Rev. Lett.
96, 092001 (2006).

[15] B. Gong and J. X. Wang, Phys. Rev. D 77, 054028
(2008).

[16] X. G. Wu, S. J. Brodsky and M. Mojaza, Prog. Part.
Nucl. Phys. 72, 44 (2013).

[17] S. J. Brodsky and X. G. Wu, Phys. Rev. D 85, 034038
(2012).

[18] M. Mojaza, S. J. Brodsky and X. G. Wu, Phys. Rev.
Lett. 110, 192001 (2013).

[19] S. J. Brodsky, M. Mojaza and X. G. Wu, Phys. Rev. D
89, 014027 (2014).

[20] S. J. Brodsky and X. G. Wu, Phys. Rev. Lett. 109,
042002 (2012).

[21] W. A. Bardeen, A. J. Buras, D. W. Duke and T. Muta,
Phys. Rev. D 18, 3998 (1978).

[22] S. J. Brodsky, G. P. Lepage and P. B. Mackenzie, Phys.
Rev. D 28, 228 (1983).

[23] S. J. Brodsky and X. G. Wu, Phys. Rev. D 86, 054018
(2012).

[24] X. G. Wu, Y. Ma, S. Q. Wang, H. B. Fu, H. H. Ma,
S. J. Brodsky and M. Mojaza, Rep. Prog. Phys. 78,
126201 (2015).

[25] J. X. Wang, Nucl. Instrum. Meth. A 534, 241 (2004).
[26] Y. Feng, Z. Sun and H. F. Zhang, Eur. Phys. J. C 77,

221 (2017).
[27] Z. Sun and H. F. Zhang, Phys. Rev. D 96, 091502 (2017)
[28] Z. Sun and H. F. Zhang, Eur. Phys. J. C 77, 744 (2017).
[29] S. J. Brodsky and H. J. Lu, Phys. Rev. D 51, 3652 (1995).
[30] X. G. Wu, J. M. Shen, B. L. Du and S. J. Brodsky, Phys.

Rev. D 97, 094030 (2018).
[31] S. Eidelman et al. [Particle Data Group], Phys. Lett. B

592, 1 (2004).
[32] H. F. Zhang, Z. Sun, W. L. Sang and R. Li, Phys. Rev.

Lett. 114, 092006 (2015).
[33] Z. Sun and H. F. Zhang, Chin. Phys. C 42, 043104

(2018).
[34] K. T. Chao, Y. Q. Ma, H. S. Shao, K. Wang and

Y. J. Zhang, Phys. Rev. Lett. 108, 242004 (2012).
[35] G. T. Bodwin, H. S. Chung, U. R. Kim and J. Lee, Phys.

Rev. Lett. 113, 022001 (2014).




