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ABSTRACT 

Grand unified theories, in which the strong and electro- 

weak i%teractions are embedded into an underlying theory with a 

single gauge coupling constant, are reviewed. A detailed descrip- 

tion is given of many of the necessary background topics, including 

gauge theories, spontaneous symmetry breaking, the standard SU2 x Ul 

electroweak model and its modifications and extensions, Majorana 

and Dirac neutrino masses, the induced cosmological term, CP 

violation, quantum chromodynamics and its symmetries, and dynamical 

symmetry breaking. The Georgi-Glashow SUS model is examined in 

detail. Models based on unitary, orthogonal, exceptional, and 

semi-simple groups and general constraints on model building are 

surveyed. Phenomenological aspects of grand unified theories are 

described, including the determination of the unification mass, 

the prediction of sin2eW in various models, existing and planned 

nucleon decay experiments, the predictions for the proton lifetime 

and branching ratios, general baryon number violating interactions, 

and the possible explanation of the matter-antimatter asymmetry of 

the universe. Other aspects of grand unified theories are dis- 

cussed, including horizontal symmetries, neutrino and fermion 

masses, topless models, asymptotic freedom, implications for the 

neutral current, CP violation, superheavy magnetic.monopoles, 

dynamical symmetry breaking, and the hierarchy problem. 
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1.1 

I. Introduction 

1.1 Motivations and Introduction 

0n"e of the great triumphs of physics in recent years has been 

the development of the standard model of elementary particles and 

their interactions. The standard model combines the SUZ color 

gauge theory of the strong interactions (quantum chromodynamics) 

with the SU2 x U model of weak and electromagnetic interactions. 1 
The standard model is compatible with all known facts of elementary 

particle physics and is believed to be free of mathematical incon- 

sistencies. Moreover, the basic interactions are all described 

by gauge theories, which implies that the forms of the couplings 

of the vector bosons that mediate the interactions are determined 

by the underlying gauge symmetry. 

Despite these attractive features, few physicists believe that 

the standard model is the ultimate theory of elementary particle 

interactions. The problem is not that there is anything wrong 

with the standard model, but rather that it is too complicated and 

arbitrary. In the standard model the strong, weak, and electro- 

magnetic interactions are largely independent of each other, as 

is illustrated by the fact that the gauge group Gs = SUS x SU2 x Ul 

is a direct product of three factors with different gauge coupling 

constants. Another problem is that the pattern of -fermion repre- 

sentations is arbitrary and complicated. There is therefore no 

fundamental explanation for the repetition of fermion families or 

for the violation of parity in the weak interactions but not in 

the strong interactions. Yet another difficulty is that electric 

charges are not quantized. That is, there is no a prior reason for 
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the quark and lepton charges to be related by simple factors of 3. 

Even aven the groups, the representations, and the electric charge 

assignments, the standard model has many free parameters (19 or 26, 

depending on whether the neutrinos are assumed to be massless). 

This means that many observable quantities, such as the fermion 

masses, mixing angles, and CP violating phase, are completely arbi- 

trary. Finally, the standard model does not incorporate gravity, 

nor does it offer an explanation for the empirical absence of a 

large cosmological term. 

One way to constrain or determine some of the features that are 

arbitrary in the standard model is to consider models with more 

symmetry. Especially promising are grand unified theories (GUTS), 

in which the strong, weak, and electromagnetic interactions are 

embedded in a larger underlying gauge theory with a single gauge 

coupling constant g [l-1]. Grand unified theories typically have 

new symmetry generators which relate SU; color quantum numbers and 

su2 x u1 flavor quantum numbers. Quarks, antiquarks, leptons, and 

antileptons are often placed together in irreducible representa- 

tions of the underlying group G and are related by the new symme- 

tries. Associated with the new symmetry generators are vector 

bosons which carry both flavor and color quantum numbers. In most 

grand unified theories these bosons, called X bosons, can mediate 

baryon number violating processes such as proton or bound neutron 

decay. A typical mechanism is for a quark to be transformed into 

a positron upon the emission of an x boson. Another quark then 

absorbs the X boson and changes into an antiquark. Such processes 
+o lead to decays- such as p -f e r , with a nucleon lifetime proportional 
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to M;. The very stringent experimental limits on the proton 

lifethe (yp > 1030 yr) require that these new interactions must be 

extremely weak. One generally needs MX > 1014 GeV, more than 

twelve orders of magnitude larger than the masses of the bosons 

believed to be responsible for the weak interactions! 

Fortunately, there is an independent way to predict Mx. In 

grand unified theories the observed differences between the strong, 

weak, and electromagnetic interactions, or between quarks, anti- 

quarks, leptons, and antileptons, are due to the pattern of spon- 

taneous symmetry breaking of the underlying gauge group G. If one 

could do experiments at momentum scales Q 2 >> M 2 
X' for which spon- 

taneous symmetry breaking could be ignored, then all fermions would 

look very much alike and all interactions would be basically similar. 

In particular, the running coupling constants of the standard model 

interactions should all come together (up to normalization factors) 

at M X' MX can therefore be estimated from the observed low energy 

coupling constants and their theoretically known Q2 dependence. 

Because of the large difference between the strong and weak couplings 

at low energy and their logarithmic Q2 behavior, one finds very large 

values for M X' In most models Mx is predicted to be in the range 

1014-15 GeV' . This is large enough to satisfy the existing limits 

on 'I but 
P 

able in a 

Grand 

small enough to suggest that proton decay may be observ- 

new generation of experiments. 

unified theories have several appealing features. The 

basic idea of combining the strong and electroweak interactions 

into an underlying unified theory is very attractive and it makes 

the observed pattern of low energy interactions somewhat less 
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arbitrary. Most grand unified theories explain the quantization 

of elee-tric charge, and many of the models predict sin2eW " 0.20- 

.21, which is reasonably close to the experimental value 

(0.229 2 .014) obtained from neutral current experiments. Most 

models (with the exception of the simplest SU5 model) predict 

massive neutrinos, with masses typically in the range 10 -5 - 1O+2 eV. 

The associated neutrino oscillations could account for the missing 

solar neutrinos. Finally, some of the more complicated models 

predict flavor changing neutral currents (FCNC) at some level. 

One of the most exciting implications of grand unified theories 

is that they may explain the excess of matter over antimatter in 

the universe (the baryon asymmetry). If baryon number were exactly 

conserved, the baryon excess would have to be postulated as an 

asymmetric initial condition on the big bang. (An alternative 

would be that baryons and antibaryons are separated over very 

long distance scales, but no plausible separation mechanism has 

been found). However, if grand unified theories are correct then 

the net baryon number of the universe could have been generated 

dynamically by baryon number violating interactions in the first 

instant after the big bang. This would have occurred for tempera- 

tures T 5 Mx, which corresponds to a time t > 10 -35 set after the 

big bang! 

Grand unified theories also have their shortcomings. The models 

considered so far have shed little light on the pattern of fermion 

masses and mixings, or on the repetition of families. The appear- 

ance of two very different mass scales (%I and MX) is not a natural 

feature. It appears necessary to put this in by hand by fine 
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tuning parameters, and it is not certain that this is even possible 

when rsdiative corrections are included (the hierarchy problem). 

Finally, gravity is not included in the usual models. 

The unification of the strong and electroweak interactions 

apparently requires a bold (or perhaps foolhardy) extrapolation 

to energy scales many orders of magnitude beyond any that have been 

probed in the laboratory. (It is at least encouraging that the 

unification mass M x turns out to be sufficiently small compared 

to the Planck mass mp =. 1.22 x 1019 GeV to justify, a posteriori, 

the neglect of quantum,gravity.) It is very possible that some of 

the ideas of grand unification are wrong, at least in detail. 

Nevertheless, the features of grand unified models are so attrac- 

tive and the consequences so dramatic that they deserve serious 

consideration. 

1.2 Outline 

This article describes most aspects of grand unification, with 

an emphasis on physical and phenomenological issues rather than 

group theory. 

Chapter 2, which is a review in its own right, is a detailed 

description of the standard model and its modifications and exten- 

sions. The reader who is already familiar with the details of the 

standard model should skip most of this chapter and begin with 

Section 2.6. Sections 2.1 and 2.2 contain introductory comments 

and a summary of the elementary fields, respectively. Section 2.3 

is an introduction to gauge theories. Global symmetries in field 

theory are described in 2.3.1, abelian and non-abelian local symme- 

tries and the Feynman rules that they imply are considered in 2.3.2. 
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Spontaneous symmetry breaking via the Higgs mechanism,is dis- 

cussed.,in Section 2.3.3, along with ghosts, R, gauges, and boson b 
propagators. Section 2.4 deals with the electroweak interactions. 

QED is briefly summarized in 2.4.1. Relevant features of the weak 

interactions, including the formalism of P, C, and CP and early 

non-renormalizable theories, are considered in 2.4.2. The standard 

su2 x u1 electroweak theory of Glashow, Weinberg, Salam, and others 

is described in detail in Section 2.4.3. The history, structure, 

currents, Higgs potential, gauge bosons, fermion masses and mixings, 

phenomenology, and bounds on the Higgs mass are all discussed. 

Generalized electroweak theories and other theoretical issues are 

considered in 2.4.4. The topics discussed include the effects of 

additional Higgs and fermion representations, the induced cosmolo- 

gical term, anomaly constraints, Majorana and Dirac neutrino masses, 

larger weak grows, horizontal symmetries,and CP violation and the 

8 problem. Section 2.5 deals with the strong interactions. 

2.5.1 is a descriptive introduction. Section 2.5.2 on quantum 

chromodynamics (QCD) describes the SU; color group, asymptotic 

freedom, the strong coupling constant, and the symmetries of QCD, 

including chiral symmetry. The running coupling constants for 

arbitrary gauge groups are also considered in this section. Section 

2.5.3 is devoted to dynamical symmetry breaking via technicolor 

(TC) and extended technicolor (ETC) interactions. The standard 

model is briefly summarized in 2.6.1, and its shortcomings and 

unanswered questions are described in Section 2.6.2. 

The various grand unified models are discussed in detail in 

Chapter 3. After some general comments in 3,l the formalism of the 
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Sun groups is reviewed in 3.2. Section 3.3 is devoted to the 

simplest and most popular theory, the Georgi-Glashow SU5 model. 

The basic structure of the model is described in Section 3.3.1; 

the gauge bosons, fermion representations, currents, proton 

decay mechanisms, spontaneous symmetry breaking pattern, Higgs 

potential, coupling constant predictions and fermion masses and 

mixings are all described. The successful and unsuccessful features 

of the model are summarized in 3-3.2, along with an indication of 

how these features are modified in other models. 

Other grand unified models are described in Section 3.4. 

General constraints on model building are described in 3.4.1. 

This includes a classification of simple Lie groups, a listing of 

rank 4 groups with a single coupling constant, and discussions of 

complex vs. real representations; anomalies; color, charge, and 

weak embeddings; and C, P, and CP properties. SU,' n > 5,models 

are briefly discussed in 3.4.2. Son models are considered in 3.4.3, 

with particular attention to the properties and symmetry breaking 

patterns of the SOlo model. The exceptional groups are described in 

3.4.4, especially the phenomenology of the various E6 models. 

Models based on semi-simple groups, such as the Pati-Salam models, 

are considered briefly in 3.4.5. These models are somewhat out of 

the mainstream, with some versions leading to integer charged 

quarks and/or low unification masses (104-6 GeV) . 

The rest of the article deals with the phenomenology of grand 

unification. Proton decay is considered in Chapter 4. Section 4.1 

contains general comments on baryon number, while 4.2 summarizes 

the existing limits and proposed experiments. The determination 
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of the unification mass in the SU 5 model from the observed low 

energy"coupling constants is described in 4.3.1. Included are 

the effects of Higgs particles, thresholds, renormalization 

schemes, the variation of the electromagnetic coupling, two loop 

effects, and uncertainties due to heavy bosons and fermions. 

The prediction of sin*0 W and the consistency between a/as, 

sin20W, 
*cP' and mb/m is discussed. -t- The predictions for the 

nucleon lifetimes and branching ratios in SU 5 and related models 

are reviewed in 4.3.2. Included are the effective interaction, 

its symmetries and their consequences, selection rules, polarization 

predictions, anomalous dimensions, lifetime estimates, branching 

ratio estimates, and mixing effects. Baryon number violation is 

considered more generally in 4.4. Included are ways to avoid proton 

decay, B-L conserving and violating decays, and AB=2 interactions 

which could lead to neutron-antineutron oscillations. 

The baryon asymmetry of the universe is described in Chapter 5. 

The astrophysical and elementary particle components of the estimate 

of the baryon number to entropy ratio are surveyed, as are the possi- 

ble washout of any initial asymmetry and the possibility of subse- 

quent dilution effects. 

Miscellaneous issues are described in Chapter 6. 6.1 deals with 

the fermion spectrum. An important technical ingredient, the survival 

hypothesis, is described in 6.1.1. Models which try to explain the 

repetition of fermion families by introducing horizontal interactions 

are described in 6.1.2. Neutrino masses are considered in 6.1.3 and 

the masses of other fermions in 6.1.4. Predictions for sin20W in 



1.9 

general models, including those with more than two mass scales, are 

outlin^ed in 6.2. Topless models, asymptotic freedom, and modifica- 

tions of the weak neutral current are described in Sections 6.3- 

6.5. CP violation is considered in 6.6. The 8 problem, the probable 

restoration of spontaneously violated CP, and the associated diffi- 

culties with domains in the universe are described. The superheavy 

magnetic monopoles predicted by grand unified theories, the danger 

that they were produced too prolifically in the early universe, and 

possible solutions to this problem are described in 6.7. Attempts 

to embed technicolor into grand unified theories are described in 

6.8. The hierarchy problem is surveyed in 6.9. 

The article concludes in Chapter 7 with a summary of outstanding 

problems and a brief mention of other directions not covered in this 

article. 

1.3 Summary of Notation 

I have attempted to use consistent notation and conventions 

throughout this article, although the alert reader will find occa- 

sional inconsistencies. My metric and Dirac matrix conventions are 

those of Bjorken and Drell f1.21, except for the sign of y5 . 

For the many spaces of indices, I have used the following 

conventions: (11, v)r 0, T) are Lorentz indices; (i., j, k, = l,...,N) 

label group generators; (a, b, c) run over the elements of a repre- 

sentation, while ( a, (3, y) and (rl s, t) are used for the special 

cases of color and flavor indices, respectively; (m, n, p, q) are 

horizontal indices, labeling repeated fermion or Higgs represen- 

tations. The summation convention applies to all repeated indices 

in all spaces. 
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Antiparticles are usually represented by a superscript c 

rather"than an overbar (e.g., uc is the anti u quark). 

Operators are represented by capital letters (Ti, 9, Y), 

their eigenvalues by lower case letters (ti, q, y), and their 

matrix representations by (Li, LQ, Ly). 

Yukawa couplings are generally denoted by r, yf or n- 

Gauge boson and Higgs boson masses are represented by M and pr 

respectively (except in Chapter 5). Fermion masses and mass matrices 

are usually represented by m and M, respectively (e.g. m is the u 
U 

quark mass and MU is the charge 2/3 mass matrix). 

Certain acronyms used frequently are FCNC = flavor changing 

neutral current, VEV = vacuum expectation value, SSB = spontaneous 

symmetry breaking, IRREP = irreducible representation, (E)TC = 

(extended) technicolor, GUT = grand unified theory. 

In Feynman diagrams, spin-O, -4, -1, and ghost fields are 

represented by dashed, solid, wavy', and curly lines, respectively. 

I have typically translated the quantitative results of other 

authors into my conventions or into common formats for comparison 

and have occasionally corrected trivial errors without drawing 

attention to them. 



2-l 

2. THE STANDARD MODEL AND ITS LIMITATIONS - 

2.1 Introductory Remarks 

The last decade or so has witnessed a tremendous advance in our 

understanding of elementary particles and their interactions. In the late 

1960's the known elementary particles were the leptons (the electron, the 

muon, and their neutrinos), the photon, and a great variety of hadrons, or 

strongly interacting particles. (The quark model of hadrons was well known 

but far from universally accepted.) Of the four known interactions, there 

existed a completely satisfactory theory of only one, the electrom,agnetic. 

A great wealth of experimental data on the charged-current weak interactions 

was phenomenologically described by the Cabibbo theory, which was the latest 

form of the current-current theory of weak interactions originally proposed 

by Fermi. However, it was known that the Cabibbo theory could only be valid 

at low energies: amplitudes would grow with energy and eventually violate 

the unitarity limit. Unitarity could not be restored simply by including higher 

order diagrams, because the four-Fermion interaction theory was non-renormaliza- 

able (i.e., higher order Feynman diagrams involved severe ultraviolet diver- 

gences that could not be absorbed into the renormalization of a finite number 

of masses and coupling constants). Even the hypothesis that the weak inter- 

actions were really mediated by massive intermediate vector bosons did not 

cure the unitarity and nonrenormalizability diseases. The Weinberg-Salam 

theory of leptons was published in 1967 (but largely ignored until 1971), but 

it was not known at that time that the theory was renormalizable or how it 

could be extended to hadrons. 
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The situation was even worse for the strong interactions. Many 

system&c features of the hadronic spectrum and interactions were known and 

many theoretical models existed. States were classified according to SUS 

and higher symmetries such as SU 6 (which related the spin and internal degrees 

of freedom), as well as according to the nonrelativistic quark model. ye.w 

and dual models further related states of different spin. Many dynamical 

models, such as current algeb:ra, PCAC, vector meson dominance, Regge theory, 

dual resonance models, bootstrap theory, finite energy sum rules, one boson 

exchange models, and the parton model described, with more or less success, 

some limited aspects of hadronic physics, but none (with the possible exception 

of the bootstrap) could be considered a complete or fundamental theory of all 

aspects of the strong interactions. 

The situation at present is completely different. . There now exists a 

theory of the strong, weak, and electromagnetic interactions--the standard 

model--which most physicists believe to be a substantially correct and perhaps 

fundamental description of all interactions except, gravity. In the standard 

model, the strong, weak, and electromagnetic interactions are all gauge inter- 

actions, which means in part that they are mediated by the exchange of vector 

bosons. The standard model has no known inconsistencies or mathematical 

diseases; it really is a candidate for a fundamental theory of physics (one 

must remain skeptical, however, of any theory which fails to.incorporate 

gravity). Furthermore, the standard model successfully describes an enormous 

number of quantitative and qualitative features of elementary particle physics. 

There are no known experimental facts that conflict with the standard model, 

although many aspects of the model, especially in the strong interaction 

sector, are beyond our ability to calculate at present. 
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Assuming that the standard model correctly describes all "low-energy" 
I 

physic: ("low ene,rgy" includes all energies that have been explored to date) 

one must still ask whether the standard model is the entire story or whether 

it is just the low energy limit of a bigger theory. The difficulty with the 

first point of view is that the standard model leaves an uncomfortable number 

of important questions unanswered. There is no explanation or prediction 

of the number of elementary fields, for example. Furthermore, the minimal 

version of the model contains 19 arbitrary parameters (26 if one allows the 

neutrinos to have masses). Finally, the strong, weak, and electromagnetic 

interactions are basically unrelated and independent of each other in the 

standard model. It is, of course, possible that all of these quantities really 

are arbitrary or that their origin is simply too hard for us to understand. 

Nevertheless, it was the attempt to understand some of these questions that has 

led to the development of grand unified theories. The idea is that the observed 

interactions are merely the low energy manifestation of an underlying unified 

theory. This underlying theory possesses additional structure that may con- 

strain some of the quantities that appear arbitrary at the level of the stan- 

dard model. 

Such underlying unified theories are the main topic of this report. I 

must begin, however, by describing the standard model in detail. In Section 

2-2 of this chapter I will describe the elementary fields or building blocks 

of the standard model. Section 2-3 contains a review of the ideas and for- 

malism of gauge theories. In Section 2-4 the principal features of the weak 

and electromagnetic interactions and of the Glashow-Weinbe-rg-Salam (GWS) model 

are described. Various extensions and modifications of the GWS model (espec- 

ially those which are relevant to grand unification) are also discussed. 
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Section 2-5 is a description of the strong interactions and of Quantum 

ChromoTynamics (QCD), as well as a brief discussion of dynamical symmetry 

breaking. Finally, in Section 2d6 the standard model is described; its weak- 

nesses and the motivations for grand unification are further discussed. 

2.2 The Elementary Fields 

The fundamental quantum fields which appear in the standard model are 

of four types: 

gauge bosons (spin-l): Y, 6 Z, G; 

leptons (spin-l/2): e-,p-,r-, ve, v 
1-1' 

vr 

quarks (spin-l/2): qr 

t 

u=R, G, B=color 

r=u, d, c, s, t, b=flavor 

Miggs bosons (spin 0): @+, +' 

The gauge or vector bosons mediate the various interactions. The photon y 

is responsible for electromagnetism, while the intermediate vector bosons W' 

and Z mediate charged and neutral current weak interactions, respectively. 

The strong interactions are ultimately due to the exchange of eight, gluons 

$9 where the color indices a and S assume the values 1, 2, and 3 or red (R), 

green (G) and blue (B). There are only eight gluon fields because the G 

are constrained by 1 Gi = 0. 
a 

The basic Fermions are the leptons, or non-strongly interacting particles, 

and the quarks, which are believed to be the constituents of the hadrons (the 

strongly interacting particles). The quarks carry two types of internal quan- 

tum number or index. The flavor quantum number r represents all of the in- 

ternal quantum numbers conserved by the strong interactions. The u (up) and 
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d (down) quarks carry 2 l/2 unit of I’, the third component of isospin, and 

are ths-constituents of the proton, neutron, pion, etc. The heavier flavors 

of quarks include the s (strange), c (charm), b (bottom), and t (top) quark. 

Baryons are believed to be bound states of three quarks (e.g., p = uud, 

n = udd, Cc = uus) and mesons involve a quark-antiquark pair (T+ = ud, 

K+= us, I)+= d, J/$ = cc, T = b6, etc.). The u,c, and t quarks have 

electric charge 2/3, while the d, s, and b quarks have charge -l/3. 

Each flavor of quark comes 

of physical hadrons are arranged 

to color. For example, ignoring 

proton and IT+ wave functions are 

in three color states. The wave functions 

so that the hadrons are neutral with respect 

the space and spin d,egrees of freedom, the 

’ P=x (uR uG dB + uG uB dR + uB uR dG 

- uR uB dG - uB uG dR - uG uR dB) 

T+ = k (uR ;iR -I- UG aG + UB aB) 

(2.1) 

Note that the baryon wave functions are anti-symmetric with respect to color. 

This was one of the original motivations for introducing the color quantum 

number. Quark model classifications of the baryon spectrum require that the 

wave functions be totally symmetric in the spin, flavor, and spatial variables 

(assuming that the ground states have zero orbital angular momentum). Hence, 

Fermi statistics suggests the existence of an additional quantum number in 

order to generate an antisymmetric wave function. 

Of the particles described so far, only the photon and the leptons have 

been directly observed. (The vr has not yet been unamb,iguously observed.) 

The W’ and Z will hopefully be discovered at the next generation of 
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accelerators and storage rings. The gluons and quarks, which carry color, 

are believed to not exist as isolated states. However, indirect evidence 

exists for all of the quark flavors except the top, which (at the time of 

this writing) is only a theoretical speculation. 

The hypothetical and mysterious spin-0 Higgs fields are introduced into 

the theory to give masses to the Wt and Z bosons. They will be discussed in 

Section 2.4. 

2.3 Gauge Theories 

In this section I give a review of the formalism of gauge theories. 

For a more detailed introduction the reader is referred to the many excellent 

reviews available, such as those of Abers and Lee [2.1], I$g and Sirlin [2.2], 

Bernstein [2.3], Iliopoulos [2.3], Marciano and Pagels [2;5], Taylor [2.6], 

Weinberg [2.7,2.8], and Fradkin and Tyutin [2.8a]. 

2.3.1 Global Symmetries [2.9] 

Consider a Lie group G with generators Ti, i=1,2,3...N. The structure 

constants c.. 
ilk 

of G are defined by 

[Ti, ' TJ]=ic Tk, ijk (2.2) 

where a summation on k from 1 to N is implied. If the generators are chosen 
. 

to be Hermitian then the structure constants are real. A set of matrices Li 

which satisfy the same commutation relations 

[Li, Lj] = i cijk Lk (2.31 



2-7 

as the generators form a representation of G. It will be convenient to define 

and normalize the generators so that 
-cI 

Tr(Li Lj) = T(L)6ij , 

with T(L) = $ for the lowest dimensional representation (this is always pos- 

sible for the semisimple and Ul Lie algebras with which we will be concerned 

[2.10]). It is then easy to see that c.. 
Ilk 

is totally antisymmetric in all 

three indices. 

An arbitrary element of G is specified by N continuous real parameters 

8, . . . . BN. Define the N component vector kd . . . ..BN). Then an arbit- 

rary element of G is 

uG 6) = exp(i f Bi Ti) = exp(i 6 l T). (2.5) 
i=l 

Now consider a set of n fields Q,(x), a=l, . ..) n, (which may be either 

fermion or boson fields) which transform according to the n x n dimensional 

representation matrices Li. This means that 

[Ti, Q,(x)] = - Lib a,(x) . 

Under a group transformation 

+ . . . 

ik +-f 
+ k! [B-T, [... [it-?, O,]] + . . . 

k 

(2.6) 

(2.7) 

Hence, under an infinitesimal transformation, 
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Qa(x)+ Q - i(Z*Z), fpb + O(b2), a (2.81 

while for a finite transformation 

aa -+ (e-l 
q 

a,, $,cx) ’ d), ‘b(x) (2.9) 

In (2.6) Qa includes all of the boson or fermion fields in the theory. 

If the Qa are complex it is often (but not always) the case that the represent- 

ation matrices are reducible into two n/2 x n/2 dimensional sectors, with 

n/2 fields transforming according to 

Pi, Oa] = - Rfib Qb , 

(a,b)c l,...,n/2, and their Hermitian conjugates Ql transforming as 

(2.10) 

(2.11) 

where I have taken Ti (and ai) to be Hermitian and !ZiT is the transpose of 

Ri. 
i 

Hence, Qa transforms according to -RiT . Of course, Ri and -RiT may 

be equal or equivalent (related by a similarity transformation). Such rep- 

resentations are called real. 

If the Lagrangian (and therefore the equations of motion) of a theory 

is left invariant under the replacement Qa+ Cp i then according 

theorem [2.11] there exist N conserved currents Jt associated 

generators. They are given by 

Jt = -i 62 Li 

6 a'l @ ab 'b ' 
a 

The associated charges 

to the Noether 

with the 

(2.12) 
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T= : [ d3 x J;(x) 
'L 

(2.13) 

are the generators of the group. 

For example, suppose 9 involves n Fermion fields $,, a=l,...,n and 

m complex scalar fields 9,, b=l,...,m. (Scalar simply means spin 0; the Ob 

can have either positive or negative intrinsic parity or even no definite 

parity.) Then 
n m 

(2.14) 

+ non-derivative terms. 

Then, if Ri 
YJ 

and Ri 
e are the representation matrices for $ and 4 respectively 

(I have assumed that neither $b and @i nor the $J, and $z are rotated into 

each other by the symmetry transformations.) then the Noether currents are 

J; = f 
a,b=l 

*, Yu ($) ab +,, 
(2.15) 

where 

fYu g : f$ g) - cap f)g * (2.16 

It is often convenient to work in terms of Hermitian scalar fields 
t 

@b = @b (a complex field Q, can always be written as ' = %oR + i +I), 
42' 

where GR and $I are Hermitian). From (2.11) one then has that the rep- 

resentation matrices Li are antisymmetric L1 = -L iT . For Hermitian fields, 

the kinetic energies term 

E gkin = b=l 2 ' la,, 4,) cap 4,) (2.17) 
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implies the Noether current 
-n n 

Jk = -i 1 (au 0,) Lib (bb 
a,b=l 

(2.18) 

For a theory involving fermions, there is no need for the left and 

right helicity projections of the field 

t-J L,R= 
1 +_ Y5 

'L,R + ' 2 $ (2.19) 

to transform according to the same representation. That is, for 

Pi, VJ aL,R] = -(Rt R)ab $bL R ' , , 

the Noether current is 

(2.20) 

J; = $ 
aL Yn(Ei)abQbL ' 'aRyu('i)ab 'bR 

(2.21) 

However, fermion mass terms, which are of the form 

(2.22) 

are not invariant if $,, and JlbR transform according to different irreducible 

representations. Such transformations are referred to as chiral transformations. 

If G is an exact symmetry of the Lagrangian then the Noether currents 

Jt are conserved and the charges T1 are constants. Hence, T1 can represent a 

conserved quantum number if the symmetry is not spontaneously broken (i.e., 

broken in the vacuum; see Section 2.3.3). In fact, only those generators 

that can be simultaneously diagonalized will correspond to quantum numbers. 

The maximal number of generators that commute with each other (and therefore 
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can be simultaneously diagonalized) is called the rank of G. The rank is 

therefzre equal to the number of conserved quantum numbers associated with 

G. 

2.3.2 Local Symmetries 

The symmetry transformations described in the last section are known 

as global symmetries because the fields transform in the same way at every 

point in space and time. That is 

a,, ‘b cx) , 

where U(z) = exp(-ijf0-i) is the same for all x. 

If the symmetry is extended to allow independent transformations at 

different space-time points, the symmetry is known as a local or gauge 

symmetry. [2.12] Under a gauge transformation 

Q,(x) -+ (e -iJ(x)*X 
1 ab 'b(') 

(2.23) 

(2.24) 

where 8(x) is now an arbitrary differentiable function of x. 

The requirement that a Lagrangian be invariant under a local symmetry 

is much more stringent than the requirement of global invariance. In fact, 

the existence of a local symmetry implies the existence of (apparently) mass- 

less vector bosons (or gauge bosons), one for each generator of the local 

symmetry group. Furthermore, the structure of the interactions of the gauge 

bosons with each other and with other fields are prescribed by the gauge 

invariance. 
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Abelian Local Svmmetries 

Consider first the Lagrangian for a free Fermion field 

52 = $(iB - m)Q . (2.25) 

.$?? is invariant under the global phase transformations 

Ux) -f e -i-B Q(x) > (2.26) 

where B is an arbitrary real number. These transformation form the abelian 

(commutative) group Ul of unitary 1x1 matrices or phase factors. The asso- 

ciated Noether current is 
(2.27) 

and the conserved quantum number is particle number. 

9 as written is not invariant under the local Ul transformation 

Q(x) + e -iB (xl Q cx) (2.28) 

because of the derivative. Rather 

In order to have an invariant Lagrangian it is necessary to replace 

au by the gauge covariant derivative 

DIJ q a 
- 

1-I 
ig Au (xl , 

where A (x) is a spin-l field which transforms as 
v 

(2.30) 

(2.31) 

under the gauge transformation. The gauge coupli,ng constant, g is arbitrary. 
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The derivatives in (2.29) and (2.31) cancel so that 
-cI 

Dp ‘I-J(X) + ,-i8lx) DFi i-J(x) - 

One must also add a gauge invariant kinetic energy term 

2 kin = lF - T WV FUV 

to 2, where the gauge invariant field tensor is 

F -aA-8A 
w F-iv vu' 

Note, however, that a vector meson mass term 

9 = 
M2 

mass 2 AiJ. A'" 

is forbidden by the requirement of gauge invariance. Hence, the final 

locally invariant Lagrangian is 

JZ= - + FuvFuv + li;Ci B-m)* 

(2.32) 

(2.33) 

(2.34) 

(2.35) 

(2.36) 

lF =-- 
4 w 

FPV +$(iiJ+gA-m)* . 

We see that gauge invariance requires the existence of a massless vector 

field (or gauge field) Au. The form of the interaction of AU with the fermion 

field is also determined: Au couples to the Noether current $ yu $ with coup- 

ling constant g, as shown in Fig. 2.1. The massless boson of course generates 

a long range force. 

Similarly, the Lagrangian for a free complex scalar field $ is 

(2.37) 
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(For the Ul, group it is most convenient to use a complex basis). Siis in- 

varian;under $(x)-t exp(-i.B) @(x), with a Noether current 

Ju = i $? TV C$ . (2.38) 

To obtain a gauge invariant Lagrangian one must again replace a by the 
?J 

covariant derivative, so that 

(2.39) 

The vertices for the emission or absorption of one or two- gauge bosons are 

shown in F,ig. 2.1. 

For a theory with several complex scalar and fermion fields with charges 

q, (in units of g), then invariance under 

+,Cx> -f e 
-iq,B (xl 

$, (xl 

-+bfi cx) 
(2.40) 

+,(') + e a,, ('1 

requires the gauge invariant kinetic energy terms 

To this one may add Yukawa terms 
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(2.42) 

and fermion and scalar mass terms 

(2.43) 

provided they are invariant under (2.40). The matrices I" and m may both 

involve ysls. That is, 
1+Y5 l-Y5 

rc = r; 2 + r; y-- 

(2.44) 
C = rL pL + r i R P 

and 

m = mL PL + mR PR , (2.45) 

with m -b =m R L' 

One can also consider chiral Ul. gauge symmetries in which QL and $R 

transform differently (chiral transformations). If 

dJ, + e 
-i q,e(x) 

@L 

qR + e 
-i qRBcx) 

*R 

then the gauge invariant kinetic energy term for the IJ field is 

(2.46) 

(2.47) 

= Jl[i B +. g Pr (9, PL +, gR PR) I$ 
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Non-Abelian Local Symmetries rh 

Let us now consider local symmetries based on non-abelian groups. The 

first example of such a theory was given by Yang and Mills in 1954 [2.13-14, 

2.101, but the following discussion will parallel more closely the excellent 

treatments by Weinbe,rg [2.7-81, Abers and Lee [2.1], and BGg and Sirlin [2.2]. 

Suppose the kinetic energy, mass;and Yukawa terms in a Lagrangian in- 

volving scalar and fermion fields are invariant with respect to a global sym- 

metry group G. Let L 
$ 

and L $ be the representation matrices for the fermions 

and scalars, so that 

= u,,,(%ab $, 

For a chiral transformation one can write 

L;, 
i = L; PL + LR PR . 

It is convenient to write 

or just 

aa + uab (6 ‘b 

Q-J(Z) Q, 

(2.48) 

(2.49) 

(2.50) 

(2.51) 

where aa can represent either Qa or $ a 
and @ is a vector with the Qa as its 

components. 
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The mass and Yukawa terms will still be invariant under the local sym- 

metry -cI 

Q(x) + U(J(x)) O(x) = -1 e -3 (2.52) 

but the kinetic energy terms will not be invariant because of the presence of 

derivatives, which transform as 

av Q, + ua 1-I Q + (a,, u) cp . (2.53) 

The Lagrangian can be made gauge invariant by replacing each derivative by a 

covariant derivative 

(2.54) 

where A', i=l ,...,N are N vector gauge fields, and the L1 are the representa- 

tion matrices for the fields on which D acts. D is actually a matrix in 

the space of group indices: 

‘f @‘> a = (Dll)ab @b (2.55) 

Under a gauge transformation the Ai transform in such a way as to cancel the 

au U piece in the transformation of 8 @ 
u 

= u’;5.<u-l 
1-I -. i Cap u) u-l . (2.56) 

Then, 

DuQ = (au- ig 1 l ij) Q 
lJ 

-+ u[a 
lJ 

+ u-l apu - ig ;i‘ l X - U-1 
1-I allu) Q (2.57) 

= u Dli @ ' 
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so that the kinetic energy terms for fermion and complex scalar fields 

(2.58) 

are gauge invariant. The gauge invariance prescribes the form of the couplings 
. 

between the A; and other fields. The three and four point vertices in (2.58), 

which are often off-diagonal, are shown in Fig. 2.2. I will henceforth simplify 

the notation by dropping the subscripts $ or 4 on 2, U, and D . 
1-I 

ian scalar fields are The gauge invariant kinetic energy terms for Hermit 

9kin = + CD' +I Dp + 

. 
where the antisymmetric property L1 = -L iT has been used. The vertices are 

shown in Fig. 2.2. 

It might appear from (2.56) that the transformation of A1 depends on 
1-1 

which representation matrices L1 are used. This in fact is not the case, as 

can be seen by going to the infinitesimal form of (2.56) 

projecting out Li, 

A; + Ai + c 
1-I 

ijk Pj A; - L a Bk , 
.g u 

(2.60) 

(2.61) 

independent of the representation. (2.61) differs from the abelian case by 

the second term, which shows that the At transform non-trivially even under 

global transformations according to the adjoint or regular representation of 

G, defined by 
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(L~aj)jk = 
-i c.. 

ilk 
(2.62) 

For the N. gauge fields one must introduce the kinetic energy term 

L.z li 
kin = - z Fpv 

FiW 
' 

where 

Fi =a Ai 
w vv 

-avA;cgc.. AJA; . 
1Jk 1-1 

(2.63) 

(2.64) 

9 kin is gauge invariant provided that the c.. are totally antisymmetric, 
ilk 

which is guaranteed by the convention (2.4). Abers and Lee [2.1], for example, 

show that under an infinitesimal transformation 

FGv+ Fi + c 
!JV ijk 6j Fzv , (2.65) 

from which the invariance follows. It is sometimes useful to consider the 

matrix 

It is easy to show that 

l ?I -0(x)$- W * x u-l(x) , 

so that 
2 1 = - 

kin 4 
Fpv i Fiuv 

1 = -- 
4T(L) Tr('uv l Q2 

(2.67) 

(2.68) 

is gauge invariant. The last term in F1 implies the existence of self- 

interactions between the gauge fields. The three and four point vertices are 

shown in Fig. 2.2 i 
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The'gauge ,boson mass terms 

-si 
9 ' M2 AiF Aj =- 

mass 2 ij Fc 
(2.69) 

are not gauge invariant, so the N gauge bosons appear to be massless. 

In summary then, a Lagrangian with a global symmetry group with N 

generators can be made locally invariant by introducing N (apparently) mass- 

less vector fields which have specified couplings to other fields and 

which transform according to the adjoint representation under global trans- 

formations. The non-abelian case therefore differs from the abelian in that 

the gauge fields themselves carry the "charges" associated with the generators 

of G. This leads to the existence of off-diagonal vertices in which a fermion 

or scalar field Qa absorbs or emits a gauge boson and turns into a different 

field Qb. Similarly, there are elementary self-interactions between the 

gauge bosons in the non-abelian case. Other aspects of gauge theories will 

be discussed later. In particular, a brief discussion of propagators and 

useful special gauges will be given in the next section, while running coup- 

ling constants will be described in Section 2.5. Before proceeding it should 

be remarked that if G can be written as the direct product of two or more 

smaller groups, G = Gl x G2 x..., then one can have different coupling con- 

stants, gl,. g2,. . . for the interactions of the gauge bosons associated with 

each of the factors. 

Applications 

Gauge theories are very attractive in that the structure of the 

gauge interactions is dictated by the gauge invariance, Furthermore, they 

are believed to be the only field theories for vector mesons that are 



renormalizable [2.15- ,171, which means that all of the ultraviolet divergences 

in highe"r order diagrams can be removed from the theory by the redefinition of 

a finite number of masses and coupling constants. (Renormalizability also re- 

quires the absence of anomalies, which will be discussed in Section 2.4.) 

However, one cannot add vector meson mass terms to the Lagrangian because 

such terms would break the gauge invariance and lead to a non-renormalizable 

theory. It therefore appears that the vector measons must be massless and 

that the forces which they mediate must be long ranged. 

This is, of course, desirable for quantum electrodynamics (QED), for 

which the gauge boson is the photon. The strong and weak interactions are 

not long ranged, however, and naively they do not seem to fit into the gauge 

theory framework. It took many years to realize how to use gauge theories 

to describe the weak and strong interactions. The weak interaction gauge 

bosons are believed to acquire mass from a spontaneous breakdown of the gauge 

symmetry in the vacuum. This mechanism is described in Sections 2.3.3 and 

2.4. The strong gauge group is not believed to be spontaneously broken. 

Rather, the same confinement mechanism that presumably prevents quarks from 

existing as free particles is believed to also prevent the strong gauge bosons 

from prop-agating freely (as would be needed to generate a long-range force). 
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2.3.3 Spontaneous Symmetry Breaking 

Renormalizability requires that the Lagrangian (and therefore the equa- 

tions of motion) of a gauge theory must be exactly invariant under gauge trans- 

formations. Since vector boson mass terms are not gauge invariant it appears 

that the gauge bosons must be exactly massless. There is a loophole to this 
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reasoning, however. Namely, it is possible for the symmetries of the equa- 

tions CR motion of a theory to be broken by the stable solutions, which can 

pick out a specific direction in the symmetry space. This situation is known 

as spontaneous symmetry breaking [2.12-221. A ferromagnetic is a simple ex- 

ample of spontaneous symmetry breaking (SSB). The equations of motion are rota- 

tionally invariant, but the spins in a real ferromagnetic are aligned in a def- 

inite direction. If SSB occurs in a gauge theory the associated gauge bosons 

will acquire masses. [2.23-241 

Spontaneous symmetry breaking occurs when the lowest energy state of a 

theory possesses a nonzero distribution of the charge associated with a sym- 

metry generator. A gauge boson propagating through this vacuum state will 

constantly interact with this charge and will develop an effective mass propor- 

tional to the vacuum expectation value of the charge. The associated force _ 

will be shielded and will therefore become short ranged in much the same way 

that the Coulomb force becomes short ranged in a plasma due to shielding ef- 

fects [2.24]. 

The Higgs mechanism [2.25-281 is a simple explicit model for implement- 

ing spontaneous symmetry breaking. One introduces a set of spin-0 fields into 

the theory which transform in a nontrivial way under the gauge symmetry. If 

the vacuum expectation value (VEV) of one of these fields is nonzero (this is 

essentially a Bose condensation), then all of the symmetry generators for 

which this field has a nonzero charge will be spontaneously broken and the 

associated gauge bosons will be massive. 

The Higgs Mechanism 

Consider a gauge theory with n Hermitian scalar fields $,, a=l,...,n, 
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arranged in a column vector $J, as well as fermion fields represented by $. 

The mosTgenera renormalizable Lagrangian invariant under a local symmetry 

group G is then [2.8] 

J.? = - i Fiv Fipv + $(i j8 - mo) $ 
(2.70) 

where the fermion mass m 0 = moL PL + m oR PR and the Yukawa couplings 

ra = rt pL + ri pR are matrices in the space of fermion group indices and 

Where the potential V(4) is a fourth order polynomial in the scalar fields. 

(Terms higher than fourth order in $ or derivatives, other than in the 

kinetic energy terms, would spoil the renormalizability of the theory.) 

m oj ra, and V(4) must be chosen to be invariant under global transformations 

G. The VEV of $ is 

v = <Ol@jO> = (2.71) 

where IO> is the vacuum state and va - cOI@~\O>. Some or all of the va 

can be zero. v is determined by the condition that the effective potential 

[2.29-30,2.1] for 4, which at the tree diagram level in an expansion in the 

number of loops is just V(o), be minimized at 4 = v. That is (at tree 

level) 

av =o . (2,721 

aa a $=v 

One can define n quantum fields 
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$,E$ -v a a (2.73) 

with zero VEV. Re-expressing V(4) in terms of $ one has the scalar mass terms 

where 

where 

l'l,, = 

Under an infinitesimal global transformation, 

V(O) + V(O) + SV(@) , 

Hence, invariance of V requires 0J = 0, or 

(2.74) 

(2.75) 

(2.76) 

(2.77) 

(2.78) 

Differentiating (2.78) with respect to c$~ and evaluating at 4 = v then yields 

&,(L1v)b = o > i = l,...,N . (2.79) 

Let us label the generators so that 

L'v=O, i=l,. !I . . )i 

(2.80) 
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The subgroup G’ of G generated by T1 . . . T” therefore leaves the vacuum in- 

variant TTi 1 O> = 0) . The generators T Fl+ 1 . . . TN do not leave the vacuum 

invariant (Ti (O> f 0), so that G is spontaneously broken down to G’. Of 

course, one can have the special cases M = 0 (G completely broken) and M = N 

(G’ = G). If the original symmetry group G had been merely a global symmetry, 

then the Nambu-Goldstone theorem [2.19-221 states that for each of the N-14 

spontaneously broken generators there will exist a massless spin-0 particle 

in the physical spectrum of the theory. This can be seen (in tree approxi- 

mation) from (2.79) : the scalar mass matrix uzb has N-PI eigenvectors Liv, 

i = M + 1 , . . . ,N (which can be shown to be linearly independent [2.1]) with 

eigenvalue zero. 2 u ab also has p = n - (N-E!) (generally) non-zero eigenvalues, 

corresponding to p (generally) massive scalar particles. 

Nambu-Goldstone (N-G) bosons do not appear to exist in nature. Fortu- 

nately, when G is a gauge symmetry, the two problems of the unwanted Nambu- 

Goldstone bosons and the unwanted massless gauge bosons can cure each other 

[2.25-281; instead of existing as a massless spin-0 particle, the degree of 

freedom carried by the N-G boson manifests itself as the longitudinal spin 

component of the gauge boson, which has in the process acquired a mass. (One 

says that the N-G boson has been “eaten”). To see this, it is convenient to 

write [2.28] 

~ = e i=M+l 
v1 + 9 
v2 ; q2 

. . 

vP ‘0 nP 
0 . . 
i 

i 
(v+rl) , (2-81) 
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where the n quantum fields Ga = $a - va have been re-expressed in terms of 

N-M Nambu-Goldstone fields cl, i = !$ f 1 ,...,N and p = n - (N-M) physical 
-h 

spin-0 fields known as Higgs particles, Some of the va in (2.81) may be zero. 

To display the physical particles of the theory one can then make the specific 

gauge transformation defined by 

-i i ciLi 
U(s) = e i=“+l , 

so that 

represents p physical spin-0 particles and 

= Ai 
P 1-I 1-I 

- $ auti + o(c2) , 

(2.82) 

(2.83) 

(2.84) 

i = M + l,...N 

represent N-E! massive gauge bosons (Ai,...,Az remain massless). In this 

gauge the boson masses can be read off from the $ kinetic energy terms. 

One has (dropping the primes) 

= hTLiLjv AiP Ai + interaction terms 
2 = GM.. A ii-l A j 
1J P ' 

(2.85) 

where the gauge boson mass matrix is 
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2 M. . = M2 = 02vTLiLj v 
iJ ji 0 

= g2 
. . 

<v ] LlLJ v> (2.86) 

= g2 
. . 

<Livl LJW 

and where <xly> : C xiy,. M2. 
iJ 

has M zero eigenvalues, corresponding to the 

M unbroken generators, and N-M non-zero eigenvalues. 

The Feynman Rules and the RS Gauges 

The Feynman rules for a spontaneously broken gauge theory can be read 

off from (2.70), with C#J replaced by v + $ (note that in a general gauge 6 

contains the N-G fields). In particular 

M2. 
+ + Aiu Aj 

1-I 
(2.87) 

+ ig <v( L'au& Ai 

+ g2 <v 1 L=&> A1’ AJ 
1-I - 

The first term leads to the same interaction vertices as in the non-spon- 

taneously broken case (Fig. 2.2); the second term is the vector mass term; 

the third term will be cancelled by terms added to the Lagrangian to fix 

the gauge [2.31,2.l];the last term in (2.87) represents a new three-point 

vertex illustrated in Fig. 2.3. 

Similarly, 

(2.88) 
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The first term contributes to the fermion masses, so that the total fermion 

mass ma&rix is 

m=m 0 - ra va . (2.89) 

The second term yields the Yukawa couplings of the 6. The I-Iiggs potential 

V(v+& generates three and four point vertices for the 8, as well as the 

G mass terms. 

The form of the propagators for the boson fields depends on the gauge, 

although physical quantities such as S-matrix elements are gauge-indepen- 

dent[2.15-171. It is convenient to work in a special class of gauges called 

the R 
5 

gauges[2.31,2.1,2.16-171; EJ, which runs from 0 to 00, parametrizes 

the gauge. The quantization procedure for the RE gauges introduces addi- 

tional terms into the effective interaction which modify the structure of 

the vector and scalar propagators and cancel the mixed a'"$A term in (2.87). 
IJ 

There are other terms which can be represented by a set of N "ghost!' parti- 

cles w., i = l,..., 1 N, which are complex scalar fields satisfying Fermi 

statistics [2.32]. They are needed to ensure unitarity and renormalizability. 

The ghost fields do not represent physical particles: they occur only as 

internal lines in Feynman diagram loops. The ghost vertices, given by an 

effective Lagrangian [2.31,2.1,2.17] 

Lz ghost = -g(a'J-w:) cijk wj A; 
(2.90) 

- 82 u-$ 5 ij <vlLiLj@ , 

are shown in Fig. 2.4. There is a factor of -1 for each closed ghost loop. 

The propagators for vector and ghost particles in the R 5 gauge are 

[2.31,2.1,2.17] 
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and 

i DiV(k) = 

i DG(k) = i 1 

k2 M2 ' -- 
5 

respectively. Both are NXN matrices. The scalar propagator 

(2.91) 

(2.92) 

i D'(k) = i P 1 2 + (1-P) -A- 
k2-u2 

(2.93) 
k2- M 

5 

is an nxn matrix. P, the projection operator onto the N-M dimensional space 

of Nambu-Goldstone fields (spanned by the vectors L'v, i = M + l,...,N), is 

given explicitly by 

P ab 

and the first term in (2.93) is defined as 

i 1 P l 
k*- M" ab 

E g2(LiIQa 

5 

DQ can be rewritten 

where Pu2 = O'has been used. 

i 

(Ljv$ . 
i 

1 

k2- 
2 

I ?- ij 

(Lq , 

5 

(2.94) 

(2.95) 

(2.96) 

Note that the poles in Dv DG , and D + 
W' 

at the gauge-dependent point 



2-30 

k* = M2/c cancel in S-matrix elements [2.31,2.1,2.17]. 

Thz special gauge 5 = 0 is known as the U or unitary gauge. The unitary 

gauge is very convenient when working in the tree approximation because the 

ghost fields and N-G fields drop out; hence, one needs to only consider the 

exchanges of physical vector bosons and physical Higgs particles. The U 

gauge is not so convenient when one considers higher order diagrams. This 

is because the vector propagator 

kk 
Div(k) = -i [guV - q] --!--- 

M k2-,12 1’ 
(2.97) 

induces severe ultraviolet divergences which must be handled very carefully 

[2.8]. Weinberg has also shown [2.8] that there is an effective multi- 

scalar interaction in the U gauge 

2 eff = -i S4(0) Tr Rn(I+J) , . 

where 

J ij = g <vlLkLj I$> . 

(2.98) 

(2.99) 

The trace and matrices in (2.98) and (2.99) are restricted to the N-M dimen- 

sional subspace of broken generators of G. geff is a remnant of the gh’ost 

loops which survives as 5 -+ 0 because of the factors 5 -1 in the ghost-ghost- 

scalar vertices which cancel the zeroes in the ghost propagators. 2 . eff ls 

necessary to cancel divergences in gauge boson loops. 

R5 gauges for 5 z 0 are referred to as renormalizable gauges because 

the vector propagator is better behaved at large momentum. In particular, 

the gauge 5 = 1, which is convenient for calculations, is known as the 



2-31 

t’Hooft-Feynman gauge [2.15], while the gauge 5 = 00 is the Landau or R gauge. 

It is sually wise to calculate for arbitrary 5 in order to verify that the 

5 dependence drops out of observable quantities. 

A general formalism for treating spontaneously broken gauge theories 

has been given by Weinberg [2.8]. Renormalizability is shown in [2.15-171. 

The Higgs mechanism for spontaneous symmetry breaking requires the in- 

troduction of elementary spin-0 fields into the theory. It has often been 

speculated that spontaneous symmetry breaking may come about without the 

introduction of elementary scalars. In this case a bound state N-G boson 

would presumably take the place of the elementary fields. This possibility 

is sometimes referred to as dynamical symmetry breaking. Some recent 

speculations along these lines will be briefly described in Section 2.5.3. 

2.4 The Weak and Electromagnetic Interactions 

2.4.1 Quantum Electrodynamics [2.37] 

The electromagnetic interactions are successfully described by quantum 

electrodynamics (QED), which is a U1 gauge theory of the type described in 

(2.40-2.41). The coupling g is replaced by e > 0, the charge of the posi- 

tron, and 9, is the electric charge of particle a in units of e. Under a 

gauge transformation 

e- + e +i B(X) e- 

V +V 
e e 

U j ,-2/3i P(x) u 
(2.100) 

d j ,+l/si b(x) d , 
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where the transformations of u and d are independent of color. The heavier 

particlzs transform in a similar way. The amplitude to emit or absorb a 

photon (y) is proportional to i e JLY, where the electromagnetic current is I 

J' = 2 - 1-I -e y'e + 3 uy u l-1-1 
EM - 3 dy d + . . . (2.101) 

Some typical electromagnetic diagrams are shown in Fig. 2.5. Of course, the 

photon is electrically neutral and the vertices are diagonal in the fermion 

type - Hence, not only electric charge, but also individual particle numbers 

are conserved by QED. That is, 3 electron number, ve number,1 , hypercharge, 

strangeness, charm, etc. are all conserved because of global symmetries in 

QED. 1-( Also, JEv is non-chiral so that parity is conserved. QED is even under I 

charge conjugation and time reversal transformations. 

The U1 symmetry is not spontaneously broken, so the photon is massless 

and the Coulomb force is long-ranged. (The experimental upper limit on the 

photon mass is 6 x 1O-22 MeV [2.34]). The electromagnetic fine structure 

constant is 

e2 1 a z-z 
e 4Tr 137.036 ' (2.102) 

This is actually the coupling measured at q2 = 0, where q is the four 

momentum of the photon. For q2 # 0 the effective ae increases logarithmically 

with q2. This is due to momentum dependent vacuum polarization effects which 

will be discussed in Section 2.5 and Chapters 3 and 4. 

QED is reviewed and compared with experiment in refs. [2.35-371. 
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2.4.2 The Weak Interactions [2.38] 

The weak interactions, which are responsible for 6 decay, muon decay, 

most hyperon decays, etc., are characterized as being very weak and very 

short ranged. The limit‘on the range is approximately R < lo-2 F, which 

corresponds to an intermediate vector boson mass of more than 20 GeV. Much 

of the original knowledge of the weak interactions was obtained because they 

do not conserve such quantum numbers as strangeness, charm, and I3 (the 

third component of isospin), which are respected by the strong and electro- 

magnetic interactions. The weak interactions do not conserve parity (P), 

which means they distinguish between left and right helicity particles, and they 

are not charge-conjugation (C) invariant. P and C are violated maximally by 

the charged current part of the weak interactions, but the product CP is ap- 

proximately conserved. A very small violation of CP, with strength N 10 -3 of 

the weak interaction strength, has been observed in kaon decays, but it is 

not certain whether this is due to a small piece of the weak interactions or 

to a new very weak interaction. 

Prior to the discovery of neutral currents, most known aspects of the 

weak interactions (with the exception of CP violation and,possibly, some 

aspects of non-leptonic hyperon decay) could be described by a modern version 

of the old Fermi theory of weak interactions, generalized to include such 

effects as parity violation and strangeness changing decays. 

The Fermi theory described the weak interactions in terms of a four- 

fermion(zero-range) effective Lagrangian, 

CJ%l J;(x) + J’&l J,,Cxll , (2.103) 
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where GF = 1.027 x 10 -5 M-2 p c2.391 is the Fermi constant and M is the 
P 

proton m"ass. It took many years to determine the form of the weak current 

Ju(x). The final form due to Cabibbo [2.40], Feynman and Gell-Mann [2.41], 

Sudarshan and Marshak [2.42], Lee and Yang [2.43], and many others [2.38], 

written in terms of quark and lepton fields, is 

Jp = “-$ (1 +y5) ve +?bu(l +y53 Vu 

+ cos 0 c a YJl + Y,) u 

+sin0 S C Yp + r,l u 

= 26 Y v ‘iLYvV,, L u eL 

+ cos ec ;i, yp uL + sin ec EL yp u,>, 

(2.104) 

where the Cabibbo angle 8c measures the relative strength of the strangeness- 

changing and strangeness conserving interactions. From hyperon and kaon 

decays one has [2.39] sin ec u 0.228. Note that the currents in (2.103) 

change the electric charge of the particles by +e, so (2.103) describes 

"charged current" interactions. J 1-I 
contains equal admixtures of vector and 

axial vector currents. This implies that C and P are maximally violated by 

2 W' CP, however, is conserved. 

P, C, and CP 

For later reference, it will be useful to review the formalism of P, C, 

and CP at this point. Let *(xl = NE, t) represent a four-component Dirac 
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field, which is an operator which annihilates a particle or creates an anti- 

particle. One can write $ as the sum of two two-components Weyl spinors 

+ = +,+$,=211, 
l-Y5 

+ -yj--- *= PL$ + PR$J . (2.105) 
l+y5 

To the extent that the particle's mass can be ignored $,($,) annihilates a 

left (right) handed particle or creates a right (left) handed antiparticle. 

Amplitudes to create or annihilate a particle with the wrong helicity are 

proportional to the particle's mass. Under parity or space reflection (P), 

$ transforms as [2.33] 

*c;, t) ; Y, w;, t> , 

so that 

$, &’ t, + Y, *R L (-$J t> , P , 

(2.106) 

(2.107) 

?L R = ('L,R) 
“r - 

9 'o f: *R,L(-:' t> Y,. 

(These transformations and those given for charge conjugation can be 

generalized by including a phase factor on the right hand side.) The Cabibbo 

current (2.104) involves only left-handed fields (i.e., only left-handed 

particles and right handed antiparticles interact viagw). But under P, 

(2.108) 

That is, a left handed current is transformed into a right handed current. 

Hence, Zw is not invariant under P. Under charge conjugation (C), 

(2.109) 
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where Q!J' is the charge conjugate field which annihilates an antiparticle or 

createsa particle, and C is a Dirac matrix defined by 

c yp c-l = -y; . (2.110) 

In the representation that I am using for the Dirac matrices [2.33], 

c = -C--l = -c+ = -CT = -jy2 y". It is easy to show that 

9 L,R ?! ';,R' 'L,R +' = ' ':,L 
(2.111) - 

;i, 
T -1 

L,R 7f *;,R = - 'R,L ' . 

It follows that 

(2.112) 

*L,R = -*iTLc-l , 

It should be emphasized that $i ($i) is the field which annihilates a left 

(right) handed antiparticle or creates a right (left) handed particle. Under 

charge conjugation, 

$1~ y,, @2L ; -$2R yu *lR (2.113) 

(where the anticommutativity of the fields has been used), so pw is not 

invariant under charge conjugation. 

Under the product CP, 

+L,R ;pyo G,L (2.114) 

(2.115) 

so that 
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This implies that the weak current transforms as 

J&, t) -t - Ju(-;, t)+ , 
CP 

under CP transformations, so that , 

Sw($ t) -f gwc-;, t); 
CP 

(2.116) 

(2.117) 

the action d4x Zw(3 t) is invariant. 

It is fairly common to regard QL and QR as fundamental fields. 

Then JlL and $i are not independent: they are related to 
t JI, R by (2.111). 

> 

One could just as well take any of the pairs (i,, $F), (q,, $i), or ($E, $L) 

as fundamental , however. For example, it is conventional to express the charged 

current J 
1-1 

in (2.104) in terms of the left handed operators Q,, but it could 

just as well be written in terms of the charge conjugate fields $E using 

(2.112). Thus, 

(2.118) 

In discussing grand unified theories it will generally prove convenient to 

express the various currents in terms of the left-handed fields $, and ai. 

The Fermi Theory 

Let us return to a discussion of the Fermi theory. The LagrangiangW 

was phenomenologically successful, in that it correctly described all known 

charged current weak processes (before the discovery of the charmed quark) 

except CP violation and possibly the non-leptonic kaon and hyperon decays. 

Some typical diagrams for processes described byglV are shown in Fig. 2.6. 
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However, the Fermi theory could not be considered to be exact because it 

violate;;‘unitarity at high energies [2.44]. To see this, consider 'the cross 

section calculated from gw for vee- + v,e-. It is [2.38] 

atot = e (2.119) 

where s = 4w 2 is the square of the total center of mass energy. But LZW 

describes a point interaction, so it can only produce S wave scattering. 

Furthermore, only one helicity state is involved (neglecting me). Hence, 

%ot should satisfy the unitarity limit 

ototo < $- 

Clearly, this unitarity bound is violated for 

300 GeV ; 

(2.120) 

(2.121) 

the Fermi theory must break down before this energy. One could attempt to 

unitarize the theory by computing higher order diagrams in Pw. However, this 

runs into the difficulty thatLAW describes a non-renormalizable field theory: 

there are severe and unacceptable ultraviolet divergences in the Feynman 

integrals (which are closely related to the increase of CT tot at high energy). 

The Intermediate Vector Boson Theory 

Another possibility, known as the Intermediate Vector Boson (IVB) 

theory [2.38], is that the four fermion interaction is really just a low 

energy approximation to a finite range interaction. This interaction is 

mediated by electrically-charged massive vector particles W' known as 
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intermediate vector bosons, which couple to the Cabibbo current by the 

interamion 
t 

LZ’= +JuW; + Ju W;) . 
2n 

Typical diagrams are shown in Figure 2-6. The IVB propagator is 

kpkV 
-gl,lv + - -, - gWJ 

D;Jk) = M’ )k21 
k2 - 4 

<< M; ‘; 

(2.122) 

(2.123) 

Hence, for momentum transfers small compared to Mw the IVB theory reproduces 

the results of the Fermi theory for 

GF,g2 
a 8M; 

(2.124) 

The IVB theory resembles QED in that the interactions in both are mediated 

by the exchange of vector particles. Unlike the photon, however, the IVB is 

massive, electrically charged, and couples only to left-handed particles and 

right-handed antiparticles. 

Unfortunately, the IVB theory fails to produce a unitary renormalizable 

theory. The high energy behavior of vee- + v,e- is no longer such a severe 

problem (the amplitude is no longer purely S-wave) but other amplitudes, 

such as that for e+e- +- w+w-, with the W’ longitudinally polarized, again 

violate unitary for & z GF -1’2 [2.45]. This is closely related to the fact 

that higher order Feynman diagrams are still badly divergent because of the 

k,,kv term in the W propagator, leading to a nonrenormalizable theory. The 

problem is that unlike QED, the IVB theory is not a gauge theory. It is 

simply a vector meson theory with an elementary mass term in the Lagrangian. 
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Renormalizable Theories 

OGe would therefore like to embed the Fermi theory into a renormaliz- 

able field theory. One interesting possibility, originally due to Kummer and 

Segr; [2.46] is that the weak interactions are mediated by spin-0 bosons, but 

that the Yukawa couplings are such that the transitions involving light 

leptons and hadrons require the exchange of two bosons. At low energy the 

two-boson exchange amplitude can mimic a vector-axial vector interaction. 

Another approach, which is used in the standard model, is to modify the 

IVB theory by incorporating it into a spontaneously broken gauge theory. The 

interaction (2.122) between W' and the weak current will be obtained in a 

gauge theory if the charges 

Q- : / d3x J,(;, t) (2.125) 

and Qc 5 (Q-) t are generators of the gauge group G. However, if Q- and Q+ 

are generators of G, then so is 

IQ-, Q+l = 2 S d3x[et(l + y5)e - ~'(1 + y,)v] , 

+ . . . (2.126) 

which is the charge associated with an electrically neutral current. Hence, 

embedding the IVB theory into a gauge theory will require the existence of at 

least one neutral current and an associated neutral gauge boson. (It is pos- 

sible for this to be the photon, but in most models this is not the case.) 

The interactions mediated by the new boson will cancel many of the divergences 

in the IVB theory. Furthermore, the troublesome kukv term in the vector prop- 

agators will now be effectively unobservable due to gauge invariance, which 

means that one can work in the renormalizable gauges described in Section 2.3. 
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Of course, the W' and neutral boson masses must now be generated by spon- 

taneou3 symmetry breaking. 

It is possible to write down gauge theories for the weak interactions 

alone [2.47]. However, in the GWS model, to which I now turn, the weak and 

electromagnetic interactions are both pieces of a larger unifying gauge group, 

which includes not only QED and the charged current weak interactions, but 

also a new neutral current weak interaction. 

2.4.3 The Glashow-Weinberg-Salam Model [2.44] 

History 

The Glashow-Weinberg-Salam (GWS) model of weak interactions is actually 

due to many people. In 1957 Schwinger [2.48] proposed a model with a charge 
+ 0 triplet W-' of vector bosons. He identified the W" with the photon, and the 

W' possessed tensor rather than axial vector couplings. In 1958 Bludman [2.49] 

proposed an SU2 gauge theory of weak interactions. Bludman identified the 

neutral gauge boson W" predicted by his model with a new neutral current in- 

teraction. In 1961 Glashow [2.50] unified the weak and electromagnetic inter- 

actions in a gauge theory based on the group SU2xUl. A similar model was 

later considered by Salam and Ward [2.51]. Subsequently, Weinberg [2.52] and 

Salam [2.53] improved the model by suggesting that the vector bosons could 

acquire mass via the Higgs mechanism [2.25-281. Weinberg suggested that the 

theory might be renormalizable; the proof of renormalizability was given 

several years later by 't Hooft [2.15], It Hooft and Veltman [2.16], and Lee 

and Zinn-Justin [2.17]. The original Weinberg-Salam model described only the 

weak and electromagnetic interactions of leptons. A naive extension of the 
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model to include quarks predicted the existence of substantial strangeness- 

changtig neutral currents, in disagreement with experiment. However, Weinberg 

showed [2.54] that hadrons could be incorporated in the model by implementing 

a mechanism due to Glashow, Iliopoulos, and Maiani (GIM) [2.55]. The GIM 

mechansim involved the introduction of a fourth quark, called the charmed 

quark. Strangeness-changing neutral currents associated with the commutator 

[Q-, Q+] in (2.126) are cancelled by similar currents associated with the 

charged currents involving the charmed quark. The Weinberg-Salam model sup- 

plemented with the GIM mechanism therefore predicted both the existence of 

strangeness conserving neutral currents and of the charmed quark, both of 

which were subsequently discovered. 

Basic Structure 

I will now describe the simplest form of the GWS model. Modifications 

will be considered in the next section. 

The GWS model is based on the gauge group SU2XUl. SU2 is the group of 

2x2 unitary matrices with determinant one. It has three generators Ti, 

i= 1,2,3, and therefore three gauge bosons A'. The structures constants are 
lJ 

'ijk = 'ijk, 
where the Levi-Civita symbol E.. 

Ilk 
is totally antisymmetric in all 

three indices and c123 = +l. The fundamental 2x2 representation is Li = -cl/Z', 

where -ri is the i th Pauli matrix. The generator and gauge b&on of the U1 

subgroup are written Y and B D, respectively. g and g' are the gauge coupling 

constants of the SU2 and U1 subgroups. 

The GWS model is a chiral model in which parity violation is incorporated 

by assigning left- and right-handed fermions to different representations. All 
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left-handed fermions transform according to doublet (two dimensional) repre- 

sentattins of SLJ2, while right-handed fermions are singlets. For this reason, 

the group is often written SU2L and the generators as Tie L, although the label L 

has no group theoretical significance. Both L and R fields transform non- 

trivially under UL transformations. The Y charge assignments of the fermion 

and boson fields are chosen so that Q = Ti + Y is the electric charge operator. 

Tt and Y are sometimes referred to as the weak isospin and weak hypercharge 

generators, respectively. (Some authors define Q = Tf + $ Y and define the U1 

gauge coupling to be 3 g'. The two factors of i compensate so that the gauge 

interaction is unchanged.) 

The minimal GWS model involves one complex doublet of scalar particles 

v+ P= I i PO (2.127) 

where P+ and (PO have electric charge +l and 0, respectively. Hence, the Y 

charge of cp is yP = +i. One writes (T, Y)P = (2, $), which means that cp trans- 

forms according to the two-dimensional representation of SU2 and yip = $. The 

cp covariant derivative is therefore 

. . 
-?A’ . 

JJv cp = (av - ig -$ - + BQ(P . (2.128) 

The part of the Lagrangian involving the gauge and Higgs fields is 

li LZm +'+, = -4 Fuv F i.Pv 1 B 
-3. pv BP’ + (D' P)~ Du P - V(q) ) (2.129) 

where 

(2.130) 
B 
W =aFIBV-a B 

v i-I 
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and the most general SU2XU 1 invariant fourth order Higgs potential is 

-c, 
V(v) = +lJ2 Ptlp + 1 (Ipt;p) 2 . (2.131) 

X must be positive in order for V(9) to be bounded from below. 

The fermions to be included in the model include ve, e-, u, and d, which 

are known collectively as a family or generation, and at least two repetitions 

which form additional families. The second family contains v , u-, c, and s, 
u 

and the third consists of v 'I' r-, t, and b. The left-handed quarks are 

grouped into three (or more) SU2 doublets 

9 0 E 
mL 

where m labels the doublet. (The color 

actually represents three doublets 
4% 

"weak interaction basis." That is, uiL 

(2.132) 

index has been suppressed. Each qzL 

Cl= R, G, B.) The superscript 0 means 

and do mL are the fields that are 

grouped together in the m th weak doublet and which are therefore changed into 

each other by the emission or absorption of a gauge boson--they may be linear 

combinations of quarks of definite mass. The SZL have weak hypercharge 
1 = +- 

YqL 6' Similarly, the left-handed leptons are placed in doublets 

(2.133) 

1 with yRL = -2. 0 The right-handed fields eiR, umR, and diR are SU2 singlets 

with weak hypercharges -1, and -;, respectively. Right-handed neutrino 

fields v,OR are usually not introduced into the model. 
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ic energy terms for the ferm 
* 

q" + grnL mL 

ions are 

where F is the number of families and where 

Jj 1-1 + + )t” 1-I mL 

D u" = (a 
1-1 mR 1-I 

- $ ig' B )u" 
~-r mR 

(2.134) 

(2.135) 

D do =(a 
1-1 mR F-l 

+$-iglB 

D e" =(a +ig'B ' 
P mR lJ u)emR 

Bare fermion mass terms are forbidden by the gauge symmetry. 

One can easily construct SU2XUl invariant Yukawa couplings such as 

rd so mn mL ' d:R + H.C. ,P"> dzR 

+ yd* -0 
mn 'nR(' 

++ uiL + PO+ diL) 

(2.136) 

and 

re To mn mL ' e:R + H.C. , (2.137) 

where H.C. means Hermitian conjugate. Terms of the form XL @ uzR, which one 

might think are required to generate masses for the charge t quarks, are 
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forbidden because they violate Ul invariance (the total Y or Q is not zero). 

However+ an invariant coupling can be constructed in terms of pt which has 

CT, YIP+ = (2*, -+I. That is, the 2" representation matrices according to 

which (pt transform are (2.11) 

iT iT 'I: Li*=-L2 A2 

However, for SU2, L!j* and Li are equivalent, because 

ir2 TiT 
( I 
-2 (iT2)+ = I$! 

(2.138) 

(2.139) 

(Analogous statements do not hold for Sun, n > 2.) 

Specifically, 

(2.140) 

transforms as (T, Y)? = (2, -? , 5 as can be readily verified from (2.11). Then, 

one can write Yukawa couplings 

r;n & g $R + H.C. 0-F - ‘;io 
mL P-)"zR + H.C. 

The final Yukawa interaction is therefore 

i 
-0 ‘L 0 

9Yuk = mn=l r& %L ’ UnR + 
i rd :iL P dzR 

mn=l mn 

(2.141) 

(2.142) 

+ f r-in TLiL cp eiR + H.C. , 
mn=l 

where I?, r d , and re are arbitrary FXF matrices of Yukawa couplings. The 

total Lagrangian of the model is 

9 = zm +Lz,+,tef +2 Yuk +.9 ghost (2.143) 
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Spontaneous Symmetry Breaking 

?et us now consider the minimization of the Higgs potential V(P). The 

complex doublet P can be decomposed into two Hermitian doublets (pR and (pI by 

cp = ~ -G R + iPI), where 

(2.144) 

Since V(P) depends only on 

(2.145) 

the orientation of <Olq]O> is not determined. By convention one takes 

V R - <olqRIo> = u” 
t 1 

vI = <O(qlO> = 0 , 

so that 

v = <O[rp(O> = 1 O . 
( 1 n v 

(2.146) 

(2.147) 

v is real because cp R is Hermitian. Any other orientation of <O[(plO> can be 

rotated into this conventional form by a global SU2xUl transformation. In 

terms of v the potential and its derivative are 

V(v) = + p2 v2 4 + hv4 
(2.148) 

V’ (VI = v(p2 + x v2) = 0 . 

V(v) is illustrated for the two cases u2 > 0 and u2 < 0 in Fig. 2.7. The 

minimum occurs at 
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0 9 p2 > 0 

v= Ii 

2 1 4 

A ,lJ2<o. 

(2.149) 

Hence, spontaneous symmetry breaking occurs for u2 < 0. (Spontaneous symmetry 

breaking also occurs for sufficiently small X at the transition point p2 .= 0, 

but in this case loop corrections to the effective potential must be con- 

sidered is case, [2.29].) In th 

i 
+po 

yq7v=+vf0 (2.150) 

[p + yp]v = [; yv = 0 . . 

Hence, the symmetries associated with the generators T', T2 and T3 - Y are 

spontaneously broken. However, EM the subgroup Ul generated by the electric 

charge operator Q = T3 + Y is unbroken. Hence, SU2XlJl is broken down to the 

UEM 1 of electromagnetism for u2 < 0. We therefore expect one massless gauge 

boson (the photon) and three massive bosons.. 

The Higgs field can be written 

. . 

V=&e iCclL1 0 
L I v+T-j ' (2.151) 

where the sum is over the broken generators and q is a physical Hermitian 

Higgs field. The notation is slightly different from (2.81) because of the 

conventional orientation of v and the non-Hermitian basis. In the unitary 

gauge, 
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(2.152) 
- 

There is one physical Higgs particle. The other three components of cp have 

been "eaten" to give masses to three of the gauge bosons. 

The gauge boson and Higgs mass matrices can be computed using the formal- 

ism of Section 2.3.3 (using the Hermitian basis for P and v?). However, it is 

simpler to write outL$'+ in the unitary gauge using (2.152) and read off the 

mass terms. For example, 

V(V) lJ2 =- 
2 (v + -I- 

x 
ii- (v + 

-l_r4 2 2 3 x 4 =4x-?-l q +AvTJ +p . 

(2.153) 

The n3 and n4 terms represent interactions, while the constant plays no role 

in particle physics (it does affect the energy density of the universe--see 

Section 2.4.4). The quadratic term is uln2/2, where 1-1 n 
is the Higgs boson 

mass; hence, 

-2u2 > 0 (2.154) 

The cp kinetic energy term is 

(2.155) 

where 

(2.156) 
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and 
1 3 

- 
Zu = ig: +- :,,, = sinOWB,, - cosOWA~ 

are charged and neutral massive gauge fields with masses 

2 
2 

MZ = (g2 + 8’2) $ = MW 

cos2e 
) 

W 

and where 

tan8 W = $- 

defines the weak (or Weinberg) angle. The fourth gauge boson 

1-I + g’A 
3 

Au = yg2 + g,2u = c0sf3~Bu + sineWA: 

(2.157) 

(2.158) 

(2.159) 

(2.160) 

is massless. EM It is the photon associated with the unbroken Ul subgroup. 

Interactions 

The gauge couplings in .S$ can be rewritten in terms of the mass eigen- 
I 

states W+, Z, and A. The result is 

gf = kinetic energy 

+ -$ (J; "; + 

terms 

(2.161) 
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The charged weak current is 

-h 

J; = 1 P$ ~'(1 + y5)v; + ;i", y'l(1 + y,)u;] . (2.162) 
m 

For momenta small compared to Mw, gf leads to an effective four-fermi charged 

current interaction 

9eff GF 
C = 2~z (J; J;,, + J;+ Juw) , 

where the Fermi constant is given by 

GF g2 _ 1 _--- 
E - 84 zv2 - 

This relation determines v. 

The electromagnetic current is 

(2.163) 

(2.164) 

(2.165) 

where in the first line the sum extends over all fermion fields $i of charge 

qm' One must take 

I 
e -,I,Z"H g*2 = g sinew (2.166) 

to be the positron charge. 

The model predicts the existence of a massive neutral gauge boson Zu 

which couples to the weak neutral current 
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Jy = 1 c T’[T~,(~ + yg) - 2q m sin2f3w]$i , (2.167) 
“1 

A 

where again the sum extends over 

Q0 mL' The second term is just -2 

all the fermions. is the value of T3 for 

sin 2 Bw J:M. At small momentum transfer, the 

neutral current interaction can be described by an effective four-fermion 

interaction 

geff GF 1-1 
Z = 3 Jz Jpz (2.168) 

Two constraints on the unknown parame-ters g, g', and v are given by 

G,/fi = l/2v2 and e = g sinew. sin2eW can be obtained independently by mea- 

suring neutral current processes. Mw and MZ are then predicted to be 

% 1 37.3 GeV 
sine= W sine W 

(2.169) 

MW 
MZ=-= 

74.6 GeV 
c0se W sin2eW 

Higher order weak effects modify the coefficients in (2.169) to 38.53 GeV and 

77.06 GeV, respectively [2.56]. Renormalization in the model is considered in 

[2.57]. 

Fermion Mass Eigenstates 

It still remains to rewrite the gauge interactions in terms of fermion 

fields of definite mass. In the unitary gauge, the Yukawa interaction becomes 

Lx? c ii0 rU V+Q 0 
Yuk = mn mL mn y unR + H'C' 

(2.170) 
= u;(M' + h"n)u; + H.C. , 
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where similar terms for the doIs and eols are understood and where the u" 
mL,R 

0 0 have baen placed in column vectors u! R = (u1,u2,...u$~ R. The mass matrix 
, , 

Mu and Yukawa coupling matrix hU are defined by 

(2.171) 

bin = $Mln = AM; . 
25v 

They are in general complex and non-Hermitian (unless extra symmetries are 

added to the theory to constrain the Tin). Similar definitions hold for Md, 

hd, Me, and he. I will therefore drop the superscripts u, d, and e in the 

following. 

The mass matrices may be "diagonalized" by means of a transformation 

AlMAR = M,, = 

ml 0 
m2 

m3 (2.172) 

where MD is real and diagonal and m. are the mass "eigenvalues" of M (i.e., n 

(ml,m2,m3,...) = (mu,mc,mt,...) for the charge $ quarks). AL and AR are FxF 

unitary matrices which are in general different except in the special case 

that M is Hermitian. A, and A,, can be almost uniquely determined by.observing 
L K 

that MM+ and M'M are Hermitian FXF matrices and that from (2.172) 

A; MM+ AL = A; M+M AR = M; = (2.173) 

Hence, AL and AR can be determined by elementary methods from (2.173). 
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Define the fields uL R = (ul,u2,...uF)l R by 
, , 

0 
uL = A;: uL 

(2.174) 
0 

UR = A; uR . 

Similar definitions hold for dL R and eL R. The mass and Yukawa terms are 
, > 

diagonalized when rewritten in terms of uL and uR: 

-0 u uL(M + h" n)u; + H.C. 

= u(M; + h; n)u 

where 

h; E A;+ hU A; = g M; . 
2% 

(2.175) 

(2.176) 

In the last line I have specialized to the case of F=3, and have identified 

(“1,u2,u3)~ R with (u,c,t)L R’ The UL,R basis is referred to as the mass 
, , 

eigenstate basis. Similar statements apply to the charge -f quarks and to 

the leptons. 

The Yukawa matrices h are proportional to the mass matrices (2.171). 

Hence, they are made real and diagonal by the same transformations that diag- 

onalize M. This implies that the couplings of the n are diagonal in flavor, 

that they are scalar (no y5's), and that the n couples preferentially to the 
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most massive fermions. However, the Yukawa couplings gm/2MW are predicted to 

be extremely weak for all the known fermions because of the m/Mw factor. It 

should be emphasized that all of these statements would in general be modified 

if two or more complex Higgs doublets were included in the model (see Section 

2.4.4). 

Equation (2.173) determines AL (and AR) only up to F arbitrary phases. 

That is, if AL and AR satisfy (2.173) then so do AL Z AL KL and AA f AR KR, 

where 

KL = 

eiPIL 0 

eiV2L 

. 

0 'ei'FL 

(2.177) 

A similar definition holds for KR. The relative phases (piL - piR are deter- 

mined from (2.172) by the condition that MD be real and positive, but the 

absolute phases are arbitrary. Another way of stating this ambiguity is that 

one can redefine the phases of the mass eigenstate fields by the transforma- 

tions 

ut 
t = KL uL 

(2.178) 

4 
t = KR uR . 

The form of the mass terms and Yukawa couplings is left invariant as long as 

KL = KR (the gauge terms may change). 

We are now in a position to reexpress the gauge couplings in terms of 

the fermion fields of definite mass (i.e., the mass eigenstate basis). The 

form of the electromagnetic and weak neutral currents are unchanged: 
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J;M = 1 9, Trn Yl-( +, 
m 

,Z;;yvu- 
3 i‘;iyud-eyue 

+ . . . 

J]: = 1 qrn ~'i?'~~(l + Y,) - 2qm sin2ew]+m 
m (2.179) 

= $yu(l + y5)u - +x -?(l + y5)d 

+ Jj ve Yl-l(l + Y5)Ve - +Fyu(l + y5)e 

+ . . . 

- 2 2 sin ew JLM , 

where the contributions of the second and third families have not been dis- 

played explicitly. JEM and Ji are diagonal in flavor (e.g., there are no 

-;i-s Z transitions). This can be traced back to the fact that all of the uzL 

were assigned the same values for T3 and Y, with a similar statement holding 

for the other fields. It is possible to construct alternative models in which 

fields of the same helicity and electric charge have different values of T3. 

Such models will in general lead to flavor changing neutral current vertices 

unless the Yukawa couplings are constrained by additional symmetries. One of 

the initial motivations for the prediction of the c quark was to provide a 

partner for the SE so that both the d! and si could be placed in doublets, 

therefore avoiding strangeness changing neutral current vertices. 

In the standard model the right-handed unitary matrices A:, 4, and Ae R 

are unobservable, because they do not appear in the final form of the 

Lagrangian. (Extended models involving off diagonal Z or Yukawa couplings, 
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right-handed charged currents, horizontal interactions, grand unified interac- 

tions, Ttc., may depend on the AR.) 

Some of the left-handed transformations AL can be measured, however. 

The charged weak current Ji can be expressed in the mass eigenstate basis as 

51-I et 0 
W = 2zL yu AL vL + 2;iL y 1-I Ad+ u 

L AL uL 

= 2gL y' vL + 2zL yl-l AC uL 

= E em yu(1 + y )v 
m=l 5 m 

+ E 
mn=l 

xrn ~'(1 + y5)Acmn un 3 

where 

AC = A;' A; 

(2.180) 

(2.181) 

is the generalized Cabibbo matrix, which determines the flavor structure of Ji, 

and where 

vL Z A;+ v; . (2.182) 

This definition is useful because the neutrinos are massless (the possibility 

of introducing neutrino masses is discussed in the next section). Therefore, 

the neutrinos cannot be distinguished from each other except by their weak 

interactions. We can therefore simply define vmL as the neutrino associated 

with emL. 

From the form of JiM, Ji, and Ji we have that 

q E mL 
L 

(2.183) 



2-58 

and 

R z vm 
mL I 1 e 

m L 
(2.184) 

transform as SU2 doublets while umR, d mR' and e mR are SU2 singlets. 

The presence of the generalized Cabibbo matrix AC in (2.183) is due to 

the mismatch between the weak and mass eigenstates. For F families, AC is an 

FXF unitary matrices, which can be expressed in terms of FL real parameters. 

ZF-1 of the parameters are not observable, however, because they correspond to 

the (unobservable) relative phases of the 2F left-handed fields. These phases 

can be eliminated from AC by redefining the phases of the fermion fields. 

This transformation leaves the mass and Yukawa terms unchanged so long as 

identical phase changes are made on the right-handed fields. It should be 

clear that these unobservable phases correspond to the undetermined matrices 

KL and Kf discussed earlier. ZF-1 of the 2F phases in KF and Kz are usually 

chosen to put AC into a convenient conventional form. The final phase does 

not enter the Lagrangian and is therefore arbitrary. (It should be emphasized 

that in a theory with more interactions, some of these phases may become 

observable.) 

The generalized Cabibbo matrix AC can therefore be expressed in terms 

of F2 - (ZF-1) = (F-1)' observable parameters. Of these, F(F-1)/Z correspond 

to Cabibbo-like rotations of the F families. The remaining 

(F-1)' - F(F-1)/2 = (F-l)(F-2)/Z parameters are observable phase angles. 

If these angles are not integer multiples of ?r they represent CP violation 

in the charged current weak interactions (the origin of which is traced back 

to CP violating phases in the Yukawa couplings). 
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For example, if there were only two families of fermions (F=Z), then AC 

would h;ve one Cabibbo angle and no CP violation phases. Then 

AC= j :;;;;-:,I;:] > (2.185) 

so that the weak doublets are 

i 

u cos0 C - c sine C 
d 1 L 

(2.186) 

c sine C + c case C 

I 
, 

S L 

where 0 C = 13.17' is the Cabibbo angle [2.39] which measures the relative 

strength of the Kd and us transitions. There is no CP violation in the four 

quark standard model. 

For the case of three families (F=3) there are three rotation angles 

8 ., i=1,2,3 and one CP violating phase SO. One can write 
1 

AC = 

c1 s1c2 s1s2 

-s1c3 '1'2'3 .6 '1'2'3 -iB 
-s2s3e +c2s3e 

-s1s3 '1'2'3 .& 
+s2c3e 

+'lsZs3 -i6 
-C2C3e 

(2.187) 

where s i and ci represent sinei and cosei. Hence, CP violation is incorpo- 

rated in the six quark version of the standard model, a result originally due 

to Kobayashi and Maskawa [2.58]. In this case, AC is sometimes referred to as 

the KM matrix Am. 
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Phenomenologv of the Model 

Tre KM version of the GWS model is very successful phenomenologically. 

Excellent reviews have been given recently by Gaillard [2.59], by Ellis [2.60], 

and by Sahurai [2.61], so I will only comment on a few points. 

The KM mixing matrix Am is still not well determined. Shrock and 

Wang [2.62] have determined lcli = 0.9737 + 0.0025 and Is31 = 0.28 Ti*zi from . 

B decay and semi-leptonic hyperon decay (01 is essentially the Cabibbo angle 

for small e,). Additional constraints can be derived: (1) from the KL - KS 

mass difference [2.63-661 (in terms of the t quark mass--for mt = 15 GeV it 

has been estimated [2.65] that 0.1 < /s2[ < 0.7, although some of the assump- 

tions in this estimate have been questioned [2.66]); (2) from the E parameter 

which measures CP violation in the kaon system [2.63-671, yielding 

s2 s3 sind = O(lO-'). (This test assumes that all CP violation is due to the 

phase cp in the KM matrix. This is true in the GWS model but not in several 

simple extensions. CP violation is further discussed in the next section.); 

and (3) from the KL + u+u- rate [2.68]. Other possible constraints are re- 

viewed in [2.59-601. 

The present limits from the hyperon decays and from the KL - KS mass 

difference are not so stringent as to convincingly rule out the possibility 

s2 = s3 = 0, which corresponds to no mixing of the t and b with the light 

quarks. (Alternate explanations for CP violation and b decay would then 

have to be invoked.) Significant improvements in the determination of AKM 

will probably have to wait for the discovery of the t quark and for measure- 

ments of the heavy quark semi-leptonic decays. 
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The neutral current interaction has, of course, been discovered and has 

been ex&ensively studied in neutrino-hadron, neutrino-electron, and electron- 

hadron interactions. The form of the interaction is compatible with (2.179), 

and the parameters relevant to v-hadron scattering have been uniquely deter- 

mined to lie in the region predicted by the GWS model [2.69-701. The data 

are compatible with factorization, as would be expected for any model with a 

single Z boson [2.70-711. If factorization is assumed the electron neutral 

current couplings are uniquely determined to coincide with the GWS model 

[2.70-711. The entire subject has been reviewed by Kim, Langacker, Levine, 

and Williams [2.70], who obtain 

sin28 W = 0.229 + 0.009(+0.005) , (2.188) 

where the first error is from the data and the second is from the theory. 

The Higgs particle n couples with strength gm/2MW to fermions. This is 

so small for all known fermions that the n should be extremely difficult to 

detect. Furthermore, the n mass is not predicted by the theory. From (2.154) 

we have 

(2.189) 

where v = 246 GeV is known from GF; however, the quartic coupling X is not 

known. Lee, Quigg, and Thacker [2.72] have shown that partial wave unitarity 

is satisfied at tree level only if X < 81~/3, which corresponds to 

1-l,, < [8nc/3GF]' = 1 TeV. For larger value of X and 1-1 
rl' the Higgs self- 

interactions are strong and perturbation theory breaks down. This would not 

necessarily be a disaster (Appelquist and Bernard [2.73], for example, have 

argued that the effects of a large X on the fermion and gauge sector of the 
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theory would be small), but 1 TeV provides a likely upper limit on un. 

Stronger bounds can be obtained [2.74] if one requires that the effective A 

be small all the way up to the Planck mass, or up to the unification mass in 

grand unified theories. These are of order uH < 200 GeV. 

If h is too small, on the other hand, then corrections to the effective 

potential [2.29] become important. At the one loop level, (2.131) is modified 

to 

V(P) = 112 P2 + x $04 + K (P4 Rn(p2/v2) , (2.190) 

where lp2 t ’ Cp Cp and K depend on the gauge, quartic, and Yukawa couplings. 

Linde and Weinberg [2.75] have shown that the requirement that v be an absolute 

minimum (i . e . , V(v) < V(0)) then requires uH > 6.6 GeV. If one allows the 

presently observed vacuum to be metastable then lower values of uH are allowed. 

However, tunneling from the observed vacuum to the true vacuum (which would of 

course destroy the universe as we know it) could then occur. From the age of 

the universe Linde obtains [2.76] 1-1~ > 450 MeV. Linde goes on to argue that 

immediately after the big bang, when the universe is incredibly hot, the 

vacuum would be in the symmetric phase v= 0 unless there is an enormous excess 

of leptons over baryons (L 2 lo8 B) . In this case uH > 9.3 GeV because other- 

wise the vacuum would still be in the symmetric phase. It should be empha- 

sized that these bounds can be modified or even invalidated if heavy fermions 

[2.77] or additional Higgs multiplets are introduced into the theory. 

It has been suggested [2.29,2.78] that u2 in (2.131) may be zero, in 

which case spontaneous symmetry breaking would still occur for sufficiently 

small X. In this case, uH = 10.4 GeV. Another possibility, suggested by 

supersymmetry, is X = O(g2) which implies u 
n = O(MW). 
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In the U gauge, LY ghost generates the effective interaction (2.98). This 

can be Aomputed without going to a Hermitian basis by observing that $ = nv/v 

and that there are three spontaneously broken generators. Then 

L2? eff = -3is4(0)Rn 1 + 3 
i I 

(2.191) 

The GWS model is a renormalizable unitary theory of‘the weak and electro- 

magnetic interactions which successfully incorporates the old Cabibbo theory. 

The discoveries of charm and of the neutral current strongly support the model. 

Such effects as nonleptonic hyperon and kaon decays, the AI = 1 rule, 2 CP vio- 

lation, the KL - KS mass difference, and charmed hadron decays all appear to 

be compatible with the model, although some controversial points (especially 

the AI = i rule, CP violation, and the Cabibbo suppressed D decays) remain 

[2.59-601. 

The model is sufficiently compelling that it is almost certainly correct 

at least to some degree of approximation. However, the main triumphs involve 

the charged and neutral current four Fermi effective interactions. ,The direct 

detection of the W and Z bosons (with masses around 80 and 91 GeV, respec- 

tively) would greatly strengthen the evidence that the underlying field theory 

is correct. Precision measurements of low energy processes such as n’R2 decays 

or pion S decay to verify the effects of higher order weak corrections [2.79] 

could further establish the underlying gauge structure. Verification of the 

spontaneous symmetry breaking mechanism will probably require the discovery 

of the Higgs particle, but unfortunately this appears very difficult [2.79a] 

(some speculations that the Higgs particle may be replaced by a composite 

field will be discussed subsequently). Discovery of the t quark, studies of 

b and t decay, and improved experiments on CP violation could verify the 
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detailed six quark version of the model. However, it is relatively easy to 

construct variations on the GWS model in which these features are modified. 

2.4.4 Other Models 12.801 

An important question when one attempts to unify the weak and electro- 

magnetic interactions with the strong interactions is whether the GWS model is 

the complete model of weak interactions or whether it is just an approximation 

to a different and probably larger underlying theory. In this section I will 

describe various possible extensions and variations on the model and their 

phenomenological implications. I will especially concentrate on those aspects 

which are relevant to grand unification. 

The standard model can be extended by varying the number of fermion 

fields or their SU2 representation assignments, by adding -more Higgs fields, 

possibly in different representations, or by increasing the number of gauge 

bosons (which means going to a larger gauge group). I will discuss the impli- 

cations of each of these possibilities in this section. General issues such 

as CP violation, the cancellation of anomalies, fermion number conservation, 

neutrino masses, and cosmological terms induced by spontaneous symmetry break- 

ing will also be discussed. 

Higgs Representations 

The GWS model can be extended by increasing the number of Higgs fields. 

First consider the case that there are several complex doublets cp,, m=l,Z,...,; 

each of which contains four degrees of freedom. Only three degrees of freedom 

will be eliminated to give mass to the Wt and Z, so there will be two charged 
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and two neutral physical Higgs particles for each additional doublet (the mass 

eigensutes will be linear combinations of the weak eigenstates). It is pos- 

sible to give these new particles very large mass [2.81], essentially by 

introducing large positive mass terms for the fields orthogonal to the direc- 

tion of spontaneous breaking, but if they are not too massive the charged 

particles would be relatively easy to detect [2.82]. 

Unless the Yukawa couplings are restricted by additional symmetries [2.83] 

(e.g., by allowing only one doublet to have Yukawa couplings to each set of 

right-handed fermions of a given charge) the neutral Higgs fields will in gen- 

eral possess flavor changing Yukawa couplings. (I am using flavor in a gen- 

eralized sense to include the different types of leptons as well as the 

different flavors of quarks.) This is because the unitary matrices AL and AR 

which make the fermion mass matrices 

M = 1 rn v,/& 
n 

(2.192) 

real and diagonal do not diagonalize the individual Yukawa matrices I?. The 

charged Higgs fields almost always connect different families (even in the 

presence of symmetries which keep the neutral Higgs couplings diagonal). Both 

the neutral and charged Higgs couplings violate parity and CP in general. 

There will therefore be Higgs mediated flavor changing neutral current 

(FCNC) effects in most models with more than one Higgs doublet, which can 

contribute to such processes as K L + 1-1+1-1-, u + ey, and to the KL - KS mass 

difference. Both neutral and charged Higgs particles could also contribute 

to CP violating quantities such as the neutron electron dipole moment (see 

below). It is difficult to estimate the magnitudes of these effects because 

the Yukawa couplings are no longer simply proportional to the fermion masses 
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and there are many unknown mixing angles. However, if one assumes that a 

typic& Yukawa coupling is of order gdMW, that relevant mixing angles are of 

0(45”), and that all physical Higgs masses are comparable, then one generally 

finds lower limits of order several hundred GeV on the Higgs masses in order 

to avoid conflicting with experimental limits. It should be mentioned that 

most of the bounds on the Higgs mass described in the last section were derived 

under the relatively tightly constrained hypothesis of only one Higgs doublet. 

Another interesting feature of models with more Higgs doublets is that 

the pattern of spontaneous symmetry breaking may be more complicated. For a 

single Higgs doublet (Pl one can always perform an SU2XUl rotation so that 

v1 
1 0 = <Yyo = Jz- vl , 

i I 
(2.193) 

with vl real, so that electric charge is conserved. For two or more doublets, 

however, one has 
iPn \ 

E<rp> =1v 
e sina n 

V n no 42-n ion (2.194) 
e cosci n I 

where a 1’ “1’ pl can be chosen to be zero by convention but the other angles 

are determined by the potential. If any of the on are non-zero, SU2XUl will 

be completely broken and there will be no conserved electric charge. Non- 

trivial values of p, or on are usually associated with CP violation. 

For the case of two doublets, for example, the potential is 

(2.195) 
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where 

and 

(2.196) 

(2.197) 

I have simplified the problem by assuming the X’s are real and by imposing in- 

variance under the discrete symmetry (pl -t -ql, (p2 + +q2 on V. In terms of the 

VEV’s, VA depends only on the magnitudes vf and vi, while 

vB 
= L. v2 v2 4 1 2 cos2cx2[2(cos2cr2)x4 + $1 * (2.198) 

Assuming that VA is such that v and v 1 2 are non-zero, the potential will be 

minimized for coscl 2 = 0 if h5 > 21h41 and for ]cosa2j = 1 if A5 < 21A41. 

These two cases correspond to the nonconservation and conservation of electric 

charge, respectively. In the latter case the sign of cos202 will be opposite 

of that of X4. The implications for CP violation will be discussed later. 

In general, the pattern of symmetry breaking depends in a complicated 

way on the values of the parameters in the Higgs potential. Both the relative 

orientations and the number of fields with non-zero VEV’s can be changed by 

changing the parameters. (The couplings must be chosen so that the total 

potential is bounded from below.) 

One can also introduce Higgs fields belonging to different SU2 represen- 

tations. If such fields have a non-zero VEV they will violate the relation 

M; = M;/cos~~~, which holds for any number of Higgs doublets (and singlets). 

Instead, one has (assuming electric charge conservation) 
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M; = .(g2 + g") 1 (t;)' v2 n n 

M; = + g2 1 [tn(tn + 1) - (t;)2]v; 
n 

2 
MW 

c [tn(tn + 1) - (t;121 vi 
p- 2 2=n , 

cos ew MZ 2 c (t;)2 v2 n n 

(2.199) 

where v n is the VEV of a Higgs 

The effective neutral current 

field with the values tn and ti for T and T3. 

nteraction then becomes 

eff = 
Z P Ju Z 

(2.200) 

From fits to the neutral current data with p allowed to be a free parameter, 

one has [2.70] 

P = 0.992 + 0.017 (+o.oll) 

sin28 
(2.201) 

W = 0.224 5 0.015 (t0.012) . 

Hence, p is very close to the value expected if there are only Higgs doublets. 

Fermion number violating Yukawa couplings can be written if SU2 Higgs 

singlets [2.84 ] or triplets [2.85 ] are introduced, as will be discussed sub- 

sequently. 

The Induced Cosmological Term 

One very serious difficulty with the idea of spontaneous symmetry break- 

ing concerns the non-zero value of the potential when it is evaluated at the 

minimum 9 = v (2.153). As pointed out by Zel'dovich [2.86] such a vacuum 

self-energy term must be interpreted as a cosmological constant 
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8~ GN 
A = -y--V(v) 

C 

in the Einstein equations, where 

For the GWS model, we have 

GN is the gravitational constant. 

2TGN 3 3 A= 2 pL vL = - -33 2 
C4 

,-$, 

(2.202) 

(2.203) 

However, according to the observed limits on the deceleration of the expansion 

of the universe [2.87], 

lAobsl < 10es6 crnm2 z 4x lO-84 GeV2 . (2.204) 

Hence, for nn > 6.6 GeV (Section 2.43) 1~1 is predicted to be fifty-two orders 

of magnitude too large. (This result was first pointed out by Linde [2.88] 

and Veltman [2.89].) Dreitlein [2.90] interpreted (2.203)'and (2.204) as a 

limit of 5.5X10 -26 GeV on the Higgs mass (he actually used a somewhat differ- 

ent limit on A), but Veltman argued [2.91] that such a light particle is ruled 

out because it would mediate a macroscopic long range force seven orders of 

magnitude stronger than gravity. Also, such a small value appears to be 

highly unlikely when one considers higher order corrections to V (2.190). 

The whole problem can be eliminated by replacing V(P) by 

v’ @PI = V(P) - V(v) ) (2.205) 

so that V'(v) = 0. The addition of a constant vacuum self-energy density to 

JZ'does not affect particle physics. It can be interpreted as a positive pri- 

mordial cosmological term that cancels (to better than one part in 10 52 !) the 

cosmological constant induced by spontaneous symmetry breaking. One possible 

danger in such a scheme is that early in the history of the universe when the 
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temperature T was large compared to Mwk z the vacuum may have been in a dif- 
, 

fe.rentghase with <P> = 0 (temperature dependent phase transitions are dis- 

cussed in Chapter 6). At that time, the A induced by SSB would go away but 

the large primordial A would remain. As pointed out by Bludman and 

Ruderman [2.87], however, the vacuum energy density 

P vat(T) = -V(v) = g 

will be small compared to the thermal energy density [2.92] 

Pthermal(T) = 0.33 gt T4 

(2.206) 

(2.207) 

(8, = gB + 7gF/8, where gB and gF are the number of boson and fermion degrees 

of freedom that are light compared to T) for T >> Tc, where Tc is the critical 

temperature above which <P > = 0. (Tc is of the order [2.87,2.93] of the 

smaller of uH/g and MW/g.) Hence, the primordial cosmological term would not 

be important at early times (T >> Tc), although for a small Higgs mass it 

could be of some relevance [2.93] at the time for which T 2 Tc. Similar state- 

ments apply to a possible phase transition which restores the symmetry in a 

grand unified theory. 

A much more serious objection to adding a constant to V is that the 

primordial cosmological term and the constant induced by spontaneous symmetry 

breaking appear to be unrelated. There is no known reason for these two terms 

to cancel each other to one part in 10 52 , (Note that the cancellation must be 

maintained in the presence of radiative corrections to the Higgs potential.) 

This unnatural cancellation is probably the most serious difficulty with all 

models of spontaneous symmetry breaking, but it is only the first of several 
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delicate adjustments of parameters that occur in the standard model and in 

most wnd unified theories. 

The possibility of eliminating elementary Higgs fields will be discussed 

in Section 2.5.3. The restoration of symmetries at high temperature is de- 

scribed in Chapter 6. 

Anomalies 

When one modifies the fermion or gauge structure of the theory it is 

important to avoid the introduction of anomalies [2.94-951, which are singular- 

ities associated wtih the fermion triangle diagram contributions to the vertex 

of three currents, as shown in Fig. 2.8. If one or three of the vertices 

involves an axial vector coupling (y5) the diagram diverges linearly. This 

linear divergence leads to an anomalous divergence of the-currents in pertur- 

bation theory that is not revealed by formal manipulation of the field equa- 

tions. If one or more of the currents is associated with a global symmetry of 

the theory, the anomalous divergence does not cause any particular problems, 

and it can even be useful C2.941. If the currents are all associated with 

gauge symmetries, however, then the diagram contributes to the vertex of the 

three gauge fields that couple to the currents. In this case, the vertex 

cannot be regularized in a way consistent with the gauge invariance of the 

theory. Gauge invariance and renormalizability are therefore destroyed. 

The anomaly coefficient A.. 
lJk 

in the vertex of currents i, j, and k is 

independent of the fermion masses. It is [2.95] 

A ijk = Tr y5 Li{Lj, Lk] , (2.208) 
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where L1 = Li PL -t Lk PR is the fermion representation matrix. The trace 

extends over both Dirac and group indices. The Dirac part can be carried out 

to give 

A ijk N 2Tr Lt ILL, Lk,} - 2Tr Li(LA, Lk] Z Z(A!. - A!. 
lJk 1Jk 

) (2.209) 

In the GWS model the quark and lepton contributions to the anomalies cancel so 

that AL = AR = 0. (Except for the B3 vertex, for which AL'R = 2Tr Yz R = 
, 

2F C y; R. Then AL = AR = -4F/9. One must remember that each quark doublet 
, 

comes in three colors.) In any non-chiral model (LL = LR) we have AL = AR so 

that the anomalies are zero. More generally, the demand that A.. = 0 is a 
1Jk 

useful constraint on the construction of gauge theories. 

Fermions 

Let us now consider the modification of the fermions in the six quark 

GWS model. The simplest modification is to increase the number of families F. 

However, the primordial helium abundance in the universe is predicted to grow 

rapidly with the number F 
V 

of massless (or nearly massless) neutrinos. The 

observed abundance strongly suggests [2.96] that FV = 3. This limit could be 

circumvented if there were an enormous neutrino degeneracy in the universe 

[2.97], but this appears unlikely if grand unified theories are correct [2.98]. 

(The various cosmological constraints on massive stable or unstable neutral 

leptons, superweakly coupled particles such as right-handed neutrinos, and 

other exotic objects are reviewed by Steigman [2.92].) Possible accelerator 

limits have also been suggested L2.991. 

There are no firm upper limits on the number Fe of charged leptons or 

on the number Fq of quark doublets. If one assumes that each charged lepton 
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is associated with a massless neutrino then F = F e V,’ 
However, one can easily 

get aropd this constraint by adding new lepton families 

(2.210) 

where NiL R is a heavy neutral lepton. 
, 

For the quarks the strongest constraint comes from the cancellation of 

anomalies, which requires F 
q 

= Fe (again one can get around this, e.g., by 

putting both the left and right handed quarks in doublets). A weaker limit 

of F 
9 

< 8 can be derived if one demands asymptotic freedom for the strong 

interactions. (For Fq > 8 the strong coupling constant would grow with QL, 

but this behavior would not begin until IQ21 is greater than the mass2 of the 

heavy quarks. See Section 2.5.2.) Maiani et al. [2.74] have also shown that 

the requirement that all gauge couplings in the standard model be finite below 

the Planck mass leads to F 
9 

5 8 and also that the masses mn of any new fermions 

be less than 160 GeV. 

There are other arguments that the masses mn of new fermions should not 

be too large. Hung and Politzer and Wolfrom [2.77] have shown that for the 

effective potential (2.190) to be bounded from below (i.e., for K > 0) re- 
4% quires [C mn] < 873 GeV if tree unitarity is demanded (X < 81~/3). This bound 

could be evaded by allowing more Higgs fields or (possibly) by including two 

loop terms in V. Finally, heavy fermion loops renormalize the value of p in 

(2.199) [2.100]. If one assumes that p = 1 initially (only Higgs doublets) 

then the upper limit (2.201) on p implies m < 500 GeV for a charged lepton 

with a massless partner [2.70]. Limits of the same order apply to the mass 
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difference of new quarks in a doublet. These various bounds on fermion masses 

suggest that the number of families is limited. 

The representation assignments of the fermions can be altered, by placing 

some right-handed fermions in doublets, for example. Especially attractive are 

the vectorlike theories [2.101], in which the left- and right-handed fermion 

representation matrices (in the weak basis) are equal (Lt = Li). Such theories 

are reflection invariant, at least in the gauge sector (parity can be spontane- 

ously broken), and anomalies are automatically absent. The simplest possibil- 

ity, in which all fermions are placed in doublets [2.102], is now ruled out by 

the observed parity violation in the neutral current interactions. Vectorlike 

models involving singlets and doublets, such as 

[ 1 1, [ ; lR UR' dR' 'L' DL (2.211) 

for one family (u, d) of light quarks and one (U, D) of heavy quarks, cannot 

be ruled out but are not required experimentally. 

The amount of mixing between doublets and singlets in such models 

(whether or not they are vectorlike) is restricted by the neutral current 

data. The present limits for mixing between right handed singlets and doublets 

are [2.70] 

sin20u 5 0.103 

sin20d < 0.348 

sin20e 5 0.064 , 

(2.212) 

where u R sina and u R cosa U u are the components of uR in a doublet and singlet, 

respectively. Even stronger constraints, both from charged and neutral 
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currents, hold for the left-handed fields. Finally, the absence of FCNC 

effects for the light fermions requires that the mixing between singlets and 

doublets must either be extremely tiny or restricted in form [2.103]. (Mixing 

can be eliminated entirely by the introduction of appropriate symmetries.) 

There have been several models in which the b quark cannot decay via 

ordinary charged current weak effects, either because extra symmetries prevent 

the (t,WL doublet from mixing with the other quarks [2.104] or because the 

t quark does not exist and the b is in an SU2 (unmixed) singlet [2.105]. In 

such models extra interactions involving the exchange of Higgs bosons or addi- 

tional gauge bosons are needed to mediate b decay (which is always semi- 

leptonic in the models cited) and CP violation. 

Global Symmetries and Neutrino Masses 

The GWS model possesses several global Ul symmetries as described in 

Section 2.3.1. The corresponding quantum numbers are quark number N 
9 (Nq= 3B 

where B is baryon number) and individually conserved electron, muon, and T 

numbers N e, N 
1-i 

, and NT. The total lepton number L and the fermion number 

F 5 N + L are therefore also conserved. 
9 

Strangeness, charm, etc. are violated 

by the charged current weak interactions. The origin of these violations can 

be traced back to the off diagonal Yukawa interactions. 

The separate conservation of Ne, N 
v' 

and NIE. in the GWS model is due to 

the assumed masslessness of the neutrinos. However, the experimental limits 

on the neutrino masses are not very stringent. The best laboratory limits 

are mve < 35 eV [2.106], mvu < 0.57 MeV [2.107], and rn,+ < 250 MeV [2.108]. 

Much stronger limits come from the cosmological requirement that the neutrino 
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contribution to the energy density of the universe must not exceed the ob- 

servediensity [2.92]. It is C mv n < 50 eV, where the sum extends over all 

light stable neutrinos. Recently, Schramm and Steigman [2.109] have advocated 

massive neutrinos. They argue that if the most massive neutrino has a mass in 

the range 3 eV < mV < 10 eV, it could account for the missing mass in galactic 

clusters without violating Tremaine and Gunn's [2.110] bound mv < 10 eV (to 

avoid contributing too much mass to binary galaxies). Witten [2.111] has 

given similar arguments, but prefers larger masses (tens of eV), which could 

close the universe. 

One can give mass to the neutrinos in the GWS model simply by introduc- 

ing right-handed neutrino fields v" nR which couple to the lepton doublets with 

Yukawa couplings analogous to (2.142). This will lead to a neutrino mass 

matrix and an observable leptonic mixing matrix A 
1eP 

g Act ' L AL analogous to 

the Cabibbo matrix for the quarks [2.112-1131. This would have several inter- 

esting consequences. Kolb and Goldman [2.112] have recently discussed the 

possibility that the vT is massive (mv, > 10 MeV) and unstable. Assuming that 

A 
1eP 

is non-diagonal, then Ne, N 
Fr' 

and NT will no longer be separately con- 

served, although the total lepton number L would be. A dramatic consequence 

would be the possibility of observing neutrino oscillations [2.114-1151. 

These should be detectable in laboratory experiments if typical neutrino mass 

differences are of order of a few eV, assuming reasonably large mixing angles 

[2.115]. For mass differences larger than -10 -6 eV, electron neutrinos could 

oscillate sufficiently rapidly to help explain the missing solar neutrinos 

[2.116]. 

Additional Higgs particles, additional gauge bosons, and the mixing of 

heavy neutral leptons as in (2.110) could also lead to the violation of Nep 
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N 
1-I’ 

and NT and could cause such FCNC processes as lo + ey (the amplitude for 

the 1Qter from the mixing of light neutrinos is non-zero but negligibly small 

[2.117]). 

Majorana and Dirac Masses 

I have so far assumed that the total lepton and fermion numbers are 

absolutely conserved. This is guaranteed in the GWS model, but need not hold 

if right-handed neutrino fields or certain types of additional Higgs fields 

are introduced. In particular, the possibility of fermion number violating 

Majorana mass terms for the neutrinos becomes possible [2.118]. I will discuss 

this issue in some detail because many grand unified models predict such ef- 

fects. For a more detailed treatment, see [2.119]. 

First consider the case of one family: (ve) L, vR' eR' In addition to 

the Dirac mass term MD CL vR + H.C., generated by the Hi'ggs doublets, one can 

introduce a Majorana mass term 

s if vR + m L GR v; = m M v;f c VR + $ vz c VE, , (2.213) 

where C is the charge conjugation matrix introduced in (2.110). This term can 

be introduced into the Lagrangian as a bare term since vR is a singlet under 

3J2 x Ul' or from the Yukawa couplings to a singlet Higgs field. Recall that 

'L,R ' 'L,R ' ' 

where v is a four component field, annihilate L and R neutrinos and that 

-T V;,R - PL,R vc = PL,R c v -T 
= ' 'R,L (2.214) 
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annihilate L and R anti-neutrinos. vL and vi are members of doublets, while 

vR and:; are singlets. The Majorana mass term violates lepton (and fermion) 

number by two units. 

% and mD can be taken to be real, by an appropriate phase change on 

the fields, so that the overall mass term is 

rnD(TL vR + VR VL) + mM(TL VR + VR Vi) - =m vv+ D "M Fl (2.215) 

where 

v=v +-v L R 
(2.216) 

?J = vi + v R 

In the familiar case that mM = 0, we identify v as the mass eigenstate. If 

mD = 0, on the other hand, the new field n is the mass eigenstate. n is a 

Majorana or self conjugate field in the sense that 

^c- -T u;tn =C(rl) =lJ. (2.217) 
C 

Note, however, that t is not the same charge conjugation as defined in (2.214), 

under which 

r1+n 
C =v +vc 

C L ,#n (2.218) 

In the general case with mD # 0, mM f 0 one must regard (v,, vi) and 

hJ;> vR) as pairs of independent left- and right-handed fields. Linear combina- 

tions with definite mass (but not definite lepton number) are chosen to diag- 

onalize the mass matrix. The most general mass matrix (for one family) is 

- 
(VL q + H.C. (2.219) 
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where d = mD/2 (the off diagonal entries are equal because vL vR = 7; v;) and 

s = %*- The other Majorana term a is forbidden by the gauge symmetry unless 

a Higgs triplet ;f = (p', p-, p--)T is introduced into the model. Then, the 

Yukawa coupling 

C 

6 

eR - 

i : 

-vc = cv, L 9 

R 

ei 
I 1 

(2.220) 
-v i 

will generate an a term and violate L by two units if coo> o#O. (For 

<PO> 0 = 0, L could be conserved if z were assigned two units of "lepton num- 

be?. ) 

The mass matrix in (2.220) can be diagonalized by separate left and 

right-handed unitary transformations (these are complex conjugates of each 

other up to a matrix of phases [2.119]), as in (2.172), to give 

ml 1L '1R 3 + m2 viL v2R + H.C. = ml Tl v1 + m2 V2 V2 , (2.221) 

where v 
C 

nL and v nR are linear combinations of v L and v: and of vR and vi, re- 

spectively, and vn = vzL + vnR are the mass eigenstates. v1 and v2 are 

Majorana fields. In the special case ml = m2 they combine to form a single 

Dirac neutrino [2.119]. 

In the case of F families, the mass term is 

I 

-0 (v -0 -0c 
1 . . . v v F 1 *'* 

V;” 

. 

Vi’ 

vY 
. 

. 

v; 

\ 

+ H.C. , 

JR 

(2.222) 
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where m is a 2Fx 2F matrix of the form 

- A ’ D 
m= --L-- , I 1 (2.223) 

DT ’ I s 

where D is an F X F Dirac mass matrix, and S and A are symmetric FXF Majorana 

mass matrices generated by Higgs singlets (or bare mass terms) and triplets, 

respectively. One can then find 2F mass eigenstates vc’L (which are linear 

combinations of the vi and v:‘), and 2F eigenstates vnR by diagonalizing m. 

The fields vn f v:, + vnR describe 2F Majorana particles. 

The laboratory and cosmological limits on neutrino masses and the approx- 

imate validity of Cabibbo universality require that any very massive physical 

neutrino states should be approximately orthogonal to the weak eigenstates 

v 0 -0 oc 
nL’ Furthermore, a Majorana mass term a vL vR would lead to neutrinoless 

double B decay, (Z) + (Z + 2)e-e-, as shown in Fig. 2.9 (a is treated as a 

perturbation). One can adopt the estimates of Halprin et al. [2.120] to deter- 

mine that a < 1 KeV to avoid conflict with the experimental limits [2.121]. 

The constraints from the limits on the physical neutrino masses will generally 

lead to a more stringent restriction on a. Right-handed Majorana mass terms 

-0c 0 sv L vR are not strongly restricted because the vi interacts only by Yukawa 

interactions and mass terms. If these are sufficiently weak [2.92] the cos- 

mological mass bounds do not apply. 

If neutrino masses are allowed, one has to worry about- why they are so 

much smaller than other fermion masses. One interesting possibility, suggested 

by Gell-Mann, Ramond, and Slansky [2.122] is that a = 0 (no Higgs triplets) 

and s >>> m D’ where m D is of the same order of magnitude as other fermion 

masses. A large s could possibly be generated by whatever mechanism breaks 
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a grand unified theory down to SU2XUl. Then the mass eigenstates are very 

nearly V oc -Fc + vi and v; + vR with masses ES and m2/4s <<< m D D, respectively. 

For s = 1014 GeV and mD/2 N 1 GeV, the light neutrino mass will then be 

,10-5 eV, in the range relevant for the solar neutrino problem. There will 

be an induced Majorana mass term a TL vi' as shown in Fig. 2.9, with 

a - mg/4s, but this is much too small to lead to observable neutrinoless 

double 8 decay. Other schemes suggested by various grand unified theories 

are described in Chapter 6. 

Another possibility is that all of the Majorana and Dirac mass terms in 

(2.223) are small and of the same order of magnitude. In this case the mass 

eigenstates will contain significant admixtures of the weak doublets vzL and 

of the weak singlets v 
oc 
nL' Oscillations could then occur not only between'the 

doublets but between the doublets and singlets [2.119]. 

Additional Gauge Bosons 

The GWS model can also be extended by adding additional gauge bosons 

(i.e., by going to a larger gauge group). One hossibility is to consider the 

group GxUl, where SU2 is a subgroup of G. Various SU3xUl models, for ex- 

ample, have been considered [2.123], primarily for obsolete reasons (e.g., 

high y anomaly, lack of atomic parity violation, anomalous neutrino induced 

trimuon events). One can easily generate vectorlike models with the fermions 

in three dimensional representations (which contain an SU2 doublet and 

singlet), but the versions still compatible with the charged and neutral 

current data generally require a proliferation of heavy fermions and make 

few interesting predictions for the light particles. FCNC are also a problem 

in such models. 
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Another possibility is to consider direct products SU2xUlXG. In 

particul.r, much attention was devoted [2.124], again mainly for obsolete 

reasons (e.g., absence of atomic parity violation), to the group 

SU2LxSU2RxU;, where the subscripts mean that the left handed fermions trans- 

form as doublets and singlets with respect to SU2L and SU2R, respectively. 

The reverse holds for the right-handed fermions. The Langrangian for such a 

model can be made left-right symmetric (i.e., symmetric under the interchange 

of left and right labels (parity)) by the imposition of a discrete symmetry. 

Except for mixing effects, the Wi(Wt) bosons of the SU2R(SU2L) group couple 

only to right (left) handed currents. Parity could be spontaneously broken 

to make the Wi much more massive than the Wt. Depending on the details of 

the symmetry breaking the neutral current interactions may or may not coincide 

with the GWS model. In the former case, the B boson of the SU2LXUl subgroup 

is a linear combination of the Wi and the B' associated with U;. su2L x SU2R x u; 

models require right-handed neutrinos, so in general the neutrinos will be 

massive. 

Another popular extension in this class is to the group SU2XUlXU; 

[2.125]. The extra U; factor may remain from the breakdown of a larger group, 

such as the models described above. 

Horizontal Symmetries [2.126] 

Finally, there have been many models in which SU2XUl is extended to 

SU2 x Ulx G H, where GH represents a horizontal group. Horizontal means that the 

GH transformations act on the family indices; they rotate or interchange one 

family into another or at least distinguish between the families (e.g., if 
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GH is a Ul group with different charges for the different weak basis families). 

The name horizontal comes from the practice of displaying the SU2 doublets 

side bFside. The SU2XUl interactions are then referred to as vertical in- 

teractions. Much of the early motivation for imposing horizontal symmetries 

was to find relations between fermion masses and mixing angles (e.g., to pre- 

dict the t quark mass), but more generally the existence of several families 

suggests the existence of symmetries to relate them. Many of the horizontal 

groups that have been proposed have involved discrete permutation groups 

(which could conceivably be the remnant of a broken continuous group). GH can 

also be a continuous group, in which case it is most likely a gauge symmetry. 

Otherwise, there would be unwanted Goldstone bosons associated with the spon- 

taneous breaking of GH. (An alternative would be to give masses to these 

bosons by softly breaking GH in the dimension 2 or 3 terms in 2) Horizontal 

gauge bosons can typically mediate FCNC processes. This i.s usually not in- 

trinsic to the horizontal interaction because the bosons simply transmit 

flavor from one side of a diagram to the other. However, the mixing between 

fermions and/or the mixing of horizontal with vertical bosons will generally 

lead to FCNC effects such as p + ey, KL + u+p-, and a contribution to the 

KL - KS mass difference. The reader is referred to [2.126] for a discussion 

of the mass and mixing angle predictions of horizontal symmetries (which have 

not been especially successful). For three families an obvious choice for a 

horizontal gauge group to relate them would be SU3, with the-three families 

forming a triplet. However, this theory would have anomalies unless right- 

handed neutrinos are added [2.127]. Wilczek and Zee [2.127] have therefore 

considered a horizontal SU2 with the three families in a triplet. Higgs 

bosons contributing to the fermion mass matrix must be singlets, vectors, or 
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tensors under the horizontal group (and doublets under the ordinary SU2). 

Gell-Mann, Ramond, and Slansky [2.122] have emphasized that the approximate 

mass ma&ices 

M"'d'e = / i i ;u,d,e ] , (2.224) 

which could explain why the third family is so massive compared to the first 

two, would require a very unnatural collaboration between a Higgs singlet and 

tensor. 

Masses of Additional Bosons 

There is no experimental evidence for any of these extensions, and the 

effects of the additional interactions on the light fermions must be sup- 

pressed, generally by requiring the new bosons to be very massive and/or by 

making their gauge couplings weak and/or by cleverly arranging the representa- 

tions and mixings of the fermions. Assuming all gauge couplings to be compara- 

ble, which is plausible if all of the groups are ultimately embedded in an un- 

derlying grand unified theory, one typically finds that right-handed charged 

bosons or additional neutral bosons with flavor conserving interactions must 

be at least five or ten times as massive as the Wt and Z [2.128]. Limits on 

horizontal gauge boson masses are more stringent because they can mediate 

FCNC processes. Their masses should be ,103-lo4 times those-of the W’ and Z 

unless the relevant vertices are suppressed by small mixing angles or the 

gauge couplings are very weak [2.126-1271. 

Nevertheless, such models are interesting to consider because they often 

have attractive theoretical features (depending on the taste of the theorist!), 
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and they may be relevant to CP violation; FCNC processes; the spectrum, pro- 

duction, and decay of heavy fermions, etc. Finally, many grand unified 

theoriG lead to weak interaction subgroups larger than SU2xUl. 

CP Violation 

In the GWS model with a single Higgs doublet the only source of CP vio- 

lation (other than the nonperturbative effects discussed below) are in the 

couplings of the charged W bosons to fermions. In the four quark model there 

is no CP violation, while in the six quark model there is one CP violating 

phase B (2.187). Observable CP violation is associated only with phase dif- 

ferences between amplitudes, so it is convenient to choose the conventional 

form of AC so that 6 only appears in transitions involving at least one heavy 

Cc, b, or t) quark. CP violation in the kaon system is primarily associated 

with phases in the AS = 2 effective interaction 

HAS=2 - 
eff = c sL y, dL FL y’ dL + H.C. (2.225) 

The phases in c are generated by box diagrams in which two charged W bosons 

are exchanged 12.671. 

Generalizations of the GWS model allow many sources of CP violation. 

These include the exchange of additional charged gauge bosons (such as the 

w; of su 2L x SU2R x u1 models [2.129]) and of charged Higgs particles [2.130] in 

models with more than a single Higgs doublet. Models in whi-ch CP violation is 

associated with the exchange of charged particles are typically in the milli- 

weak to microweak range which means that the strength of the CP violation in 

AS=1 processes is of order 10e3 -6 to10 . There are also models in which CP 

violation is mediated by the exchange of a neutral boson (a heavy gauge boson 
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Z' associated with a horizontal interaction [2.131], or a neutral Higgs par- 

ticle [2.132]) with off diagonal couplings. These models can contribute to 

the Ash2 effective Hamiltonian at tree level, so it is necessary for the 

interactions to be superweak (i.e., the CP violating part of the AS =l inter- 

action is of order lo-') either by making the boson extremely massive or by 

choosing very small mixing angles or coupling constants. The latter possi- 

bility is unlikely for a neutral gauge boson if the new interaction is to be 

combined with the ordinary interactions in a grand unified theory. Of course, 

it is possible to have several distinct sources of CP violation all in the 

same model. 

All of the models are arranged to approximately reproduce the results of 

the superweak model for the KL + 27~ decays. Possible experimental tests to dis- 

tinguish the models include: (a) a precise measurement of the E' parameter of 

KL + 2~r decays, which is sensitive to the phase difference- between the AI = 3/2 

and AI = l/2, AS = 1 amplitudes. The KM model and the models with charged Higgs 

particles tend to give [2.133,2.130] (E'/E( < 0.02. The simplest Wi model gives 

[2.129] E' = 0, as do the superweak 'models [2.131-1321. (b) A measurement of 

r = n+-o/n+-, where ~l+-~ is A(KS + v+IT-T')/A(K~ + IT+IT-TO). The GWS model 

[2.134] and the superweak models give r 2 1 (i.e., the KS + HIT decay is due 

to Kl - K2 mixing effects), while the Wi models give [2.129] r different from 

unity. In general, soft pion arguments can be used to relate the KS -+ 37r 

and KL + 2~ amplitudes [2.134-1351, with the result that r can differ signif- 

icantly from unity only in milliweak models in which the AS=1 amplitude con- 

tains two or more pieces with different helicity structures, such as models 

involving charged Higgs or WR bosons in addition to WlfL. However, the simple 

charged Higgs model of Ref. [2.130] gives [2.135] r N 1. (c) The weak 
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interaction contribution to the electric dipole moment of the neutron. The 

models involving charged Higgs particles typically yield [2.130] 

dN = lc-25 e-cm, whereas the other models typically give dN = 10 -30 e-cm. 

Nonperturbative contributions to dN are discussed below. (d) CP violating 

effects in the decays of heavy quarks. For further discussion of the phenom- 

enology of CP violation, see [2.136]. 

A serious complication is that CP violation can be associated with non- 

perturbative effects in the strong interaction (QCD) sector of the theory. As 

will be described in the next section, the normal QCD Lagrangian is CP in- 

variant. However, it is possible to add an additional term 

(2.226) 

where F1 
lJJ 

are the gauge covariant field tensors of QCD, to the Lagrangian. 98 

violates both P and T. 28 can be written as a total divergence, but neverthe- 

less the contribution of28 to the action does not vanish because nonperturba- 

tive instanton effects [2.137-1381 generate non-zero surface terms. Because 

of anomalies SO is generally not invariant under the global unitary trans- 

formations that are needed to make the quark mass matrix real and diagonal 

[2.139]. When expressed in this basis, the effective 0 in (2.226) is 

Cl = eQCD + 'QFD ' 

where eQcD is the bare value from the QCD Lagrangian and 

eQFD = arg det mL , 

(2.227) 

(2.228) 

where det m L = (det my)(det rnz) is the determinant of the quark mass matrix, 

with m L R defined in (2.45). 
, 
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Therefore, CP can be violated not only by the explicit weak interaction 

effects described above but also by SO. Note that 0 # 0 in general even if 

'QCD =?. ZO is expected to contribute dN = ce/mN to the neutron electric 

dipole moment. From the limit [2.140] on dN one typically requires 

8 < 10-8-10-10, depending on c. In order to see the effects of this con- 

straint, it is useful to divide the various models into three classes: 

(a) If the model possesses a global chiral Ul symmetry (with an 

anomaly) then gO can be rotated away (i.e., c= 0) [2.139]. However, this 

possibility is disfavored, because if the Ul is spontaneously broken there 

will be an axion [2.138] (a pseudo-Goldstone boson which acquires a very small 

mass from instanton effects). Axions are disfavored experimentally [2.141], 

although there are ways to evade the experimental limits [2.142]. Alternately, 

if the Ul is not spontaneously broken then there must be a massless quark. 

However, the current quark masses ratios 

m U - = 0.47 It 0.11 
md 

(2.229) 

"d = 0 . 042 + 0 . 007 m S 

obtained [2.143] from the meson and baryon mass spectra, p-w mixing, and the 

n + 3~ decay rate are incompatible with mu = 0 or md = 0. (The small values 

of mu and md tend to suppress dN, but this is included in the estimate of c 

[2.144].) 

(b) In models without a Ul symmetry, if the CP violation is hard (i.e., 

if there are dimension four terms in the Lagrangian which violate CP, such as 

go, complex Yukawa terms, or complex quartic Higgs couplings) then both 8 Q'J' 
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and eQFD receive divergent renormalizations. One can simply choose the re- 

normalized 8 to be sufficiently small, but this is not very elegant, especially 

since i; typically requires that 0 QcD be chosen to cancel 8 QFD' and it is not 

obvious why these two parameters should be related. (The situation is similar 

to the problem with the cosmological constant, although not nearly so severe.) 

Ellis and Gaillard have argued [2.145] that 8 is in fact a momentum dependent 

quantity. In the KM version of the GWS model, which has hard CP violation, 

the divergent renormalizations do not occur until very high order. Therefore, 

the QL dependence of 8 is very slow [2.145], and if 8 is very small or zero 

for some unknown reason for any mass scale between zero and the Planck mass 

it will remain small in the entire range. Analogous statements do not hold 

in most other models of hard CP violation. 

(c) Another possibility is to impose CP as a symmetry of the Lagrangian, 

or at least of the dimension four terms, so that CP is violated spontaneously 

(in the vacuum) or softly (through terms of dimension <4). In this case the 

bare value of eQcD is zero. The corrections and eQFD are finite and calcu- 

lable. 

Spontaneous CP violation means that the Lagrangian is CP invariant but 

some of the Higgs fields have complex VEV's. This can occur if there are two 

or more Higgs multiplets [2.146] (three are required if a symmetry cp, -t -pm is 

imposed [2.130]). These VEV's generate CP violating phases in the gauge and 

Yukawa couplings when they are expressed in terms of the mass eigenstate 

fermion and Higgs fields. From the magnitude of CP violation observed in the 

kaon system, one typically expects 8 
QFD 

which is much too large. 

Several authors [2.132-133,2.147] have constructed models in which extra sym- 

metries (in addition to CP), which may be discrete, or continuous (global or 
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local), are imposed on the Lagrangian in order to restrict the form of the 

Yukawa couplings and force det mL to be real at the tree level. Of course, 

a non-zero BQFD is still generated by loop corrections to the quark mass 

matrix, but in the examples cited it can be sufficiently small. In some 

cases the extra symmetries force the CP violating phase in the KM matrix to 

vanish, so that physical CP violation must be mediated by Higgs or additional 

gauge bosons (charged or neutral). 

None of the solutions to the strong CP problem appear completely satis- 

factory. Models with hard CP violation require an artificial adjustment of 

the renormalized 8. Models with spontaneous or soft CP violation generally 

require a complicated Higgs structure and apparently ad hoc extra symmetries. 

As will be further discussed in Chapters 5 and 6, these extra symmetries are 

often incompatible with the constraints of grand unification. Furthermore, 

in most models with spontaneous CP violation the CP invariance is restored at 

high temperature so that a baryon asymmetry cannot be generated (some excep- 

tions are discussed in Chapter 6). The restoration of CP at high temperature 

could also lead to an undesirable domain structure of the universe [2.148]. 

Conclusion 

In conclusion, there are an enormous variety of extensions of the GWS 

model, including the possible existence of new gauge bosons, new fermions, 

and additional Higgs bosons. Many grand unified theories incorporate some or 

all of these extensions, although they are also possible outside of the con- 

text of grand unification. Tests for such effects include increased precision 

in the measurement of ordinary charged and neutral current processes, improved 

studies of CP violation, studies of the production and decay of heavy fermions, 
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and searches for neutrino oscillations. Especially important are improved 

searches for flavor changing neutral current effects, such as in rare decays 

of kaon: and leptons. 

2.5 The Strong Interactions 

2.5.1 Description 

The basic properties of the strong interactions, as determined by 

hadron-hadron interactions, are: (a) They are very strong. For example, the 

pion nucleon coupling constant g,NN is given by gzNN/4” N 14. (b) They are 

short ranged (r = 1 fm) . (c) Hadrons are big, with sizes of order 1 fm. 

(d) They are invariant w.r.t. C, P, and T transformations, and they conserve 

I3 , strangeness, charm, electric charge, baryon number, etc. (e) They are 

approximately invariant w.r.t. global SU2, SU 3, chiral SU2, and chiral SU3 

transformations. 

Many phenomenological models and theoretical ideas approximately describe 

and correlate various aspects of the strong interactions. For example, one 

boson exchange potentials, when supplemented with hard or soft cores, give a 

reasonable description of the low energy NN interaction (Fig. 2.10). High 

energy scattering is described by Regge theory, dual models, and other S-matrix 

type ideas. Soft pion theorems and current algebra sum rules, which are 

closely related to chiral symmetry, constrain low energy meson-nucleon inter- 

actions and various hadronic weak decays. The spectrum and -properties of 

hadronic resonances are partially described by SU3 symmetry and Regge theory. 

The quark model [2.149] describes many more aspects of the spectrum, 

decays, and interactions of the hadrons. Persuasive additional evidence for 
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the quark picture was provided by the scaling behavior observed in the deep 

inelastic reaction ep + e + X (Fig. 2.11). Scaling means that the cross section 

remains-large as the momentum transfer Q 2, -q2 -+ ~0, as is expected if the 

nucleon consists of non-interacting point-like constituents (quarks, or as 

they were originally called in this context, partons), rather than falling 

rapidly as would be expected if the nucleon were large and diffuse. The de- 

tails of the scattering supported the spin-i nature of the constituents [2.150]. 

There are two distinct distance scales relevant to the strong interac- 

tions. At short distances (high momentum transfers) hadrons appear to consist 

of weakly or non-interacting quarks. At long distances (low momentum trans- 

fers) , on the other hand, the hadrons appear to be large and strongly inter- 

acting. Also, isolated quarks have never been definitely observed [2.151] 

(although there are some indications in the Fairbank experiment r2.1521). 

These facts suggest that the strength of the interaction between quarks is 

zero or very small when the quarks are close together (asymptotic freedom) 

but gets large when the quarks are far apart. It would therefore be impossible 

or very difficult for quarks to be isolated from each other (confinement). 

Each flavor of quark is believed to exist in three varieties or 

colors [2.153]. Physical hadrons are neutral w.r.t. the color quantum number. 

The color quantum number was first motivated by the statistics problem in 

the baryon spectrum (Section 2.2). Additional evidence includes the T’ -+ 2y 

decay rate and the e+e- annihilation cross section. 

All of these aspects of the strong interactions (symmetry properties, 

quarks, colors, asymptotic freedom, etc.) are tied together in quantum 

chromodynamics (QCD), which is the only serious candidate for a field theory 

of the strong interactions. 
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2.5.2 Quantum Chromodynamics [2.154] 

QGantum chromodynamics [2.155] (QCD) is a gauge theory based on the 

gauge group SU3. SU3 has eight generators, and the structure constants 

C ijk = f.. ilk' i,j,k = 1 ,...,8 [2.156] are totally antisymmetric. SU3 acts ,on 

the quark color indices (without changing flavor), so it is often written as 

$9 where c represents color. The quark fields qQ of a definite flavor 

transform according to the fundamental triplet representation 

L1 = X1/2, i = l,... ,8, where the Ai are the Gell-Mann matrices [2.156]. 

The leptons are of course SUZ singlets. SUS is assumed to not be spontane- 

ously broken. Therefore the eight gauge fields Gi (referred to as gluons) 

are massless. It is often convenient to express the gluon fields in a non- 

Hermitian basis defined by G: s (G) 
a3 

where the 3x3 matrix G is defined by 

Gi ; Gig, . (2.230) 
i=l 

so that (Gi)? = GE and Gi = 0. 

The QCD Lagrangian is 

PQCD 
li ' = -z FPV FuV1 + 1 <i i $ q! - (TLo m" qi + H.C.) , (2.231) 

r 

plus ghost terms. (One can also add ge defined in (2.226).) The field ten- 

sor is given by 

Fi = au G; - a, G; + gs f.. j k 
w ijk Gp GV ' (2.232) 

The gluon kinetic energy term is rewritten in the Gz basis in Section 3.2. In 

(2.131), the index r runs over the quark flavors. The quark covariant deriva- 

tive 
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(2.233) 

is independent of flavor and non-chiral (the same for qL and qR). m", the bare 

(or current) quark mass matrix, is independent of color but is a matrix in 

flavor space. m" may actually be generated by the Higgs mechanism in the 

weak sector of the theory, but it can be thought of as a bare term as far as 

QCD is concerned. The form of the quark covariant kinetic energy term is 

unchanged by the AL and AR transformations that diagonalize m", so without 

loss of generality we may take m" to be real and diagonal. The diagonal 

entries m" r are the bare or current masses of quark flavor r. 

Asymptotic Freedom 

The SU; gauge coupling constant gs and the strong fine structure con- 

stant a E S gg/4.ir determine the strength of the interaction between two quarks, 

as indicated in Fig. 2.12. Actually, c1 s is not a constant, but a function of 

Q2 E -q2, where qu is a typical momentum relevant to the process being con- 

sidered. To see this intuitively, consider the higher order vacuum polariza- 

tion diagrams to the gluon propagator shown in Fig. 2.12b-c. The virtual 

quark-antiquark pair in 2.12b will screen the color force, while the virtual 

gluons in 2.12c will anti-screen. The effective color interaction strength 

will therefore be a function of the distance between the quarks or, equiva- 

lently, of the momentum carried by the gluon. If the number of quark flavors 

is not too large, the antiscreening effects will dominate and the interaction 
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will become weaker for high momentum (short distances). Therefore, QCD 

incorporates asymptotic freedom [2.157]. Non-abelian gauge theories are the 

only re^alistic asymptotically free field theories [2.157-1581. 

A proper calculation of the effective or running coupling as(Q2), in- 

cluding vertex and quark self energy diagrams, as well as a precise definition 

of its meaning, is given in [2.157]. The equation satisfied by os is 

daS 

dRnQ2 
=4nbcx;+O(a~) , 

where 

b = -v-i- 
2n 

(4M2 [ 1 ll-+ , 

(2.234) 

(2.235) 

where n 
9 

= 2F is the number of quark flavors (F is the number of families). 

Actually, only those quarks which are light compared to d- Q2 are counted in 

%' 
For nq 5 16, we have b < 0, which means that the theory is asymptotically 

free. The solution of (2.234) is (neglecting the oz terms) 

1 1 = 
as (Q2) as (A21 

(2.236) 

where A is an arbitrary reference momentum. For Q2 -+ 00, the first term on the 

right can be ignored, giving 

as (Q21 = 3;:;n + , 
q Rn Q 

n2 
-0 
Q2+* 

(2.237) 

which displays the asymptotic freedom of QCD for no 5 16. 
L 
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Therefore, QCD incorporates asymptotic freedom and approximate scaling 

(the parton model) for Q* -t 0~. For small Q2 (long distances), on the other 

hand, tre right-hand side of (2.237) becomes large. The perturbation theory 

approximations used in deriving (2.237) break down in this regime, and one can 

only speculate on what happens. One possibility is that the true os grows 

large for small QL, resulting in the strong coupling regime of strong inter- 

actions, quark confinement, and more generally the confinement of all fields 

that carry color. If this last hypothesis is correct, then gluons cannot 

propagate freely through space. This would be one reason that the observed 

strong interactions are short ranged. Also, physical hadrons are color 

singlets. Thus, they cannot emit or absorb a single gluon, but must interact 

via the analog of dipole-dipole forces. Two nucleons could interact by the 

exchange of two or more gluons or of a qq pair, for example. The one boson 

exchange model of the N-N interaction would then be an approximation in which 

the qq pairs are assumed to form bound state mesons. 

Let us temporarily consider QCD without the heavy quarks (c,b,...), 

which presumably have little relevance to ordinary hadrons. If we further 

neglect the bare masses of the light quarks (u,d,s) (this should be a good 

first approximation, at least for the u and d quarks) then 9 
QCD 

contains no 

dimensional parameters. In fact, the renormalized effective fine structure 

constant as(QL) in (2.237) depends only on an arbitrary reference mass A, not 

on the bare gauge coupling in 9 QCD ’ Therefore, in the limit- of neglecting 

bare masses QCD has no arbitrary parameters (other than the CP violating 8 

parameter discussed in Section 2.4.4). os depends only on Q2/A2; the other 

hadronic mass scales, such as the proton mass and the pion decay constant, 

are presumably given by pure numbers times A (of course, we don’t know how 
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to calculate the coefficients). In some sense, the Lagrangian coupling con- 

stant gs has been traded for a massive parameter A. The value of A is not 
4 

observable, however, since it merely sets the mass scale for the strong in- 

teractions. This picture is not greatly altered by the introduction of non- 

zero masses for the u, d, and s quarks as long as they are small compared to 

A. 

Since we do not know how to calculate the proton mass m in terms of A, 
P 

it is necessary to invert the logic and use m or some related scale such as 
P 

1 GeV, as our reference scale. Then A in GeV can be found from o.,(Q'). which 

in turn is determined from the deviations from scaling observed in deep in- 

elastic reactions or from charmonium. There is a complication, however, in 

that there is no unique way to define the renormalized coupling as(Q2). It 

cannot be defined in terms of the on mass shell quark-gluon vertex, for ex- 

ample, because quarks and gluons are presumably confined and cannot be "on 

mass shell." Various definitions of os, which differ in the finite parts of 

the renormalizations involved [2.159-1611, correspond to different values of 

A. The expressions for physical quantities are independent of the renormaliza- 

tion prescription to lowest nontrivial order in as, but not to higher order. 

A convenient definition of ~1~ for deep inelastic scattering, which reduces 

the effects of higher order terms, is the modified minimal subtraction (MS) 

scheme, in which not only the l/& poles in dimensional regularization but the 

associated factors of Rn 47~ - yE are subtracted from the unrenormalized gauge 

coupling [2.160]. Values of A from various deep inelastic scaling violation 

measurements have been compiled by Ellis [2.162] and expressed in terms of 

%is* He concludes that Am = 0.5 GeV with an unknown (perhaps of order 

several hundred MeV) error. Higher twist effects could reduce hi by as much 

as a third. 
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A has also been determined from various aspects of the charmonium and 

bottomonium systems. Typical values obtained are [2.163] A ,( 100 MeV. The 

apparent discrepancy with the value obtained from deep inelastic scattering 

may be due to the fact that higher order corrections have not been included 

in the quarkonia estimates. Until such corrections are computed one cannot 

tell whether A should be identified with Am or with some other definition of 

A. The experimental and theoretical status of the determination of A leaves 

much to be desired. This is unfortunate, because A is a principal input into 

the estimate of the proton lifetime in grand unified theories (Chapter 4). 

Running Coupling Constants 

It will be useful for future reference to list the relevant formulas 

for the effective or running coupling constants g(Q*) and a = g2/4r in a gen- 

eral gauge theory. Only the effects of gauge bosons and fermions (both of 

which must be light compared to the momentum to be included in the formulas) 

are given. For the effects of scalars, see [2.157-158,2.164]. The key equa- 

tion is 

d g2 
dRn Q2 

= b g4 * O(g6) , (2.238) 

where 

bz-1 
(4N2 

L+,(G) - $T~ ; 1 (2.239) 

C2(G), the quadratic Casimir operator for the adjoint representation of G, is 

given by 

‘21’) “ij = C k R 'ikR 'jkR ' 
, 

(2.240) 
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For example, C2(SUn) = n and C2(Ul) = 0. Tf, which is related to the Casimir 

operator- for the fermion representation, is 

T 6 f ij = $ Tr(Lt LL) + i Tr(Li Li) 
(2.241) 

. . 
> Tr L1 L' , 

LL=LR=L 

where LL R are the representation matrices for the left- and right-handed 
, 

fermions, respectively. If b is positive (negative) g increases (decreases) 

as Q2 increases. The solution of (2.238) is (ignoring the g6 terms) 

1 1 2 
-=- 
NQ21 MM21 

+ 4~ b Rn !- , 
Q2 

(2.242) 

where M is a reference scale, such as the A used in QCD. However, for appli- 

cations to GUTS it will be convenient to take M equal to the grand unification 

scale. 

For SU:, we have C2(G) = 3 and Tf = nq/2, where n = 2F is the number of 
9 

color triplets (flavors). For SU2 (in the GWS model), C2 = 2 and Tf = n/4, 

where n is the number of left-handed doublets. Hence, n = 4F, since each 

family has one lepton doublet and quark doublets for each of the three colors. 

For U:, C2(G) = 0 and Tf =iTrYf+-$-TrYi=?. Therefore, forQ2 >> M2 W' 
2 

MZ' we have 

,"Ei2 = -&[ll - f F] 

(2.243) 

dog: 1 20F =- -- . [ 1 dRnQ2 4' ' 
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The SUS and SU2 gauge couplings are asymptotically free for F < 9 and F < 6 

respectively. a 
g' 

increases with Q2 for any F > 0. Similarly, for Q2 < Mt, 

Mi the unbroken Ul group is Ul EM, for which Tf = Tr Q2 = 8F/3 (ignoring fermion 

masses), so that 

do-e' 1 

II 1 32F < 0 =- -- 
dRnQ2 4' ' 

(2.244) 

Symmetries of QCD 

Most of the symmetries and conservation laws respected by the strong 

interactions are automatic consequences of QCD. That is, the constraint of 

renormalizability (gauge invariance) completely determines the form of L? QCD' 

except for the number of quark flavors, the mass matrix m", and the P and CP 

violating L$ (2.226). The effects of ge vanish to all finite orders in per- 

turbation theory, but will generally be non-zero when non-perturbative effects 

are considered. I will assume that g'e is small or negligible for some unknown 

reason, as discussed in Section 2.4.4. 

Then, 2p-D automatically conserves quark number N q (baryon number is 

Nq/3). Furthermore, the only term inLZ 
QCD 

that can violate C, P, T, or the 

quark number for individual flavors is the mass matrix m". However, m" can 

be transformed into a real and diagonal form without affecting the rest of 

gQCD (except for 6i"e) so that without loss of generality we can work in the 

mass eigenstate basis. Then, C, P, T, I', Q, strangeness, charm, bottom num- 

ber, top number, etc., are all automatically conserved by QCD. One can there- 

fore regard the many symmetries of the strong interactions as dynamical 

accidents: no observable symmetry violation terms can be added to LZ QCD 
without destroying renormalizability. One might fear that weak interaction 
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corrections to strong processes might induce large parity violating effects. 

That is, a virtual W’ boson in a loop diagram may induce parity violation in 

strong processes to order g2 rather than to order GF. Weinberg has shown 

[2.165], however, that for gauge theories such as QCD these parity violating 

O(g2) corrections only affect m”. They can therefore be rotated away and are 

unobservable in strong processes. 

QCD also incorporates current algebra and chiral symmetry ideas. The 

following scenario is generally believed, although many aspects have not been 

proven. In the limit of neglecting m”, 9 
QCD 

possesses an exact global 

sun x Sun 
9 9 

XU~XLJ~ chiral symmetry, where n 
9 

is the number of quark flavors. 

Ui is just the baryon number symmetry, while Ut is the axial baryon number 

symmetry generated by the current 

J; = c 9, Yp Y5 qr 
r 

(2.245) 

The observed strong interactions do not exhibit the Ut symmetry. (This is the 

Ul problem.) It is generally believed [2.166] that the lJt is violated by non- 

perturbative instanton effects which generate non-zero matrix elements for 

the anomaly in 8 l JA, but the issue is still controversial [2.167]. The 

chiral SU, 
9 

x SU, 
9 

group is generated by n2 - 1 vector and ni- 1 axial vector 
9 

charges which rotate the left- and right-handed flavors separately. The bare 

masses of the c and heavier quarks are believed to be sufficiently large that 

only the SU3 x SU3 subgroup associated with the u, d, and s quarks is a good 

approximate symmetry of .LY QCD ’ 

SU3XSU3 is explicitly broken by rn:, rni, and rn$ which are called the 

bare or current masses. In the limit m: =m i =m z = 0, the physical hadronic 

states are arranged in degenerate multiplets of the SU3 generated by the 
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vector charges. However, the physical spectrum does not exhibit any indica- 

tion of parity doubling or massless fermions. The eight axial generators must 

therefore be spontaneously broken, implying the existence of eight massless 

pseudoscalar Goldstone bosons, which can be identified with the IT, K, and n 

mesons (if Ut were a good symmetry there would be a ninth Goldstone boson with 

mass comparable to the pion after the quark masses are given non-zero values). 

There are several manifestations of this spontaneous symmetry breaking, in- 

cluding a non-zero VEV for the scalar operator cr q, (the analog of a Higgs 

field), a non-zero pion decay constant f?,, defined by the matrix element of 

the axial current between the vacuum and the one pion (or one kaon or n) 

state, and a non-zero constituent quark mass MC (which is the same for u, d, 

and s). The constituent mass is a non-perturbative dynamical effect generated 

by the SSB. It would be the physical quark mass if quarks were not confined. 

With confinement, MC is related to the mass parameters appearing in potential 

and bag models. It sets the scale for the nucleon masses. fr and ML, which 

measure the amount of spontaneous symmetry breaking, are of the order of 

hundreds of MeV. The scale is presumably set by A. 

When the current masses are given non-zero but equal values, the chiral 

symmetry is explicitly broken down to ordinary SU3. The major effect is that 

the Goldstone bosons acquire masses u2=m. For rnz = rni f rnz, SU3 is broken, 

and for rni # rni, SU2 is explicitly broken, leading to splittings in the hadron 

multiplets (also the constituent masses are shifted). The absolute values 

of the current masses depend on the renormalization prescription, but the 

ratios are essentially independent of renormalization effects [2.143]. From 

the pseudoscalar and baryon spectra, p-w mixing, and the n + HIT decay one 

obtains [2.143] mu/md = 0.47 + 0.11 and m /m d s = 0.042 f 0.007 (m without the 
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superscript refers to the renormalized current quark mass). Typical estimates 

[2.168] of the scale yield ms in the range from 150 to 300 MeV, corresponding 

to mu an^ md in the ranges 3-6 and 6-13 MeV, respectively. mu and m d are 

very small compared to other hadronic mass scales, so that SU2x SU2 is an 

excellent approximate symmetry of the strong interactions [2.169]. Also 

"u + md so that isospin symmetry is broken not only by electromagnetic effects 

but by quark mass differences in ,5Z? QCD' The approximate validity of isospin 

is therefore not due to a near degeneracy of mu and md but rather to the fact 

that they are both too small to greatly affect hadronic physics. The explicit 

breaking of SU3 and of SU XSU chiral symmetry by bare quark mass terms in 3 3 

QCD are concrete realizations of the Coleman-Glashow tadpole model [2.170] 

and of the Gell-Mann-Oakes-Renner model of chiral symmetry breaking [2.171]. 

Like coupling constants, the effective quark masses vary with Q2. The 

current and dynamical masses are believed [2.171a] to go 1Zke a constant and 

UQ2, respectively, for large Q2, up to logarithms. 

Conclusion 

QCD is an attractive theory of the strong interactions, which incorpo- 

rates the quark model, asymptotic freedom, chiral symmetry, the one boson 

exchange model, and other desirable features, at least qualitatively. Many 

aspects, especially in the strong coupling regime, are beyond our ability to 

calculate in detail, but the qualitative features are encouraging. The only 

quantitative tests of QCD to date involve scaling violation in short distance 

processes. Even here the situation is obscured by higher order and higher 

twist corrections. 

The basic ingredients of QCD are quarks, gluons, and their interactions. 

Few physicists today doubt the existence of quarks. The distribution of 
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hadrons observed in e+e- annihilations at PETRA strongly suggests the ex- 

istence of gluons. The observed strong interactions provide evidence for 

the quark-gluon interaction, but there is no direct evidence for the gluon 

self interaction, which is a signature of the non-abelian nature of the 

theory. 

Other aspects of QCD, such as glueballs (which would provide evidence 

for the gluon self interaction), multi-quark states, jets, strings, bags, 

instantons, etc., are thoroughly discussed in the current literature. 

I will briefly mention several possible modifications of QCD which are 

relevant to grand unification: (a) Many authors [2.172] have discussed the 

possibility of exotic heavy quark states placed in color sextets, octets, or 

other SUc representations. 3 Pati and Salam have emphasized the possibilities 

(b) that quarks may have integer electric charges (+l,O) [2.173] (in which 

case Q does not commute with SUS; and (c) that the underlying color group is 

SU4 [2.174], which is spontaneously broken down to SU;. The leptons are 

identified as the fourth color, with R G B (u ,u ,u ,ve), (dR,dG,dB,e-), etc. in 

SU4 quartets. One can consider both integer and fractional quark charge ver- 

sions of this model. These models are considered in more detail in Section 

3.4.5. (d) Okubo [2.175] has discussed other possible color groups. 

2.5.3 Dynamical Symmetry Breaking 

Motivations 

Dynamical symmetry breaking (DSB) refers to the possibility of the 

spontaneous breaking of global or local symmetries without the introduction 

of explicit Higgs fields. An example is the presumed DSB of chiral symmetry 

in QCD. 
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There are several reasons that many people object to the introduction 

of Higgs fields into the standard model: 

(a) They introduce many arbitrary free parameters, in the Higgs 

potential and Yukawa couplings, into the theory. This tends to undo one of 

the most attractive features of gauge theories, namely that they prescribe 

the form of the interactions. 

(b) Higgs and Yukawa effective couplings tend to increase with 

Q2 [2.157-158,2.164] (i.e., they tend to destroy asymptotic freedom). 

(c) Scalar self energies are quadratically divergent, so that re- 

normalized and unrenormalized scalar masses are related by 

(2.246) 

where 1 is the scalar quartic coupling and K is an ultraviolet cutoff. Wilson 

and Susskind have argued [2.176] that K should be interpreted as the Planck 

mass 101' GeV (i.e., that quantum gravity somehow cuts off the divergence). 

The bare parameter u2 o must then be adjusted (or fine tuned) to ~38 decimal 

places in order to obtain a small renormalized mass such as u = 1 GeV! 

(Weinberg [2.177] has argued against this interpretation, however, on the 

grounds that (2.246) is simply an artifact of the regularization procedure.) 

(d) In most grand unified theories there are two distinct mass scales,, 

at M W N 100 GeV and at 1014 GeV. This large ratio or hierarchy of masses is 

difficult to obtain using the Higgs mechanism. 

Technicolor 

The basic idea in most DSB schemes is to replace the Higgs field by a 

composite field [2.178-1801. Let us first consider the example given by 
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Susskind [2.180] of an ordinary SUix SU2xUl model without Higgs fields. 

Presumably, the composite operators uu and Tih develop non-zero equal vacuum 

expectation values 

<o(Uulo> = <O[ddlO> = A3 (2.247) 

where A -N MC is the QCD parameter which describes the scale at which the strong 

interactions become strong. These non-zero VEV's, or vacuum condensates, im- 

ply the DSB of SU2X SU2 chiral symmetry. There will be three composite 

Goldstone bosons rl, i= 1,2,3. The vacuum condensate also breaks the SU2XUl 

electroweak gauge symmetry. The vacuum polarization tensors of the W and Z 

bosons will develop poles at k2 = 0 due to the Goldstone pions as shown in 

Fig. 2.13, with residues g2fi/4 and (g2 + g '2v;/4, respectively, where the 

pion decay constant (which is related to MC) is defined by 

<olqJ Y5 $ q[T'(k)> = ik,,fn Sij . (2.248) 

Therefore, the W and Z bosons will acquire masses [2.180] 

2 2 M; = M; cos2ew = F fr . (2.249) 

The pion degrees of freedom are "eaten" by the gauge bosons, so that the com- 

posite pions play the role of the Higgs fields, with the pion decay constant, 

which measures the amount of DSB, replacing the VEV v in (2.158). The rela- 

tion between MW and MZ is preserved by the DSB because of the unbroken SU2 

symmetry of the condensate, which ensures equal decay constants for all three 

pions. 

This model cannot be considered a realistic model of DSB because it 

leads to MW = 30 MeV (i.e., fT/v = l/3000). Also, there are physical pions 

in the real world, so they have not been eaten. 
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Weinberg [2.179] and Susskind [2.180] have suggested the existence of 

a new interaction, called technicolor (TC) or hypercolor [2.181], or primed 

color [2.122], which is assumed to be similar to the color interaction except 

that its scale parameter A' = 1 TeV is -3000x larger than the scale A of QCD. 

(It need not be based on the SU3 group, however.) Ordinary quarks and leptons 

would be singlets w.r.t. technicolor, while new families of fermions would be 

introduced to carry the TC quantum number. Some of these technifermions 

would transform as SU2 doublets, and they could carry ordinary color as well. 

Suppose one introduces an SU2 doublet of techniquarks, U and D, for example. 

Then, in analogy with QCD, it is assumed that the SU2LXSU2R symmetry of the 

techniquarks is dynamically broken by a condensate 

<OIuUIO> = <O/ED/O> = AI3 . (2.250) 

The associated technipions T', with decay constants Fn = 3000 fT, will then 

be eaten by the W' and Z bosons, yielding masses 

= cos28 W 
= (2.251) 

of the correct values. The techniquarks will have constituent masses of order 

A' = 1 TeV. This should be the typical scale of bound states of the techni- 

quarks (techni-mesons and -baryons). 

The ordinary quarks and leptons, which are TC singlets, are not much 

affected by the TC interactions. In fact, the major problem of simple TC is 

that there is no mechanism for generating current algebra masses for the 

ordinary fermions. There should still be a condensate of the u and d quarks, 

generating three massless pions, which exist as real particles. 

The dynamics of the TC scenario have not been established, although 

some progress has been made by Pagels [2.182]. An interesting alternative by 
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Marciano [2.183] dispenses with TC and introduces quarks transforming accord- 

ing to sextets or octets w.r.t. ordinary SU;. He argues that these quarks 

may form condensates at mass scales much larger than those relevant to color 

triplets because of their larger color couplings. 

Extended Technicolor (ETC) 

Dimopoulos and Susskind [2.184] and Eichten and Lane [2.181] have sug- 

gested that the problem of generating current algebra masses for the ordinary 

quarks and leptons could be solved by embedding the TC group in a larger gauge 

group, the extended technicolor group (ETC), in which the new generators con- 

nect ordinary and TC fermions. For example, a quark q and a techniquark Q 

could be combined in a multiplet (qQ) of ETC, such that the TC subgroup acts 

only on Q while the new bosons, called the E bosons, of the ETC/TC quotient 

group connect the q and Q. One must assume that the ETC group is somehow 

spontaneously broken down to an unbroken TC subgroup, so that the E bosons 

obtain very large masses. Then quark q can acquire a mass from the diagram 

in Fig. 2.14, giving 

(2.252) 
23 2 

gE mQ gE <OjcQIO> , E---N- 
8~' M2 87~~ E M2 E 

where the cutoff on the integral occurs because the running constituent mass 

of Q decreases rapidly for !?,' ,>m is 
One expects gi/8T2 = 1 at the relevant 

momentum scales so that for m = 100 MeV and m 
9 Q 

= 1 TeV one must have 

ME = 100 TeV. 
mq 

will be a constant (up to anomalous dimension logarithms 
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neglected in (2.252)) for momenta small compared to m Q, but will fall rapidly 

for R2 > m2 
," Q' 

This should be sufficient for m 
9 

to successfully imitate a true 

current algebra mass in ordinary low energy applications. 

A number of comments are in order: 

(a) The possibility of TC interactions and DSB is logically independent 

of the existence of elementary scalar fields, The ordinary GWS Higgs particles 

could exist in addition to new interactions, or TC could replace the GWS Higgs 

but not the Higgs fields associated with the breakdown of grand unified 

theories. 

(b) One of the problems with ETC is that the ETC must be spontaneously 

broken at a scale of 100 TeV. This could be done by an explicit Higgs 

mechanism or by yet another level of superstrong interactions that give mass 

to the E boson in the same way that TC gave mass to the W and Z. These new 

interactions could be an extension of the ETC group [2.181,2.184-1851 or 

somehow be the ETC interactions themselves [2.181]. 

(c) Raby, Dimopoulos, and Susskind [2.185] have suggested that a large 

ETC group may naturally break down in a hierarchy of steps, with typical 

masses MEl, ME2, . . . . (See Chapter 6.) This could explain the hierarchy of 

light fermion masses: the mass hierarchy of the Ei would be carried over 

(and magnified by the quadratic dependence) to the fermion masses generated 

by the exchange of Ei. 

(d) Models in which color and technicolor are unified-at a high momen- 

tum scale may solve the strong CP problem [2.186]. There is a single 8 param- 

eter in 9that can be set equal to zero by an appropriate phase choice for 

the fermions. The Lagrangian is then CP invariant, and physical CP violation 

must somehow be generated dynamically by the condensates. Whether a realistic 
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physical CP violation can occur without producing an unacceptably large effec- 

tive 0 is unknown. 

(he) Th e successful relation Mi cos2ew requires that the TC con- 

densate be invariant w.r.t. an SU2 group under which the SU2L gauge bosons 

transform as a triplet [2.179-180,2.187]. If this SU2 is the isospin group 

then in order to have mu # md it is necessary for the ETC couplings to ex- 

plicitly violate isospin [2.181,2.184,2.187], e.g., by assigning uR and dR to 

different ETC representations [2.181]. 

(f) In ETC models with more than a single doublet of techniquarks 

there will typically be many Goldstone bosons [2.181,2.184], only three of 

which are eaten. The others will acquire masses in the lo-25 GeV range [2.181] 

(-A Fir) by radiative corrections associated with the SLJSX SU2XUl interac- 

tions (which break the techni-chiral symmetry). These bosons preferentially 

couple to the heaviest fermions, but unlike the Higgs particle in the simplest 

GWS model they usually couple as pseudoscalars. Their properties are dis- 

cussed in [2.181,2.184,2.188-1891. 

(g) The ETC interactions may mediate [2.181] observable flavor changing 

neutral current interactions of the light fermions with strength 

N ME2 N 1O-5-1()-6 GFq 

Dynamical symmetry breaking is an extremely attractive idea, but so far 

no really compelling examples have been given. The ETC models manage to 

eliminate the Higgs doublet, but only at the cost of introduding an enormously 

complicated structure of new interactions. 

Attempts to combine the DSB ideas with grand unified models will be 

discussed in Chapter 6. 
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2.6 The Standard Model 

2.6.1-Description 

The standard model of the strong, weak, and electromagnetic interactions 

is just the combination of the GWS model of electroweak interactions with QCD. 

The gauge group is the direct product Gs E SlJix SU2xUl, with couplings gs, 

g, and g' for the three factors. Ignoring the generalized Cabibbo mixings, 

the fermion representations are 

2nd Family: [ gL [ ;!f], +~4i (2.253) 

3rd Family: [ ;:j, [::I, sJ&' 

where SU2 doublets are arranged in a column and SUc 3 triplets are indicated by 

the superscript a. The particle content could just as well have been expressed 

entirely in a basis of left handed fields using Jli Z C Fi. The first family 

would then be 

(2.254) 

where the charge conjugate quark fields transform as 3* under SU;. One can 

add additional families and/or right handed neutrinos vR (or v;) to (2.253) if 

desired. 
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2.6.2 Unanswered Questions 

T-he standard model successfully describes or is at least consistent with 

all known facts of elementary particle physics. It is a mathematically con- 

sistent field theory in which all of the known interactions are basically 

gauge interactions, (There are also the Higgs self interactions and the 

much weaker Yukawa interactions.) The standard model is probably correct to 

some level of approximation, but few physicists believe that it is really the 

ultimate theory of elementary particles. The problem is not that the model 

has any inconsistencies or wrong predictions, but that it has too much 

arbitrariness. 

Amongst the unexplained features and unanswered questions are: 

(a) The pattern of groups and representations is complicated and 

arbitrary. Why should the gauge group be a direct product of three differ- 

ent factors? Why are the fermion representations such that SLJS is non-chiral 

(parity conserving) while SU2XUl is chiral? What is the purpose of the 

second and third families, which are merely more massive repetitions of the 

first family? (This is the modern version of the old question, "Why does the 

muon exist?") 

(b) The strong, weak, and electromagnetic fine structure constants 

(at Q2 = 10 GeV2) are as -N 0.4, ag = 0.03, and ae = 0.007. why do these 

couplings, and sin2BW = a,la 
g 

, take the values that they do, and in particular, 

why are they so different? 

(c) Electric charge is not quantized. That is, the electric charge 

operator is Q = T5 + Y, where the hypercharge assignment can be made inde- 

pendently for each representation. The only group theoretic constraint is 

that the charge differs by one unit between the fields that are associated in 
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a doublet. However, the charges of leptons, quarks, and Higgs scalars need 

not be related by simple factors like one or three. (If one adds the further 
. . 

constraint that anomalies in the A1A1 B and B3 vertices should be absent, then 

one has 3y 
qL + YIlL = 0 (the hypercharges of the right-handed fields are fixed 

by requiring qeL = qeR, etc.), but this does not suffice to relate the quark 

and lepton charges. If one also imposes q, = 0, then yRL = -i and 1 y = +-, 
qL 6 

which yield the correct fermion charges. The Higgs charges are still uncon- 

strained, however.) 

(d) The Higgs parameters and the Yukawa couplings are free parameters. 

This means that the complicated pattern of fermion masses, the fermion mixing 

angles and phases, and the W and Higgs masses are completely arbitrary. The 

neutrino mass can be forced to be zero by not introducing a vR singlet, but 

if it is introduced there is no reason for the neutrino mass to be small. 

Even given the hypercharge assignments, the standard model for three families 

has 19 observable free parameters [2.60] (26 if right-handed neutrinos are 

introduced). These are: 3 gauge couplings, two 8 parameters for the SLJ; and 

SU2 subgroups (one can add the analog of ge to SU2, but its effects are much 

too small to be observable [2.190]). The parameters u2 and A from the Higgs 

potential (which determine Mw and u,), 10 parameters from the quark mass 

matrix (6 masses, 3 mixing angles, and one CP violating phase), and 3 charged 

lepton masses (with vR one must add 3 neutrino masses, 3 lepton mixing angles, 

and 1 phase), for a total of 20 (or 27). One must then subtract one overall 

mass scale to obtain 19 (or 26). 

(e) There are several quantities that are arbitrary in the standard 

model which appear to be unnaturally small. These include the ratio of the 

neutrino masses (if they are non-zero) to other fermion masses, the ratio of 
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fermion masses to the W and Z masses (i.e., the ratio of the Yukawa couplings 

to the gauge coupling), the ratio of the strong interaction scale A to the 

weak interaction scale M w, the value of the 8 parameter, and the incredibly 

small ratio of the observed cosmological term to the value induced by SSB 

(the primordial cosmological term could have been added to the enumeration 

of free parameters above) . The values of these quantities suggest the 

existence of dynamical constraints that force them to be small (some possi- 

bilities for 8 were discussed in Section 2.4.4). 

(f) Gravity has not been included in the standard model. 

Grand unified theories, to which I now turn, were motivated in part by 

the desire to constrain some of these quantities that are arbitrary at the 

level of the standard model. 
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3. GRAND UNIFIED THEORIES 

3.1 General Description 

The basic idea in a grand unified theory is that if Gs : SU; x SU2 X Ul 

is embedded in a larger underlying group G then the additional symmetries may 

restrict some of the features that were arbitrary in the standard model. A 

typical consequence of this embedding is that the new symmetry generators and 

their associated gauge bosons involve both flavor and color. The new inter- 

actions generally violate the conservation of baryon number and, in most 

models, lead to proton decay. The observed limit of r > 10 30 
P 

yr on the 

proton lifetime then requires that the baryon number violating interactions 

must be extremely weak. For models in which the proton can decay via the 

exchange of a single gauge boson X, the lifetime limit typically requires 

that MX > 1014 GeV, twelve orders of magnitude larger than the W' and Z masses! 

An unfortunate consequence of this extreme weakness is that the experimentally 

accessible consequences of the new interactions, other than proton decay, are 

very few or nonexistent. 

If G is simple, which basically means that it is not a direct product 

of factors like SU3 or SU2, or if it is a direct product of identical simple 

groups related by discrete symmetries, then G has only one gauge coupling 

constant. If the theory is probed at momenta Q* large compared to Mi, where 

all spontaneous symmetry breaking effects can be ignored, then the strong, 

weak, electromagnetic, and baryon number violating interactions all look 

basically similar and there is a single coupling constant. Quarks, anti-quarks, 

leptons, and anti-leptons would be fundamentally similar; typically, some or 

all of these are placed together in the same representation of G. It is only 
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for Q* < Mi that SSB becomes important and the running fine structure con- 

stants"a 3' o2' and al of the SU3, SU2, and Ul subgroups become different, as 

shown in Fig. 3.1. The observed strong, weak, and electromagnetic inter- 

actions, with their very different properties and coupling constants, are 

therefore simply the result of the pattern of SSB of the underlying group G. 

The values of the coupling constants measured at Q * 5 M$ can be used 

in the simpler models to predict MX, the mass of the boson which mediates 

proton decay. Because of the large difference between the couplings at low 

momentum and their slow (logarithmic) Q* variation, MX is typically predicted 

to be extremely large. In the Georgi-Glashow model, for example, MX is pre- 

dicted to be 21014 GeV, the same scale needed to explain the approximate 

stability of the proton! 

3.2 The Gauge Group SU, 

Before discussing the Georgi-Glashow SUS model, it will be useful to 

review the formalism of the Sun groups. The group Sun is defined by its 

fundamental representation, which is the group of n x n unitary matrices 

(with complex entries) with determinant one. A general Sun transformation 

can be written as 

(3.1) 

= exp(-i;8*t) , 

where the n*-1 generators L1 are Hermitian (which quarantees that U is unitary) 

and traceless (which implies det U = 1). The L1 may be normalized so that 

Tr(LiLj) = Sij/2. Sun has rank n - 1, which means that n - 1 of the generators 
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can be simultaneously diagonalized. It is conventional to write Li E X1/2; 

for the-case n = 2, the A1 are the Pauli matrices. 

A convenient basis for the representation matrices can be defined in 

terms of the traceless matrices Li defined by 

(3.2) 

(the reason for writing the row index as a superscript will become clear sub- 

sequently). For a f b, g is a non-Hermitian matrix with (Lz)ba = 1 and all 

other entries zero. Note that (LE)? = Li. The n(n - 1) Hermitian matrices 

-$LE + Lt) and $(c - Lt) are therefore the non-diagonal generators of SU,. 

For SU2, for example, 

L; = 
L 
0 0 
10 I 

0 1 , L; = 
0 0 

are the raising and lowering matrices, and 

r*, 
-i(Li - L~J 

2 

(3.3) 

(3.4) 

are Hermitian. 
aa 

For a = b, the Hermitian matrix Lz is diagonal, with (La) a = (n - 1)/n 
ab and (La) b = -l/n for b # a. The n matrices Lt are not independent (LLz = 0), 

so a more convenient basis for the n - 1 diagonal generators are the matrices 

1 

J2k(k + 1) 
1 

-k 

(3.5) 
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for k = l,...,n - 1. There is no particular labeling convention for the 

n2-1 generators. The commutation relations are easily calculated 

(3.6) 

The abstract Sun group is defined in terms of the n2-1 generators Tz, 

with (Tt)+ = Ti and pt = 0, with commutation rules 

(3.7) 

A set of Hermitian generators T1 are defined from the T; in analogy with the 

relation between L1 and Lt. 

Fields transforming according to the fundamental n dimensional represen- 

tation will be denoted by $', c = l,...n, so that 

I?;, d”] = -(c)‘d qd 
The Hermitian conjugate xc E (I/J C-i- ) = ($i)c transforms according to the n* 

representation 

LTt, x,1 = -[$b*)jcd xd’ 

where 

and 

$(n*) = -LtT = -Li 

(3-S) 

(3.9) 

(3.10) 

Fields transforming as n* 'are denoted by lower indices. Higher representations 

transform as direct products of n and n* representations. For example, the 

n2-1 dimensional adjoint representation P: (with CP a 
a a 

= 0) transforms as 

(3.12) 
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Rules for the construction of irreducible representations by symmetrizing 

and an&symmetrizing indices, taking direct products, counting the dimensions, 

working with Young tableaux, etc., are described in [2.9]. It should be 

noted that the n* transforms like the n - 1 fold antisymmetric product of n's: 

blb2'svbn-l 
xa a Eab cp (3.13) 

1 'a'bn-l 

where E is the totally antisymmetric tensor with n indices (E, 7 n = +l>. 

It is easily verified that under finite transformations, 

lJc -f UC d$d = ("i)d 

td 
xc+xd(u I,= (xut)c 

a1 t b' 
Vi + Uaa, p,,,(U ) b = ta (up" > b , 

where U is defined in (3.1). Hence, quantities formed by contract .ing i 

such as 

are Sun invariants. 

For an Sun gauge theory there are n&-l Hermitian gauge fields Ai 

convenient to define the n x n matrix A by 

n2-1 
LAG 1 x -1 
47 i=l 

LiAi = 2 , 

where the fields 

< E (A) ab 

(3.14) 

ndices, 

(3.15) 

It is 

(3.16) 

(3.17) 

are non-Hermitian for a # b. For the case n = 2, for example, 
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A=t 

i 

A; $ 

, (3.18) 

where Ai = (Al - iA2)/&, and where the diagonal terms are written in the basis 

in (3.5). For n = 3, 

A= , (3.19) 

where Ai = (A1 - 
2 1 iA )/a, A3 = (A4 - iA')/fi, and AZ = (A! - iA7)/fi. Note 

that 

TrA2 = n>l (Ai) . 
ill 

The covariant derivatives for the n and n* representations are 

(D,IJJ)~ = [au&t - ig(% l :)ab] $b = [au&E - g (‘$);I Jib 

(DuX), = 
I 
8,6", - ig[$ l <(n*)lab Xb = 

I i 
$6b, + = (A ) b 

fi pa 'b 1 
ab 

For the n(n- 1)/2 dimensional antisymmetric representation $J. = -q)ba, 

(DP~)ab = au$ab - ig(i, •1)~~ Qcb - ig(xP l ?)bd @ad 

g (A$; 'bcb - $ (A,,; Qad 

(3.20) 

(3.21) 

(3.22) 
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The gauge invariant kinetic energy term can be constructed as in (2.68). 

One ha+ 

.5? li 
kin = -TFpv F 

iw = - + (F,,J; (F"l; 

where 

(3.23) 

(3.24) 

3.3 The Georgi-Glashow Model [3.1] 

The Georgi-Glashow (GG) SU5 model [3.2] was the first attempt to embed 

the standard model in an underlying simple group. The model is the simplest 

grand unified theory that is phenomenologically viable. Many, but by no means 

all, of the shortcomings of the SLJS x SU2 x Ul standard model are resolved in 

the GG model. I will describe the structure of the model in Section 3.3.1, 

relying heavily on the detailed study by Buras, Ellis, Gaillard, and Nanopoulos 

(BEGN) [3.3]. The strengths and weaknesses of the model are outlined in 

Section 3.3.2. A detailed discussion of proton decay, the baryon asymmetry 

of the universe, and various other theoretical and phenomenological issues is 

reserved for Chapters 4 through 6. 

3.3.1 Basic Structure 

The Fermions and Gauge Bosons 

The twenty-four generators of SU5 are T",, a,b = 1,...,5, with TE = 0 [3.3a]. 

The SU; and SU2 subgroups are generated by 

TB - 1 $ TV 
a 3 a y' 0,~ = 1,2,3 (3.25) 
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and 

T; - + 6; T; , r,s,t = 4,5, (3.26) 

respectively, where (0~1, hs,t>, and (a,b,c,) will be used to denote 

su;, SU2’ and SU 5 indices, respectively. 

The Ul and electric charge generators are 

lo lr Y = -3Ta+ZTr 

(3.27) 
Q = T3 + Y = ;(T; - T5) + y = -+T; + T; , 

5 

respectively. In addition, SU5 has twelve new generators Tz and TF, a = 1,2,3, 

and r = 4,5, which relate the flavor and color quantum numbers, rotate quarks 

into leptons, etc. 

The 24 gauge bosons g transform according to the adjoint representation, 

which decomposes into 

24 = (8,1,0) + (1,3,0) + 

w+ J w" 

(l,l,O) + 

B 

(3,2*, -;)+ (3*,2,+;) 
, (3.28) 

A: Ai 

where the entries (n3,n2 ,y) represent the representations under the SU3 and 

SU2 subgroups and the weak hypercharge. Baryon number violating interactions 

are mediated by the twelve new bosons AZ and A;, which carry both flavor and 

color. The color anti-triplet bosons Ai and A:, which transform as an SU2 

doublet, are written 

A4 a = xa > Q, = + 
(3.29) 

A; = Yo , Q, = 3. 

Their antiparticles are ?Ta EA: and YcL -A:. It is convenient to display the 

5 x 5 matrix (3.16) A = y Aihi/fi. It is 
i=l 



h 

A= 
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G; G; - j?& G; 

3 
G2 

x1 Y1 

x2 Y2 

x3 Y3 

W3 
77% 

W+ 

W- W3 3B -:+- 
J2 JT?i 

, (3.30) 

where G: and W' = (W IL T iW2)/J7. 

I have written the diagonal elements of A in terms of the bosons in the 

SLJZ X SU2 X Ul subgroup for later convenience, rather than using the basis 

(3.5). The coefficients of the Ul boson B are just fi Lya, where Ly is the 

matrix representation of Y normalized so that Tr< = 3. 

It is convenient to specify the transformation properties of the left- 

handed fermions and anti-fermions, as described in Section 2.4.2. Each 

family of fifteen fields is placed in a reducible 5* + 10 dimensional repre- 

sentation. The 5* field ($J,), has an SLJS x SU2 x Ul decomposition 

5* = (3*,1,+) + (1,2*, -$, , 
(3.31) 

(+,)a (@L)CX (@L)r 

while the 10 (an anti-symmetric product of two 5's) dimensional field 
ab 

JIL decomposes as 
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10 = 
h 

ab 
+L 

(3*,1, -f) + (3,2,; 
(3.31) 

Hence, ignoring for now the question of Cabibbo-like mixing between families, 

one can identify 

10: $“L” = 1 
Jz 

! 

e- 

-V 
eiL 

0 u; 
C 1 

-u2 -u /d' 

C 
,Ll 3 O Ll; 2 -u -d2 

u; -uy 0 3 -u -d3 

u1 u2 u3 0 -e+ 

d1 d2 d3 e+ 0 

(3.33) 

(3.34) 

Note that quarks, leptons, and anti-quarks (uc and dc) appear together in 

representations. The charge assignments of the fields can be verified using 

IQ,+1 = -4'. The l/v?? in (3.34) is a convenient normalization factor. The 

identification of (e- -ve)l with a 2* field ($,), follows from ($,), = ~~~ Ri, 

-T Similarly, q 
54 

where RL = (ve e )L is a 2 and &45 = -cs4 = 1. = +45 = 

1, * sr- 1 
2 rs =zr Pr is an SU2 singlet identified with Finally, 
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transforms like a 3* of SU3. Equations (3.33) and (3.34) 

are redly the fields in an interaction basis, although I have suppressed the 

superscripts for clarity (cf. (2.132)). Many of the signs are conventions. 

These signs, as well as the mixings between families, are fixed when the 

fields are reexpressed in the mass eigenstate basis. 

It is convenient to display the fermion assignments (for three families) 

as 

5* 

I 
\ 

I 

V 
e 

di 
e+ 

e- JL L 

C 
S 

a 

1 

'L 

'L 

10 

a 
U 

d" 

a 
C 

2 

ta 

ba 

tC 
a 

J 

'L 

(3.35) 

where I am still neglecting mixing and am assuming that the lightest quarks 

are associated with the lightest leptons. (This is not a priori obvious. It 

must be derived by diagonalizing the fermion mass matrix.) In (3.35), pairs 

of fields that are associated in an SU2 doublet are arranged in a column. 

SUZ transitions involve the color indices ~1. SU5 currents coupled to the X 

and Y bosons involve transitions between adjacent columns. It is the presence 

of u, d, and uc quarks together in the same representation that leads to 

fermion-number violation and proton decay in the model. 
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It is sometimes useful to display the right-handed charge conjugate 

-field+ 

(3.36) 

which transform as a 5 because of the Hermitian conjugation in (3.36). 

The gauge covariant kinetic energy terms for the fermions are given by 

equations (3.20) and (3.22): 

pf = iGi$) a (@J$ a + i(GL>ac (NLlaC 

= tGia [i P 6: + JZ g5 !$I oI;Ib _ 

+ (TLlac I2 3 6: 
2g5 a + Jz &I $’ ) 

(3.37) 

bc where the anti-symmetry of $, has been used and g5 is the SU5 gauge coupling. 

Of course, one would get the same result using (3.21) for QLa rather than 

(3.20) for (Qa. The gauge part of LZ'~ may be rewritten in a more convenient 

form, using 

and the identity 

(3.38) 

to yield 



-- 
(WL Wi $ [;lL + (Ve 

+ 6 g5 [-$(cL@vL + CLBeL] + $ [GL$uL + xL$dL] 
2- 

+ 3 UR fl UR - i dR pI dR - gR J-4 eR 1 
+ dLay'eE + E --c-Y yl-IuP 

a(3-f 54 L 1 

E oByE;Yylid; 

(3.39) 

The first two terms are just the conventional SU3 and SU2 interactions, pro- 

vided we identify gs and g with g5 (at momentum scales sufficiently large 

that SSB can be ignored). The third term is the Ul interaction; we must take 

g’ = f $85' the i- $ being due to the fact that f 
'3 5- Y is a properly normalized 

SU5 generator. The last two terms represent the baryon and lepton number 

violating interactions coupling the fermions to the X and Y bosons. It should 

be reemphasized that the fermion fields in (3.39) are in the interaction basis. 

They will be related to the mass eigenstates by unitary transformations. 

Some typical interaction vertices are shown in Fig. 3.2. The X and Y 

bosons are known as lepto-quark bosons because of the transitions from quarks 

into anti-leptons which they mediate. They are also referred to as diquark 

bosons because two quarks can annihilate into an X or Y. 
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Proton Decay 

%agrams which can mediate proton or bound neutron decay are shown in 

Figs. 3.3 and 3.4. The diagrams in Fig. 3.3 lead to p -t e+qq, where the qq 

pair can form into neutral mesons such as TO, p", w, n, ~'IT-, etc. Some of 

I . the diagrams can also lead to n + e+Ed, where iid can be rr-, p-, r-no, etc. 
I Such decays could of course be relevant to neutrons bound into nuclei which 

are energetically stable with respect to ordinary B decay. The diagram in 

Fig. 3.4 can generate such decays as p + %r+, p -+ To+, n * 77~ O, VP0 - ) VW, Tn, 

etc. Assuming that MX - MY >> m p (the proton mass) we expect that the diagrams 

in Figs. 3.3 and 3.4 can be approximated by a four fermion interaction of 

2 2 strength a5/Mx, where o5 = g5/4r. Therefore one expects 

M4 
-1 x 

rp 25 
o5 "p 

Taking a5 - a and requiring r > 1030 
P 

yr (the exper imental limit) th is implies 

MX 2 1014 GeV, twelve orders of magnitude larger than s or MZ. However, as 

we shall see shortly, MX can be predicted independently from the values of 

%’ 
g, and g' measured at low energy, and a value of MX 2 10 14 GeV indeed 

(3.40) 

emerges, suggesting that if the GG model is correct, the proton lifetime may 

not be much longer than the present lower limit. 

Spontaneous Symmetry Breaking 

It is assumed that there are three different momentum scales relevant 

to the Georgi-Glashow model, as illustrated in Fig. 3.5. 

(a) For Q2 >> Mi, all SSB can be ignored and SU5 appears to be an un- 

broken symmetry. The coupling constants g,(= g,), g,(= g), and gl(= 
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of the SU3, SU2, and Ul subgroups are all equal to the SU5 coupling constant 

g5 (wh&ch is of course a function of Q2). 

(b) For Q2 2 MG, SSB can no longer be ignored. It assumed that SU5 

is spontaneously broken down to SUS x su2 x u 1 by an adjoint (24) representa- 

tion a", (@E = 0) of Higgs fields. The SUS x SU2 X Ul invariant components 

of 4, have very large VEV's, of order 10 14 GeV. The Cp therefore generates 

MX = My 2 1014 GeV, MW = M =m 
z JJ=mq=o- 

For 4 << Q2 2 Mi, SU; x SU2 X Ul 

is an approximately unbroken symmetry, and g3, g2, and gl evolve independently. 

There are assumed to be no new thresholds associated with new bosons or fer- 

mions in the mass range between Mw and MX, so this rather uninteresting region 

is referred to as the desert or plateau. Of course, one could consider more 

complicated models with numerous thresholds, but if the GG model in its 

simplest form is correct, then we can expect to see little qualitatively new 

physics (other than proton decay!) in the foreseeable future. 

(c) It is assumed that a S-dimensional Higgs representation Ha with 

a much smaller VEV of order 100 GeV breaks the SUS x SU2 x U 1 symmetry down 

further to SU; x Uy, generating IMx - MyI N MW - MZ 'v O(100 GeV) and 

mR # 0, mq # 0. Hence, for Q2 5 4, EM the observed symmetry is SU; x Ul . The 

SUE X SU, X U, content of Ha is 
3 L I 

5 

Ha 

where Ha is a color triplet 

model. The physical Ha fie 

made very massive. 

= (3,1, -g + (1,3,$ 

Ha 
(3.41) 

cp 

of boson and cp is the Higgs doublet of the GWS 

Ids can a lso mediate proton decay, so they must be 
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Coupling Constant Predictions 

?n the standard model the coupling constants g,, g, and g' were all 

arbitrary. In the SU5 model, on the other hand, the generators are all part 

of the same simple group, so G, g, and g' are all related to each other for 

Q22 M2 X' 

For example, 

? -2 
s-jn2(jW = g IL g1 I 

= -----+A 
2 

gr2 + g2 81 
5 2 

+'?;g2 Q GMi8 

2 a - e 
g2 sin2eW 3 -= 

<- 2 
-* - 

28 
gS is: Q2 2 MX 

A direct asymptotic calculation of sin20w follows from the fact that 

sin20 
2 1 (t3)2 

= 5 = a a = WT312 
W 

g2 5q12 WQ2) ' 
a 

(3.42) 

(3.43) 

where the sum extends over all the fields in one representation (any repre- 

sentation should give the same answer). This is because 

eQ = g5 6 
(3.44) 

gT3 = g5 F3 , 

where 6 and T3 are properly normalized SU5 generators (e.g., TrL2^ = $). The 
Q 

prediction of sin2eW is one of the most exciting features of the GG model. 

When the model was first studied, the value of sin20W was not well known 

experimentally, and a large value seemed reasonable. Subsequently, however, 

Georgi, Quinn, and Weinberg [3.4] pointed out that the sin2eW measured in 

neutral current experiments at Q2 2 4 is smaller than 3/8 because of the Q2 
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dependence of the coupling constants. This is fortunate since sin2eW is 

now determined to be [2.70] 0.229 + 0.009 (t0.005). Similarly, a/as 

decreases with decreasing Q2. The Q2 dependence of these quantities can be 

calculated from the renormalization group equations, as described in Section 

2.5.2, so from the values of sin2ew and of a/as measured at low Q2 one can 

in principle obtain two independent estimates of MX. If the estimates agree 

then the three coupling constants g3, g2, and gl all come together at the 

same point, providing a consistency check on the theory. The basic equations, 

obtained by treating the various thresholds as step functions, ignoring Higgs 

fields, etc., are [3.3-3.51 

1 1 

8; CQ21 g; (M;) 
= -pi Rn $ , 

MX 

where 

p, = - 1 [F _ f f] 
161~~ 

(3.45) 

(3.46) 

where f = 2F = nq is the number of quark (or lepton) flavors. Equation (3.46) 

can easily be obtained by (2.243). One then has 

(3.47) 

= _ + 5 dQ2) 1 
6 9 

as (Q21 
, 
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independent of f (higher order corrections do depend on f). If one takes 

clrcls z-4/30 at Q2 = 10 GeV2, for example, then (3.47) implies MX =lO l6 GeV 

and T 2 1o37 
P 

yr [3.3], too long to be observable in planned experiments. 

Sin2eW is predicted to be z 0.19 at Q2 = 10 GeV2, which is approximately the 

right value. As we will see in Chapter 4, small corrections to these formulas 

will imply large corrections to the value of MX and therefore to -c - M4. 
P x 

Current estimates yield MX 2 1014 GeV and r 2 10 30 
P 

yr, which is precisely 

the region to which new experiments will be sensitive! 

The Higgs Sector 

Let us now consider the Higgs sector of the theory in more detail. The 

adjoint Higgs representation Qb a (O", = 0) can be written as a matrix (similar 

to the matrix A for the gauge bosons). 

with @", = @')ba' If @ were the only Higgs representation, then [3.3] 

2 

+ i b Tr(Q4) + i c TrQ3 . 

(3.48) 

(3.49) 

V is usually simplified by imposing a symmetry under @ -+ -a, so that c = 0. 

The VEV (Ol@lO) can always be taken to be diagonal by performing a suitable 

SU5 transformation (3.14). Then, according to Li [3.6] V will be minimized 

for (Ol@lO> = diag (v,v,v,v, -4~) if b < 0 or (o/@~o) = diag (v,v,v, -$v , 

-$v) if b > 0, where diag (a,b,c, . ..) refers to a diagonal matrix with 

entries a, b, c, .,. , SU5 is spontaneously broken to SU4 x Ul or to 
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su3 x su* x ul, for the two cases, respectively. We are interested in the 

latter>ituation, so we will assume b > 0 and a > -7b/15, which is needed 

for positivity [3.3]. Then [3.3] 

? 
v2 = 21.1L 

15a + 7b (3.50) 

and the X and Y boson masses are 

2 2 25 2 MX = My = 8 g5 v 2 (3.51) 

Twelve of the Higgs fields Cp - (Ol@lO) are eaten by the Higgs mechanism and 

the other twelve bosons have super heavy masses of order fi V. They do not 

couple to fermions and are therefore of limited interest. 

SU5 can be broken down to SU4 x Ul if b < 0, if c # 0, or possibly if 

radiative corrections are important. Guth and Tye [3.7] have considered the 

case c # 0 in connection with the suppression of magnetic-monopole production 

(Chapter 6). 

In the presence of two Higgs representations, Q and H, it is possible 

EM to break the symmetry down to SUS x Ul . The fundamental Ha consists of Ho, 

a color triplet, and an SU2 doublet cp that plays the role of the doublet in 

the GWS model. If one considers a potential 

with no cross coupling between @ and H, then, assuming SUS is not broken, 

one has (OlH5/O) = $vo, where vz = 2ug/X and 4 = g2vi/4 (I have modified 

the notation from Chapter 2 to conform to that of BEGN). Unfortunately, the 

theory contains two neutral color triplets of Higgs fields, Ho and 0:. One 

linear combination, which consists mainly of @t, is eaten to give mass to the 
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Y boson. However, the orthogonal combination, which is approximately Ho, 

repres%ts an unwanted massless colored Higgs particle that could mediate 

proton decay. 

The problem can be removed by adding cross terms (which are in general 

present) 

V(Q,H) = aHtH TrQ2 + @H+Q2H + GH+QH (3.53) 

to the potential to give mass to the Ho. If the @ -f -ip discrete symmetry is 

imposed then d = 0 and the extremum of the combined potential is [3.3] 

(01610) = diag [V,V,V, (-$ - ~E)v, (-$ + ~E)v] and (O/H5/O) = & V. where 

Note that EV << v. for v. << v. 

triplet Higgs field, the VEV of 

(3.54) 

This is good because @i - @z is an SU2 iso- 

which is strongly constrained by the neutral 

current data (Section 2.4.4). v and v. are determined by 

2 
+ 

1 
2 

bv2 2 9 2 
+ CYX 0 + 30 @o 

(3.55) 
2 

n5 = ; A$ + 15 av2 + ; Bv2 - 3 EBV2 . 

Furthermore, the physical color triplet Higgs field is (for B < 0) 

with 

JZV 
2 

ha 5 Ha + 2 (p; 
! I 

vO +o- , 
V2 

2 
1-lh = -; pv2 

(3.56) 

(3.57) 

We wish to choose parameters so that $ 2 Mi (so that h exchange does not lead 

to too short a proton lifetime) and vi <<< v2. This is clearly possible, but 
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it requires a very delicate adjustment or tuning (to one part in v2/vi " lo24) 

of the Farameters in (3.55). This is our first glimpse of the hierarchy 

problem. For most values of the parameters in the Higgs potential, vi and v2 

(and therefore Mi and M$ will be of the same order of magnitude. To obtain 

a hierarchy of very different scales a very fine tuning of parameters appears 

to be necessary. 

A description of the physical Higgs particles is given by BEGN [3.3]. 

Magg and Shafi [3.8] and Sherry [3.9] have considered the minimization of the 

potential V(Q) + V(H) + V(O,H) in more detail, and have found that for 

a > -7b/15, b > 0, B < 0, SU5 is indeed broken down to SU; X Ul EM (other 

patterns of breaking occur for other ranges of the parameters). Buccella, 

Ruegg and Savoy [3.10] have extended the analysis to the breaking of Sun by 

one adjoint and one fundamental Higgs representation. These analyses all 

impose the discrete symmetry under Q + -a. Scott [3.11] has shown that the 

desired breaking can also occur for a special case of the model for which 

this discrete symmetry has not been imposed (c # 0, 6 # 0). The most general 

case with c # 0, 6 # 0 has been studied (for SU,) by Ruegg [3.12]. The 

EM desired breaking of SU5 to SUS x Ul can occur for a range of the parameters. 

Symmetry breaking by several adjoint [3.13] or several antisymmetric tensor 

[3.14] Higgs representations has also been considered. 

Fermion Masses 

The left-handed fermions are assigned to 5* and 10 dimensional repre- 

ab sentations $ba and $, . The form of a mass term for two left-handed fields 

I/I, and xL is (ignoring SU5 indices) 
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ji'L C xL + H.C. = x'L C $L + H.C. E $ XL + H.C. , (3.58) 

where C = -CT is the charge conjugation matrix defined in (2.110). Yukawa 

terms have the same structure, but are multiplied by a scalar field. Hence, 

Yukawa terms for the SU5 model must be of the form 

T 
'La ' 'Lb + H.C. 

$fa C $;" + H.C. (3.59) 

*T;b c lgd + H.C. 

with an appropriate contraction of indices with the Higgs fields. Family 

indices can be added if desired. The first and third terms, if present, 

imply the violation of fermion number by two units in the model. The second 

ab 
term is invariant w.r.t. fermion number if $L and QL, are assigned fermion 

numbers fl, respectively. 

The decomposition of the direct products in (3.59) are 

5* x 5" = 10 + 15 

5" x 10 = 5 + 45 (3.60) 

10 X 10 = 5* + 45* + 50 . 

None of these products include a 24, so the adjoint representation @", does 

not couple to fermions (this is fortunate because otherwise the natural scale 

for fermion masses would be mf 5 Mx). There could be couplings 

(3.61) 

of two 5X' s (m and n are family indices) to a symmetric (15) or antisymmetric 

(10) dimensional Higgs (Hzb = Hka, Hib = -Hy), if these were introduced into 

the theory. The 10 does not contain any neutral color singlet, so it would 
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not contribute to the fermion masses if SU: 

tains a"color singlet that transforms as an 

x UEM is unbroken. The 15 con- 
1 

isotriplet under SU2. Note that 

'ALa ' @nLb = $ALb ' ljfmLa ' 

so that the couplings to HS or H A would have to be symmetric or anti- 

symmetric in the family indices, respectively. 

If only the (6", and Ha fields are included (The effects of a 45 will be 

discussed below. The 50, like the 10, has no neutral color singlet component.), 

then the only Yukawa couplings are 

+ H.C. = y mn a $;; 4 + H.C. 

and 

5nn E JI Tab abcde mL He + H.C. 

(3.63) 

(3.64) 

where E abcde is the totally anti-symmetric tensor. It is-the coupling (3.64) 

that violates fermion number and leads to proton decay in the GG model. The 

interaction is symmetric in the family indices m and n so that Fmn can be 

taken to be symmetric. 

For (OIHajO) = $vo 6:, the Yukawa coupling (3.63) generates the fermion 

mass matrix 

vO -- 
2 'mn dnL + '& e+ mR nL I 

+ H.C. = - dR Md dL - ?$ Me e+L + H.C. (3.65) 

where 

Md '0 = Me = 2y . (3.66) 

(For notational convenience, Md is the adjoint of the matrix defined in 

Section 2.4.3.) That is, the SU5 symmetry requires that the d quark and 

positron mass matrices must be the same. This result continues to hold if 
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several five dimensional Higgs fields are included. In particular, the eigen- 

values are the same: 

=m md e 

m =m 
S 1-I 

% = mT 

(3.67) 

At first sight the relations (3.67) appear to be a disaster. However, the 

fermion masses must be interpreted as effective masses with values that 

depend on the momentum at which they are measured. The predictions (3.67) 

only apply for Q 2 2 M;. The Q2 dependence of the fermion mass operators has 

been computed by BEGN [3.3, 3.51, with the result that for Q2 < M2 x, 

(3.68) 

with similar results holding for the other ratios. It is conventional [3.15] 

to define a “physical” current quark mass by the value m (Q2) where Qi is 
9 0 

defined by Qi = i-- 2mq(Q3 - This definition is excellent for heavy quarks, 

questionable for the s quark, and inadequate for the u and d quarks. Nanopoulos 

and Ross [3.16] have added threshold and higher order effects to (3.68). They 

find that mb is predicted to be 5.3, 5.8, and 6.9 GeV to lowest order for 

% 
= 6, 8, or 10, respectively. These values are for A = 300 MeV. The effect 

of higher order corrections is to increase these predictions by 21 GeV. 

These values are somewhat high compared to the expected value of 25 GeV, but 
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one may view this approximate agreement as a triumph for the model. Nanopoulos 

and Ross [3.16] and BEGN [3.3] argue that the strong n dependence of the 
-ci 9 

predictions requires that there be no more than three families (n 
4 

= 6) of 

fermions. For the s quark, the situation is less satisfactory. The prediction 

to lowest order is ms = 470 MeV for n = 6. 
9 

The prediction is increased by 

higher order corrections or for n > 6. 
9 

This value seems rather high. 

Typical estimates of the s quark current mass are 150-300 MeV [2.168], but the 

theoretical uncertainty is at least a factor of two. The absolute value of 

the d quark current mass is even more difficult, but fortunately the ratio 

md'ms of current algebra masses is essentially independent of renormalization 

effects [2.143]. Hence, (3.67) implies 

md me 1 -=----=- 
m 207 

S ml-l 
(3.69) 

This is to be compared to the phenomenological value [2.143] of md/ms 'v $ 

obtained from the meson and baryon mass spectra (see Section 2.5.2). This 

order of magnitude discrepancy is a serious problem for the SU5 model with 

the minimal Higgs structure. Some possible resolutions of the problem are 

considered in Chapter 6. One can also introduce a 45 dimensional Higgs 

multiplet Hc ab (Hzb = -H:a; Hz" = 0) to the model [3.17, 3.181, with couplings 

and 

$ Tab ef 
'abcef L C $Ld Hd + H.C. . 

(3.70) 

(3.71) 

The coupling in (3.71) is antisymmetric in the family labels (unlike the 

coupling (3.64) which is symmetric). EM The SUS x Ul invariant component of 

H is [3.17-3.181 
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(O\H;510) = v45 (6; - 46; 6;) (3.72) 

for a,b = 1, . . . 4. The 45 generates d and e mass matrices related by 

d Mi5 = -3M45 (3.73) 

If both 5 and 45 representations contribute to Md and Me, then 

d d Me = M; + Mi5 = M5 - 3M45 , (3.74) 

so that in general there is no relation between the d and e masses and mixings. 

However, if only the 45 is present, then (3.67) is replaced by 

m e = 3md 

mu 
= 3ms (3.75) 

after redefining the phases of the right-handed fields. The problem with 

md'ms = me/m is unaffected. 
1-I 

Frampton et al. [3.17] have argued that in this 

case the correct value of i~$ can be obtained if n 9 
= 12 (i.e., six families). 

An interesting model by Georgi and Jarlskog [3.18] involving both a 5 and 45, 

which leads to the correct value for md/ms is described in Chapter 6. 

Let us now consider the mass terms generated by the 10 x 10 x 5 term 

in (3.64). It is 

4v0 
Jz L 

4v0 
Eaey I);;” Cijy,; + H.C. = - 3 rmn KrnR unL-+ H.C. 

= - uR Mu uL + H.C. , 

(3.76) 

where 
4v0 UT M"=-&'=M (3.77) 
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is the symmetric u quark mass matrix. The coupling (3.71) of a 45 would 

generaTe an antisymmetric mass matrix. For three families a purely anti- 

symmetric mass matrix (i.e., that generated by a 45 only) would lead to the 

bad results m = 0, mc = mt [3.19, 3.201. 
U 

The total fermion mass term is therefore 

9 - - i” Mu u” _ 2’ Md do _ 2’ 
F- R L R L R Me ei+ + H.C. , (3.78) 

where I have added superscripts 0 to indicate the interaction basis. Mu, Md, 

and Me are arbitrary F x F matrices in general, but if the masses are all 

generated by an arbitrary number of 5 dimensional Higgs representations then 
UT because of the SU5 symmetry we have the restrictions Mu = M and Md = Me. 

The positron term in (3.78) could be rewritten in terms of electron fields 

as -2 eT O . R M eL if desired. There are no neutrino mass terms in (3.78), but 

they can be added if desired by introducing SU5 singlet GR fields which couple 

to +La via the Ha, just as in SU2 x Ul '(see Section 2.4.4). 

The u, d, and e+ mass matrices can be diagonalized in the same way as 

in the GWS model. One defines d: R = At R dL R such that 
, , , 

I 

md 0 

m 
,d+ Md Ad = Md = 

S 

AR L D 
mb 

, 0 . . 

1 

(3.79) 

, 

with similar definitions for A e+ 
L,R 

and A" L,R' The AL R are determined up to 
, 

phase matrices KL R by the condition that Mi be real or diagonal; the 
, * 

relative phases KLKR are determined by the reality and positivity of MD, and 

the individual phases KL are unobservable but may be chosen to put the matrices 
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into a convenient standard form. In the GWS model the mixing matrices 

A 
$9 AR> and, in the present notation, A e+ 

L' were not observable because the 

fields did not participate in non-diagonal interactions. In the SU5 model, 

however, these matrices are observable in the lepto-quark and diquark inter- 

actions. 

It remains to express the interaction fields di; and ui; in terms of 

the mass eigenstates dnR and unR. Recall that 

T 
d (3.80) 

and that 

Hence, 

(3.81) 

(3.82) d oc 
mL Nn C (dn,)T E dzL 

where dzL is defined as C (dTR)T (i.e., it is not the same as 

Finally, we are free to pick basis states such that ei and dL are diagonal; 

then the 5" and 10 representations, in terms of mass eigenstates, are (in the 

notation of (3.35)) 

V m 
5" 

e- m 

10 
+ 

e + 
I 1 AL e m 

, 
m 

dm 

\ 

1 

,L 

(3.83) 
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2F-1 of the 3F phases in the Kt, KF, 
+ 

and Ke L matrices may be chosen to put 

the KM?natrix AZ into the standard (F-l)2 parameter form. F phases may be 
+ 

chosen to simplify A; , which therefore has F2-F observable parameters. 

The final phase may be chosen to simplify Ai so that Ai and Ai have F2-1 

and F2 observable parameters, respectively. 

In the general case, the matrices AL R are arbitrary. It would even be 
, 

possible to choose mass matrices so that, for example, the u and d quarks 

are associated in multiplets with the 'c lepton, which would greatly suppress 

proton decay [3.21]. However, the situation simplifies enormously if only 

5 dimensional Higgs are included [3.3,3.22-231. One then has At R = AEfR = I 
, , 

UT (in the basis being used). Moreover, the symmetry Mu = M implies (for a 

given A;) 

U* 

AR = A; K* (3.84) 

where K is a diagonal matrix of phases (assuming no degeneracy of the eigen- 

values) which is uniquely determined by the condition that Mi be real and 

positive. Then the 5* and 10 fields are 

5* I 
\ 

V m 

dli 
e- m ,L 

(3.85) 

10 

I A L I 
\ 

C mn "ii 
+ 

i 1 
A C mn e 

-ia, c 
U e n m 

L dm j L 

where AC is the generalized Cabibbo matrix and exp (-ia,) is the n th diagonal 

entry of K* (only F-l of these phases are observable. The last corresponds 

to an arbitrary ,phase of all of the fields in the theory). Hence, except for 
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the extra phases all of the mixing matrices are determined by the Cabibbo 

matrix;- the light quarks are associated with the light leptons, and proton 

decay cannot be "rotated away" [3.3,3.22-231. 

The interactions between the X and Y bosons and fermions can be obtained 

by rewriting (3.39) in terms of the mass eigenstates. In the special case (3.85) 

one has 

g5-a - JZ xv [dRa yp e; + ‘Lo y’ e; + EaBy gy K y” u;] 

+p”p -3 
LT.11 II Ra y' v; - iiLcl A; Yl-l e; + EaBy zLy K A; yn d;] (3.86) 

+ H.C. , 

where u, d, e+, and v are F component vectors in family space. 

3.3.2 Features of the Model 

In this section I summarize the major strong and weak points of the 

Georgi-Glashow model and comment on analogous features in more elaborate 

models. Many of these topics will be discussed in more detail in Chapters 4 

through 6. 

Among the attractive features of the SU5 model are the following: 

(a) The SU5 model incorporates the SLJ; x SU2 x Ul model as a maximal 

subgroup. It is the only acceptable theory with a single coupling constant 

with this property [3.2]. Many larger groups also incorporate the standard 

model but there is generally more freedom in the pattern of SSB. 

(b) The structure of the charged weak current, including maximal 

parity violation and generalized Cabibbo universality of the quark and lepton 

currents are natural features of the model for the 5" + 10 assignment of'the 
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fermions. Larger groups or different representations within SU5 do not 
-51 

always have these features. 

(c) There is no room for a v R in the 5" + 10 representations. Hence, 

the neutrino is massless unless an SU5 singlet vR or a 15 dimensional Higgs 

field (which allows a Majorana mass for vL; this is just the Higgs triplet 

model of Chapter 2) are introduced. Most larger groups include vR fields 

so that the neutrino will generally be massive. 

(d) Electric charge is quantized (i.e., the quark and lepton charges 

are related) because the electric charge operator is an SU5 generator. 

Therefore TrL 
Q = 0 and the sum of the charges of the particles in each multiplet 

must be zero. For the 5*, for example, 3 q dc + qe- 
=Oorqd=+q =-+. e- 

The factor of 3 is the number of colors [3.24]: for an Sun color group the 

generalization of the model to SUn+2 would yield qd = q,_'/n. For larger groups 

the quark and lepton charges may or may not be related, depending on the details 

of the model [3.25]. 

(e) The fact that 01~ >> a at low energies implies a very large unifica- 

tion mass, as is required by the approximate stability of the proton. Most 

other models share this feature. 

(f) The proton and bound neutrons are predicted to decay with an 

mentally accessible lifetime of 'I 
P 

2 1030 yr. Baryon and lepton number 

both violated, but the combination B-L is conserved. Most other models 

experi- 

are 

also 

lead to proton decay but the lifetime and branching ratios depend on the model. 

w sin2eW is predicted to be 'c 0.20-0.21, in the right general range 

but slightly lower than the present experimental values. The prediction of 

sinLeW and the approximate validity of B-L are shared by all models in which 

there is a desert between MW and MX 2 10 14 GeV in which SU: X SU2 X Ul is 
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approximately unbroken and there are no thresholds. Models with several 

stages-f symmetry breaking may allow different values for sin20 W and sub- 

stantial B-L violation. 

(h) The baryon number violating interactions may be able to explain 

the asymmetry between baryons and anti-baryons in the universe, with the 

important consequence that we can exist. It appears that the ratio 

n /n E Y 
- lo-9?1 can be generated in the model, but this depends on the number 

of Higgs multiplets (more than one 5 are required), on the origin of CP 

violation, and on the details of the cosmology. Most other models are 

similar. 

(i) The simplest Higgs scheme, with only 24 and 5 dimensional repre- 

sentations, gives an approximately correct prediction of m,/mr 2 3 for three 

families. The prediction would fail for more families. Most other models 

have more freedom. 

(j) There are no flavor changing neutral current effects associated 

with the light gauge bosons. If more than one Higgs multiplet couple to 

fermions, as is suggested by the baryon asymmetry constraints and possibly 

by the md/ms ratio, then unless extra symmetries are imposed there will in 

general be FCNC effects mediated by the Higgs particles. Their strength 

depends on the Higgs masses, just as in the GWS model. Some of the more 

complicated models include horizontal gauge symmetries which. can also mediate 

FCNC processes. 

The less attractive features of the model include: 

(a) Each family is placed in a reducible 5* + 10 representation. In 

larger groups each family is usually in an irreducible representation. In 
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the SOlo model, for example, each family is placed in a 16 dimensional 

repre&tation, which consists of the 5* + 10 of the SU5 subgroup, as well 

as an SU5 singlet, which is the vR. 

(b) There is no explanation of why there are several families or of 

how many there are (except for the phenomenological constraint on m,/mr and 

the "need" to have 23 families to have CP violation in the ordinary weak 

interactions). The SU5 model has made no progress with respect to the 

standard model on this particular question. Larger groups often include 

horizontal interactions that restrict the family structure. In some cases 

the families are included in a single irreducible representation or in a 

direct sum of irreducible representations without any repetition. 

(c) The difficulties with the predictions for ms and md/ms have 

already been described. Possible solutions include introducing more com- 

plicated Higgs representations, such as a 45 [3.18], or postulating that 

there may be small (a few MeV) corrections to the fermion mass matrix from 

other sources, such as effective nonrenormalizable interactions generated 

somehow by quantum gravity [3.26]. Also, there are no constraints on the 

U, C, and t masses (except that the mass matrix is symmetric) unless additional 

symmetries are imposed on the Yukawa couplings [3.27]. In larger groups not 

involving horizontal gauge symmetries the situation is usually similar: a 

particular Higgs representation may generate a symmetric or. antisymmetric 

mass matrix and may relate the quark and lepton masses. It will generally 

not relate the masses in different families or determine the mixing angles 

unless additional symmetries are imposed. The mass relations determined then 

are as much a function of the extra symmetries as of the gauge symmetry. 

Much stronger restrictions should in principle come about in models with 
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horizontal gauge symmetries, but in practice the results will depend on 

the daails of the Higgs representations and the pattern of spontaneous 

symmetry breaking. Few examples have been worked out in detail. 

(d) The model still has many free parameters. The model with only 

one 2.4 and one 5 Higgs representation has [2.60] 1 gauge coupling, 1 8 ,# 

parameter, 9 Higgs parameters (7 if the discrete Q -+ -@ symmetry is imposed), 

6 quark masses (from which the lepton masses are deduced), and 6 mixing 

angles and CP violating phases, for a total of 23. I have not subtracted 

an overall mass scale because the super heavy masses are close to the Planck 

mass, and I have not included a primordial cosmological term. This is to be 

compared with 19 (or 20) found in the standard model without right-handed 

neutrinos. The Higgs sectors of most larger groups have not been considered 

in enough detail to count the free parameters. 

(e) The SU5 model allows the existence of super heavy (m z 1016 GeV) 

‘t Hooft-Polyakov magnetic monopoles [3.28], which are topologically stable 

classical configurations of the gauge and Higgs fields of a spontaneously 

broken gauge theory [3.29] . These may have been produced in unacceptably 

large numbers in the early universe unless some mechanism is invoked to 

suppress .their production or to enhance the annihilation of monopole- 

antimonopole pairs (Chapter 6). The situation is similar in most other 

theories. 

(f) The model includes a desert between the W and X masses. This is 

not necessarily a problem, but it would be very boring. Of course one can 

introduce additional thresholds in this region, but one then tends to lose 

predictive power. 
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(g) Closely related to the desert is the hierarchy problem. The GG 

2 2 model Requires two distinct mass scales in the ratio M@lx 2 10 -24 . The 

existence of two scales is not a natural feature of the model. It is neces: 

sary to adjust or fine tune the parameters in the Higgs potential, including 

the loop corrections [3.30], to one part in 10 24 to achieve this hierarchy. 

The hierarchy problem exists in most other models unless they manage to have 

a small unification mass or to have a whole sequence of closely spaced thresh- 

olds betweem Mw and MX. Possible explanations of the hierarchy problem are 

discussed in Chapter 6. 

(h) Grand unified models do not include gravity. Supersymmetric 

theories [3.31] are a very promising approach to this problem, but no com- 

pletely satisfactory examples have been given as of yet. 

Other issues, such as CP violation, asymptotic freedom, and neutral 

currents, are discussed in Chapter 6. 

3.4 Other Models 

There have been many suggestions that SU5 may be a subgroup of a still 

larger gauge theory. Among the possible roles of the new generators of a 

larger group are the following: 

(a) They could connect the elements of the 5* and 10 representations, 

so that each family of fermions would be contained in an irreducible represen- 

tation of the larger group. 

(b) They could connect the families (i.e., generate a horizontal 

symmetry) . 

(c) They could generate an entirely new type of interaction, such as 

technicolor or extended technicolor. 
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In this section the basic constraints on extensions of the SU5 model 

and 0;;‘ alternatives will be described, along with a number of examples that 

have been proposed. General theoretical and phenomenological issues will be 

considered in Chapters 4 through 6. 

3.4.1 General Constraints 

There are a number of general constraints that are often imposed on 

grand unified theories. These constraints should be viewed as useful guide- 

lines and not as inviolate rules. 

Single Coupling Constant 

One of the motivations for considering GUTS is to reduce the number of 

free parameters. One desirable constraint is to demand that the theory have 

only one gauge coupling constant (this can be taken to be the definition of 

a grand unified theory). In order to have only one gauge coupling, the gauge 

group G must either be a simple group such as Sun (simple groups are defined 

and classified below) or a direct product of identical simple groups, such as 

sun x sun x sun. In the latter case some sort of refection symmetry that 

interchanges the factors must be imposed on the theory to force the (normally 

independent) gauge couplings to be equal. This in turn requires that there 

be a one-to-one correspondence of the fermion and Higgs representations of 

the factors. Direct products of nonidentical factors cannot in general have 

the same gauge coupling for the factors. Even if one artificially sets the 

renormalized running couplings equal at some momentum they will in general be 

different at other momentum scales. (However, Levin [3.32] has found examples 
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of products of two nonidentical factors for which a relation between the 

gauge?ouplings can be preserved up to the two loop level by a judicious choice 

of fermion representations.) 

Classification 

A subgroup H of a Lie group G is an invariant subgroup if ghg -l E H 

for all g E G, h E H. G is called a simple group if it contains no invariant 

subgroup (other than the identity and G itself). G is called semi-simple if 

it contains no abelian invariant subgroup. Compact semi-simple groups are 

either simple or the direct product of two or more simple groups. For example, 

Sun is simple (and semi-simple), Sun x Sum is semi-simple, and SU2 x Ul is 

neither simple nor semi-simple. 

The algebras of the generators of the simple Lie groups have been 

classified by Cartan. There are four countable sequences of simple Lie 

algebras, AR, BE, CR, and DE, where the rank R is a positive integer. These 

are identified with the generators of the classical groups SU&+l, S02R+l, 

Sp2R9 and S02R, respectively. These groups are defined in terms of their 

fundamental representations. Sun are the n x n complex unitary matrices of 

unit determinant. They leave invariant the inner product of two vectors in 

an n dimensional complex vector space. Son are the n x n real orthogonal 

matrices with unit determinant. They leave inner products 'in an n dimensional 

real vector space invariant. The symplectic matrices Sp2n are real 2n X 2n 

matrices M which leave invariant the skew symmetric matrix 
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That is, 

The symp 

MTSM=S (3.88) 

lectic transformat ions therefore leave invariant the skew symmetric 
T 

quadratic form yL S x, where x and y are 2n dimensional real vectors. 

There are also five simple groups, the exceptional groups, which do not 

0 1 

-1 0 
(3.87) 

belong to infinite sequences. They are denoted G2, F4, E6, E7, and Es, where 

the subscript refers to the rank. The exceptional groups do not have any 

simple geometrical interpretation. The order (number of generators) of the 

simple groups are given in Table 3.1. Rules for constructing the structure 

constants may be found in [2.9]. Other useful properties are described in 

[3.333 and [3.34], for example. 

Rank 4 Groups 

The standard model gauge group Gs = SU; x SU2 x Ul has rank 4. There- 

fore, any unified theory that contains Gs as a subgroup must have rank >4. 

(One can of course attempt partial unifications; for example SU: X Ul [3.35, 

3.361 or SU2 x Ul [3.37] can be combined in groups of rank ~4.) Georgi and 

Glashow [3.2] have classified all of the rank 4 groups that allow a single 

coupling constant. From Table 3.1 one can deduce that there are only nine 

of them, namely [SU214, [S0512, [SU312, [G212, S08, SOg, '!?g9 F4, and SU5, 
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Cartan Classical 
Label Group 

Order 
(N) 

Range 
of R 

su R+l 

S02R+1 

Sp2R 

S02R 

G2 

F4 

E6 

E7 

E8 

R(R+2) R>l 

R(2R+l) ,822 

R(2R+l) 223 

R(2R-1) RZ4 

14 

52 

78 

133 

248 

Table 3.1 The simple Lie algebras. The subscript on the 

Cartan label is the rank (maximal number of simultaneously 

diagonalizable generators), and the order is the number of 

generators. Various classical groups are omitted because 

their algebras are equivalent to those in the table. 

These include SO6 - SU4, SO4 - SU2 X SU2" SO3 - SU2, 

sp4 - SO5, and Sp2 - SU2. 

where [G12 E G x G, etc. The first two are unacceptable because they do not 

contain an SU3 subgroup. As will be discussed below, parity violation in 

the weak interactions requires either that the fermions be placed in a com- 

plex representation or that the number of fermions be doubled. If one requires 

the existence of complex representations then, of the nine candidates, only 

P313 and SU5 are allowed. 
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For [SU312 one factor must be SU;. But quarks, anti-quarks, and leptons 

have d?fferent color assignments, so they must belong to different representa- 

tions of the weak SU3 factor (which contains SU2 x Ul). However, one cannot 

pick a suitable electric charge operator Q unless additional quark and lepton 

fields are introduced (the sum of the quark charges must be zero since TrQ = 0, 

and the quarks and leptons must transform according to inequivalent represen- 

tations in order to allow fractional quark charges and integer lepton charges). 

Furthermore, the criterion that there be a l-l correspondence of the repre- 

sentations of the factors is violated unless many exotic extra fields are 

introduced. 

Therefore, the only acceptable rank 4 group that does not require ad- 

ditional fermions is SU5. The Georgi-Glashow model is thus the "minimal" 

grand unified theory containing the standard model. Of course, one can con- 

sider larger theories (rank >4 or containing more fermions) or theories in 

which the standard model is modified. 

Complex and Real Representations 

From (2.3) it is apparent that if Li form a representation of a group 

G then so do the conjugate representation matrices -L i* . If Li and -L ix are 

equivalent, i.e., 

iLi* =ULiUt,i=l, . . ..N. (3.89) 

where U is unitary, then the representation is said to be real (the term real 

is motivated by an alternate convention in which iLi is the representation 

matrix). An example is the 2 and 2* representations of SU2 which are equiva- 

lent according to (2.139). . If Li and -L ix are not equivalent (such as the 3 
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* 
and 3 representations of SU ) 3 then the representation is said to be 

complex: 

It is convenient in discussing grand unified theories to specify the 

representation matrices Li of the left-handed fermions. Call this represen- 

tation, which can be reducible, fL. It is then apparent from (2.11) that 
75T the right-handed fields, which are related by $, = C $, , transform according 

to Lr; = -L;*. That is fR = f;, where f; is the conjugate representation to 

fL' Therefore, if fL is real the theory is vectorlike (fR - fL). If fL is 

complex (fR = f: 4 fL) the theory is chiral. QCD by itself is vectorlike, 

for example, because (for one flavor) fL is the reducible representation 

fL =3+3*, 

C 

uL uL 

while 

fR = f;, = 3* + 3 - fL . 

C 

The standard model, on the other hand, is chiral. For one family 

fL = (3, 2, +-, + (3*, 1, -3) + c3*, 1, +) 

(3.90) 

(3.91) 

(3.92) 

V ( 1 e- L 
+ 

eL 

where the three entries represent the SU: and SU2 representations and the weak 

hypercharge. Then 
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(3.93) 

+ e 
i 1 -vc eR 

R 

4 fL , 

where I have used equivalence of 2 and 2*. In order to form a vectorlike 

generalization of the standard model (incorporating parity violation) it is 

necessary to introduce heavy fermions with opposite chiralities from the light 

fermions, 

(3.94) 

(One can also add a (1, 1, 0) vi to fL for symmetry.) These transform 

according to fHL = fR and fHR = f L, so that the total representation of all 

the fermions is fpt = fL + fHL = fL + f;, which is real. 

When the standard model is embedded in a larger group G the left-handed 

fermion representation fL can be either real or complex. 

If fL is real then the left-handed fermion representation of the standard 

model subgroup is automatically real also [3.38] so that parity violation in 

the weak interactions would require the introduction of heavy fermions as in 

(3.94). Georgi has argued against this possibility [3.38] on the grounds 

that SU; x SU2 x U 1 invariant mass terms, such as 
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-h -9, = ml (iiLdL) + m2 UL uR + m3 DL dR + . . . (3.95) 

could be written in this case. He has speculated that the mi (and hence the 

fermion mass eigenvalues) may be of the order of the grand unification scale 

MX 2 1014 GeV, which is clearly unacceptable. (This is an instance of the 

"survival hypothesis," to be discussed in Section 6.1.1.) This could come 

about if the mi are generated by the same Higgs representations that break G 

down to Gs. For example, ab if right-handed 5* + 10 fields nRa and nR are 

added to the Georgi-Glashow model, then the quarks and leptons could acquire 

masses of order MX from Yukawa couplings to adjoint Higgs representation 

-a b 
'L 'a 'Rb 

(3.96) 

qLa,, ‘z n;’ * 
However, these terms would be eliminated if a discrete symmetry under 

ab ab 
'Ra + -qRa' q~ + --QR were imposed on the Lagrangian. Bare mass terms of 

arbitrary magnitude could also be introduced unless forbidden by discrete 

symmetries. 

Whether or not a reasonable fermion mass spectrum can be generated in 

vectorlike models, it is certainly true that the other alternative, namely 

that fL is complex, is more economical in terms of fermion fields. Georgi 

and Glashow [3.2], Georgi [3.38], and Gell-Mann, Ramond, and Slansky C2.122, 

3.251 have suggested the existence of complex representations as a criterion 

for grand unified theories. Gell-Mann et al. refer to such theories as flavor 

chiral. They discuss flavor chiral and vectorlike models and distinguish 

between models in which fermion number can or cannot be defined at the 

Lagrangian level. 
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The complex representations of the simple Lie algebras have been 

classflied by Mehta and Srivastava [3.39]. The result is that only SU,, 

n > 2, E6, and S04n+Y have complex representations. A 

Anomalies 

The anomaly formula (2.209) was written for the convention of specifying 

the representations of the left- and right-handed fermions (under the assump- 

tion that fermions and anti-fermions belong to different representations). 

In the present convention of specifying the representation fL of all left- 

handed fermions and anti-fermions(with matrices LL), the formula becomes 

A ijk = 2AL = 2Tr Li {Li, Lk,} = -2AR. ijk - lJk 
(3.97) 

where the last line follows from f - f* R L' Georgi and Glashow [2.95] have 

defined "safe" representations as those for which AL ijk = 0. It is easy to 

verify from (3.97) that real representations (vectorlike theories) are safe. 

Georgi and Glashow have shown that all representations of the orthogonal 

groups Son are safe except for n = 6 (SO6 is not included in Table 3.1 because 

it has the same Lie algebra as SU4). Giirsey, Ramond, and Sikivie [3.40] and 

Okubo [3.41] have shown that E6 is safe. Hence, of all of the simple Lie 

groups only SU,, n > 2, have unsafe representations. Okubo [3.41] and Banks 

and Georgi [3.42] have given formulas for the unsafe irreducible representations 

of su n' 

Gauge theories based on SU,, n > 2 must therefore either use safe repre- 

sentations or combine two or more unsafe irreducible representations which 

have anomalies that sum to zero. One way to do this is to combine a represen- 

tation with its conjugate to form a real reducible representation (e.g., 
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fL = 3 + 3* in SU:). A less trivial example is the Georgi-Glashow SU5 model, 

in which the 5* and 10 anomalies are equal and opposite. This cancellation 

is not an accident: it is due to the fact that SU5 is a subgroup of the safe 

group Solo. The 16 of SOlo decomposes into 5 * + 10 + 1 under the SU5 subgroup. 

Since the anomalies for all SOlo generators, including the SU5 subgroup, are 

zero, the 5* and 10 anomalies must cancel (the SU5 singlet does not contribute). 

Other examples, in which the cancellation appears to be accidental, will be 

discussed in Section 6.1.2. 

The Embedding of Color, Flavor, and Electric Charge 

Gell-Mann, Ramond, and Slansky [3.25] have discussed the embedding of 

the color group SU; in simple unified groups G. For each embedding of SLJS they 

define the flavor group G fl as the maximal subgroup for which G fl x SU; C G. 

Gfl presumably contains SU2 x U1 as a subgroup. In particular they have con- 

sidered the ansatz that all fermions belong to the 1, 3, or 3* representation 

of SU; (i.e., that there are no "bizarre 'I fermions transforming as color 

sextets, octets, etc.). For each simple group they have described the possible 

SUS embeddings and the associated flavor groups, as well as tabulating the 

representations that contain only 1, 3, and 3* of color. 

They find that two of the exceptional groups fall outside of their 

assumptions: G2 has rank two and G fl is trivial. Eg has no representations 

satisfying their ansatz. For the other groups, the embeddings fall into four 

classes. In the first two classes the quarks and leptons transform non- 

trivially with respect to different flavor groups (except for Ul factors). 

In Class I, for example, 
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Gfl 
= G!L x -Gq x 5 

(3.98) 

where the leptons are singlets w.r.t. Gq and the quarks are singlets w.r.t. GR. 

Weak universality is not a natural feature in such embeddings, because the 

quark and leptons couple to different gauge bosons. The W' must therefore be 

mixtures of the GR and Gq bosons and the observed universality of the quark 

and lepton weak couplings would have to somehow come about from the pattern 

of symmetry breaking. 

Weak universality is much more natural in the other two classes. In 

Class III embeddings 

Gfl =G 01, 
q+R 

(3.99) 

where G 
q+R 

is a simple factor (or SO4 N SU2 X SU,) under which both quarks 

and leptons transform non-trivially. There are two cases-of this type of 

embedding: (1) G = SU,, with the fermions in the fundamental n or in the 

totally antisymmetric Kronecker product [n, k] = (nk)A - (n X n X . . . x n) A 

of k n's. In this case, G fl = sun 3 x U1' (2) The other possibility is 

G = Son with the fermions in a spinor representation. Gfl is then SOnm6 X Ul. 

Class IV embeddings have 

Gfl = %+q ’ (3.100) 

with no Ul factor to distinguish quarks and leptons. This occurs only for 

the exceptional groups F4, E6, and E7, with the fermions in'the lowest di- 

mensional (26, 27, and 56) representations. G!L+q is SU 3, SU3 x SU3, and SU6 

for the three cases, respectively. 

Gell-Mann, Ramond, and Slansky have also classified the possible choices 

for the electric charge operator Q in the various groups, under the assumption 
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that quarks have fractiona 1 charges in the sequence ( . . . 5/3, 2/3, - .1/3, 

-4/3, 7. .) and that leptons have integer charges. For the first two classes 

of color embedding they find that there is considerable freedom in the choice 

of Q. The only restriction is that the sum of the charges of all fermions in 

a representation must be zero (since Tr L. = 0). 
Q 

For representations that 

are self-conjugate under antiparticle conjugation there are therefore no 

restrictions. 

For Class III embeddings Q is strongly constrained. The quark charges, 

assumed to be in the sequence above, determine the lepton charges. Usually, 

the sum of the quark charges is non-zero. For the Georgi-Glashow model, for 

example, the only possible charge operator (that commutes with SLJ;) is of the 

form 

Q = a T3 + PY ; ( (3.101) 

a and B (and therefore the lepton charges) are uniquely determined by the 

requirement that q, = 2/3 and qd = -l/3. Also, q, + qd # 0. 

For the Class IV embeddings (exceptional groups) the possible charge 

operators are severely limited. In particular, the sum of the quark charges 

must be zero, which would require a modification of the standard model quark 

structure. One could have two q = 2/3 quarks, u and c, and four charge -l/3 

quarks, d, s, b, and h, for example (see Section 3.4.4) . The quark charges 

specify the lepton charges in this class of theories. Color embeddings in 

the exceptional groups have also been discussed by Giinaydin and Giirsey [3.43, 

3.441. 
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C, P, and CP 

Under C, P, and CP transformations, a left-handed fermion field $J, is 

changed to 

‘: $,/YOljlR (3.102) 

CP: +, + Yo$ 

(Of course, $ E and eR are related by $i = C Ti.) Hence, the left-handed 

fermion representation fL is mapped onto itself under charge conjugation and 

onto fR = f; under P and CP. (In writing (3.102) I have implicitly assumed 

that $i and therefore $, are defined. This must be the case for massive 

particles but need not be true for massless neutrinos. If $i does not exist 

in the theory then C and P cannot be defined. CP is always defined, however, 

because QL and $i = C $ are not independent fields.) 

The gauge part of the Lagrangian is always CP invariant for a suitably 

defined CP transformation for the gauge fields A1 + A;'. For example, lJ 

TL yl-' Li A; $, + ;i;" y Li ALi +; = TL Yu (-LiT A;? i, , 
CP R u 

(3.103) 

so that the term is CP invariant for 
. . 

-LIT A'l c +L1 All-l , 
1-I 

. . 
which also leaves Fi Flu' invariant. 

W 
Of course, CP violation can be intro- 

duced into the Yukawa couplings or Higgs potential, or it can be spontaneously 

broken. 

The gauge terms need not be invariant under C and P, however, even when 

they are defined. In the standard model, for example, uL, dL, vL, and ei are 
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placed in doublets while u:, d;, v; (if it is introduced) and e; are in 

singleTs, so that C and P are explicitly violated. In the Georgi-Glashow 

model uL and ui are arranged more symmetrically: they both appear in the 

same irreducible representation. However, dL and ei are in a 10 while d: and 

eL are in a 5* so that C and P are again violated. 

It is easy to modify the standard model (and the larger grand unified 

theory) so that the gauge couplings are C and P invariant. One can go to a 

vectorlike model, as in (3.94), for example. In this case the gauge couplings 

are invariant under 

c: uL+u; 

Al,3 -t -*ly3 , A2 -t +A2 
(3.104) 

P: uL + 'OUR 

A iu . +A1 . 
1-I 

These are perfectly good C and P transformations when viewed as transformations 

on the weak eigenstates. However, the fact that uL is transformed into UE and 

not into u L indicates that C and P are violated explicitly or spontaneously 

by whatever mechanism generates the fermion masses. 

Another possibility is to consider SUzL x SUZR X Ul models in which (ud)L 

and (u d)R transform as (2, 1) and (1, 2), respectively, under the two SU2 

groups. In this case a C and P invariance in which the gauge bosons of the 

two SU2 groups are transformed into each other can be imposed on the theory 

(so that the two gauge couplings are equal). C and P are broken by the 

mechanism that gives different masses to the bosons in the two SU2 groups. 

Gell-Mann and Slansky [3.45] have given an elegant general discussion 

of the cases in which invariant C and P transformations can be defined on the 
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fermion and gauge fields. In SOlo and E6 models, for example, the uL, dL, 

VL’ az ei fields appear in the same irreducible representation as u;, 

C 
d;, vL, and e+ L’ It is then possible to define appropriate C and P trans- 

formations of the gauge fields so that the gauge terms are left invariant. 

These models contain the SU2L x SU2R x Ul model as a subgroup, so that the 

s”2L and SU2R bosons are mapped into each other by the transformations. 

Slansky [2.45] has also discussed the charge conjugation properties of the 

weak isospin conserving part of the fermion mass matrix. 

Fermion and Higgs Representations 

One of the least attractive features of the SU5 model is the highly 

reducible nature of the fermion representation, especially the repetition 

of 5* and 10 families. It would be very desirable to go‘ to a theory in which 

all of the left-handed fermions are placed in a single irreducible represen- 

tation (Georgi [3.38] has advocated the slightly less ambitious program of 

allowing the direct sum of several irreducible representations as long as no 

representation appears more than once). However, the large number of fermions 

in the standard model then requires that one must utilize a very large 

representation. One can either [2.122] use the fundamental or other low-lying 

representation of a very large group (i.e., include a family group in G), or 

one can use a higher-dimensional representation of a small ‘group (such as 

SU5) * This possibility usually leads to the existence of fermions with 

“bizarre” quantum numbers. Another option which is suggested by but logically 

independent of the second possibility above is that the observed fermions (or 

at least the quarks) are themselves composites of “smaller” particles (e.g., 
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of three fermions or a fermion and a boson) [2.172]. Some work along the 

first?f these directions is described in Section 6.1.2. 

The Higgs representations needed for SSB in large groups tend to be 

very large and the associated Higgs potentials are very complicated. For 

this reason the patterns of SSB have only been studied in relatively simple 

special cases (such as a single Higgs representation). The most extensive 

analysis is that of Li [3.6]. See also the discussions of specific models 

and the analysis of Michel and Radicati [3.46]. 

Fermion mass terms are of the form 

+;L ' +bL = +;L ' +;L ' (3.105) 

Hence, if fL is irreducible then only Higgs representations contained in the 

symmetric part of the direct product fL x fL can couple to fermion fields 

(and therefore generate masses) [2.122]. If fL is the direct sum of identical 

irreducible representations the Yukawa couplings must be symmetric with 

respect to the simultaneous interchange of group and family indices. 

3.4.2 Sun Models 

The simplest realistic grand unified theory is the Georgi-Glashow SU5 

model. As the strong and weak interaction subgroups of SU5 are also associated 

with unitary groups, it is natural to consider the possibility of embedding the 

SU5 model into still larger SUn groups. Most of the extensions that have been 

considered have had the motivation of either enlarging the weak interaction 

subgroup or of adding a horizontal family group. The first class of models 

is considered below while the second is described in Section 6.1.2. The 

formalism of Sun has been described in Section 3.2 and the patterns of SSB were 

considered in Section 3.3.1. 
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Enlarging the Weak Interaction Subgroup 

A number of models have been proposed in which the SU2L x Ul weak 

interaction subgroup is extended or modified. These include vectorlike SU5 

[3.47-3.491 and SU6 [3.47-3.511 models, incorporating vectorlike SU2 x Ul and 

SU3 X Ul subgroups, respectively. Most of these models were motivated by 

considerations that are now obsolete (see Section 2.4.4) and are now ruled 

out by neutral current data. Viable variations could probably be constructed, 

but these are not motivated by any existing data. 

Another problem with SU6 broken down to SU; x SU3 x Ul is that the gauge 

couplings of the two SU3 factors will obey identical renormalization group 

equations [3.3] (to the extent that all the relevant masses are negligible) . 

The observed difference between the strong and weak couplings would therefore 

suggest that: (4 3J3 x U1 is broken to SU2 x Ul at a very high mass scale 

(e.g., comparable to MX) ; (b) that the pattern of fermion or Higgs masses 

distinguishes strongly between the two SU3 groups; or (c) that the color 

group be extended, to SU: for example, so that the strong coupling constant 

evolves more rapidly. SU: could break down to SU; at a mass scale large com- 

pared to present energies but small compared to MX. Of course, the underlying 

gauge group would also have to be extended to accommodate SU;. 

One possible advantage of Sun models is that versions can be constructed 

[3.47,3.49] in which the proton is stable (see Chapter 4). These must either 

be vectorlike or else must involve a large highly reducible fermion represen- 

tation [3.47]. 
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3.4.3 Son Models 
-h 

. . . . 
The n(n - 1)/2 generators of Son are T1' = -TJ1, i,j = 1, . . . . n, 

which satisfy [3.52-3.561 

[Tij, TkR] = i(-bjk TiR _ $g Tjk + $k ,ja + $a Tik) 

from which one derives the field tensors 

(3.106) 

Fij =a Aij ik Akj 
w 1-Iv 1-I v 

- AtkA;j) . (3.107) 

The defining representation of Son is the real n dimensional vector represen- 

tation. The covariant derivative for a vector field Qi is 

(DP Qi = au ai - g A;' @j (3.108) 

In addition to the n and the tensor representations derived from it 

(including the adjoint) Son has double valued representations called spinor 

representations. For S02m-l there is a single 2 m-l dimensional real spinor 

representation o. For S02m there are two inequivalent spinors, each of 

dimension 2 m-l . If m is even the two spinors are real; while if m is odd the 

two spinors CJ+ and o are complex and related to each other by conjugation 
* 

(i.e., o+ = o ). The spinor representations are further discussed in [3.25, 

3.52-3.561. 

The covariant derivative for a spinor field xa, a = 1, . . . . 2 m-l , is 

given (for n = 2m) by 

where the 2 m-l X 2 m-l matrices CT ij , i,j = 1 . . . . 2m, are defined by 

ij cr =-0 ji = $ [yi, yj~ . 

(3.109) 

(3.110) 

The generalized Dirac matrices y1 are constructed in [3.52-3.561. 
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The SO10 Model 
- 

The Son groups are convenient for grand unification because they admit 

complex representations for n = 2m (m odd) and are anomaly free (for n # 6). 

In particular, Georgi [3.57] and Fritzsch and Minkowski [3.58] have proposed 

a theory based on the rank-5 group Solo, with each family of left-handed 

fermions assigned to a 16 dimensional complex spinor o +' In order to motivate 

the SOlo model it is convenient to consider two distinct subgroups, viz SU5 

and SU4 x SU2 x SU2. 

Under the SU5 subgroup the fermion spinor o+ for the first family de- 

composes as 

16 + 5* + 10 + 1 , (3.111) 

so that each reducible 5* + 10 representation of the Georgi-Glashow model is 

combined in an IRREP of SOlo (this is why the anomalies of the 5* and 10 

cancel). In addition CT + contains an SU 5 singlet field that has the quantum 

numbers of an antineutrino v L" =c T;. Hence, the SOlo model will in general 

involve massive neutrinos (see Chapter 6). Of the 45 generators of Solo, 24 

are those of the SU5 subgroup. The other 21 generators connect or distinguish 

between the 5*, 10, and 1 in (3.111). In order to discuss their properties 

it is convenient to consider the subgroup decomposition 

solo 1 SO6 x so4 

- su4 x su2 x su2 

XJJ; xu’ 1 xsu 2L x SU2R , 

(3.112) 
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where SU4 1 SLI; X U; can be considered an extended color group with leptons 

as tti fourth color [3.61] (see Section 2.5.2). With respect to SU; x SU2L x 

‘5’ '+ decomposes as 

16 = (3, 2, 1) + (1, 2, 1) + (3*, 1, 2) + (1, 1, 2) 
(3.113) 

SOlo therefore contains the left-right symmetric SU2L X SU2R x U; electroweak 

group (Section 2.4.4) as a subgroup. In particular, the right-handed fermions 

(left-handed antifermions) transform nontrivially under SUZR. 

The transformation properties of the 45 gauge bosons under SUS X SU2L X 

SU2R are 

45 = (8, 1, 1) + (1, 3, 1) + (1, 1, 3) + (1, 1, 1) 

G; wtj" ,?O B' 

+ (3*, 2, 2) + (3, 2, 2) + (3, 1, 1) + (3*, 1, 1) 

(3.114) 

The fifteen bosons Gi, WtOR, and B' 
, 

are associated with SUE x SU2L x SU2R X U;. 

The (unnormalized) U; generator is 

Y' = 2(Y - T;) , (3.115) 

where Y is the hypercharge operator of the SU2L X Ul model. For fermions, Y' 

coincides with B-L, where B is baryon number and L is lepton number. -Y' will 

sometimes be referred to as B-L. Therefore, the hypercharge generator Y of 

the GWS model is a linear combination of Y' and Ti. The other combination is 

the new diagonal generator associated with the extension of SU5 to Solo. X and 

Y form an SU2 doublet (color antitriplet) of lepto-quark diquark bosons of 
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electric charges 4/3 and l/3, as in the SU5 model. X’ and Y’ form a 

secon&doublet (color triplet) of bosons with charges 2/3 and -l/3; they can 

also contribute to nucleon decay. Finally, Xs is a color triplet lepto- 

quark boson with charge 2/3. It is associated with the extension of SU; to 

su;. The Xs does not contribute to nucleon decay except by mixing with the 

X’ [3.59], as shown in Figure 3.6. Such decays are of great interest becaus,e 

they violate B-L, but they are enormously suppressed by additional inverse 

powers of superheavy masses (Chapter 4). 

The couplings of the X and Y to fermions are the same as in (3.39) and 

(3.86). The couplings of the X1, Y’, and Xs (for one family) are [3.59] 

gsip= g p 
J2 1-I 

[-& zy y" dB _ 
aBy L L 

(3.116) 

- - - - - - 
+ A xz [ dLa yu eL + dRa yu eR + ULo Y’ ‘L ’ URo Y’ vRl 

It should be emphasized that the fermion fields in (3.116) are in the inter- 

action basis. Mixing angles and phases would appear if (3.116) were re- 

expressed in the mass eigenstate basis. The diagrams for nucleon decay due 

to X’ and Y’ bosons are given by Machacek [3.59]. 

The Lagrangian of at least the fermion part of the SOlo model is C 

and P invariant. Under C the left-handed fermion representation o+ is mapped 

onto itself, and the bosons of the SU2L and SU2R subgroups are interchanged 

(see Section 3.4.1). Under P, o+ is mapped onto the conjugate representation 

0 - o: of the right-handed fermions. C and P can be violated spontaneously 

(or explicitly in the Higgs sector of the model). 
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Patterns of Symmetry Breaking 
-h 

SOlo has several interesting subgroups and symmetry breaking patterns 

[3.53,3.55-3.60,2.122]. In particular, it accommodates either the SU5 Georgi- 

Glashow model or the SU: x SUzL x SU2R Pati-Salam model [3.61] as subgroups. 

The most detailed study is that of Rajpoot [3.56], who also considers the 

possibility of integer charged quarks. 

Perhaps the simplest symmetry breaking pattern is [3.53,3.56] 

solo +SU +G 5 s E su3 x su2 x u1 (3.117) 

MG M 

where MG and M are typical masses associated with the two stages of symmetry 

breaking. (A third stage in which the SU3 x SU2 x Ul is broken to SU; x Uy 

is implied.) The breaking of SOlo can be accomplished by either a spinor (16) 

Higgs respresentation or a 126 i2.1221. (An alternative [3.53,3.56] is to 

break SOlo to SU5 X Ul via an adjoint (45) Higgs. The boson associated with 

the extra Ul would affect neutral current processes if very light [3.62-3.631.) 

The second stage of breaking SU5 to Gs can be carried out by an adjoint Higgs. 

If MG >> M then the phenomenology of nucleon decay, the prediction of sinLOW, 

the existence of a desert, etc., are exactly as in the SU5 model. Georgi and 

Nanopoulos [3.53] have emphasized the possibility that MG and M may be compa- 

rable (in which case SOlo $ Gs with M 2 1014-15 GeV). Then, the spinor Higgs 

is characterized by one Gs singlet with VEV a, while the 45 has two Gs singlets 

(the analogues of combinations of the Wi and B' in (3.114)), with VEV's b and 

C. Then [3.53,3.59], 
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2 MX y - lb - cl2 
, 

2 
MX',Y' - /aI2 + lb + cl2 

Mis - 1al2 + 41b12 , 

(3.118) 

so that if Ial, lbl, ICI, and lb - cl are all comparable then X, Y, X', and Y' 

may all be important for nucleon decay. 

Another interesting pattern is [3.56,3.60] the chain in (3.112). The 

first stage of symmetry breaking (Solo -+ SU4 x SU2 X SU2) can be implemented 

by a-120 or 54 of Higgs. It is characterized by a mass scale MG of 10 14-15 

GeV. Nucleon decay is associated with bosons with this mass scale, so the 

proton lifetime is similar to the SU5 model. The breaking to G' ! SUS x SU2L X 

SU2R ' ";, due to an adjoint of Higgs, is characterized by a mass MC. Rajpoot 

then considers two possibilities: 

i) G' -+ G 
M-MW ' 

(3.119) 

ii) G' + SU c R 

MR 
3 x su 2L x "1 x "; ; Gs 

Chain i) does not lead to small enough values of sin28W for any values of MG 

and MC below the Planck mass. In Chain ii), Uy is generated by Ti. Rajpoot 

finds reasonable values for sin20w and a, for MC - 10 12 GeV and MR - lo9 GeV 

(for M iL MW). The final breaking down to Gs can be due to a Higgs spinor. 

If M is very close to MW the extra Ul factor will modify the neutral current 

of the GWS model, as has been discussed by Deshpande and Iskandar [3.63] and 

Masiero [3.62]. A pattern similar to ii), but without the extra Ul factor, 

has been considered by Shafi, Sondermann, and Wetterich [3.64]. They find 

results similar to Rajpoot and discuss the phenomenological constraints on the 
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Xs boson mass (-MC). Still another variation on this chain is discussed by 

Lazagdes et al. [3.65]. 

A third symmetry breaking pattern is [3.53,3.56] 

solO + sue x su R 

MG 
4 2L x "1 

+ sue R 

Mc 3 
x su2L x u1 x u; 

I 
(3.120) 

+- G 
M " 

with the first two stages due to adjoint Higgs and the third to a spinor. 

Georgi and Nanopoulos [3.53] and Rajpoot [3.56] find that values of sin2eW - 

0.23 (larger than the SU5 prediction) can be accommodated for MG 2 10 14-15 GeV 
, 

MC 2 1Ol2 GeV, and M LS( the effects on neutral currents are similar to the 

previous case). 

We see that the possible symmetry breaking patterns in SOlo and larger 

groups are very complicated and depend on the details of the Higgs represen- 

tations. A detailed study of the minimization of the Higgs potential for an 

SOlo model with a 45 + 16 + 16* Higgs representation has been given by 

Buccella et al. [3.66]. 

Fermion Masses 

With the left-handed fermions assigned to spinor representations $,, 

Yukawa couplings must be of the form 

so that P? must belong to [3.53,2.122,3.67] 

16 x 16 = 10 + 126 + 120 . 

(3.121) 

(3.122) 
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The couplings of the neutral, color singlet Higgs components (which can have 

nonzexo VEV's) have the form [3.67] 

s;"R +L q120 

- - 
= ‘~O(5)(uRuL + ‘RVL) 

= ‘p1&) ‘R ’ ‘R + 

+ ‘p&5) (+L - 

+ 9 &45*) (‘R dL 

= 'p120(5) VRVL + lJ9120(45) URUL 

+ vlzo(5*) (JR dL ' eR eL) 

+ ‘f’120(45*) (dR dL - 3’& - 

(3.123) 

In (3.123) the SU5 content of the relevant components of-the Higgs fields are 

listed in parentheses. The ~1~ and q126 couplings are symmetric in the family 

indices (i.e., they generate symmetric mass matrices), while the ~1~~ couplings 

are antisymmetric. 

The couplings of ~1~ generate equal d and e mass matrices, just as in 

the SU5 model with 5's of Higgs. The degeneracy can be broken by incorporating 

a '126 Or q120 with the appropriate (45) components nonzero. The situation 

for these mass matrices is therefore similar to the SU5 model, and will be dis- 

cussed further in Chapter 6. (Incidentally, the symmetry breaking pattern in 

(3.120) can preserve the successful prediction of mb/mr [2.53].) One of the 

motivations for a detailed consideration of the SOlo model was the possibility 

of imposing additional symmetries to restrict the Yukawa couplings, so that Mu 

would be related to Md. Georgi and Nanopoulos [2.53] constructed a model in 
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which a global symmetry (softly broken to avoid unwanted Goldstone bosons) 

-was mposed. The t quark mass was predicted (2 14 GeV), along with various 

mixing angles, but the relation appears to be unsuccessful. 

~1~ yields equal Dirac mass matrices for the u quarks and neutrinos, 

which by itself would be a disaster. The problem of neutrino masses will be 

discussed more fully in Chapter 6, but ways to achieve small masses include: 

(a) Introduce [3.53] an SOlo singlet field EL. EL and vR can be given a 

very large Dirac mass via a spinor Higgs, leaving one massless Majorana 

particle (basically vL). (b) Let ~1~~ (1) be very large (of order of MX) 

[2.122,3.68] so that vR develops a superheavy Majorana mass. VL will remain 

essentially massless. The +#) will of course break SOlo down to SU5. 

(c) Utilize 120 or 126 dimensional Higgs fields [3.69]. 

Other SO, Models and Conclusion 

Larger Son models which combine SOlo with horizontal and/or technicolor 

interactions will be discussed in Chapter 6. Vectorlike SO11 [3.70] and Sol2 

[3.71] models have also been constructed. 

The SOlo model is an attractive extension of the SU5 model in that the 

u, d, e, and v fermions are treated much more symmetrically. Also, there is 

more freedom in choosing symmetry breaking patterns, so that a larger value 

of sin2eW and new thresholds below 10 14 GeV are possible. .Chanowitz et al. 

[3.60] have argued that SO lo is the only attractive rank 5 extension of SU5, 

because SU; does not contain SU;, while SOll, SU6, and Splo do not have suit- 

able representations to combine 5 * + 10 without introducing additional fermions. 
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3.4.4 The Exceptional Groups [3.72] 

-The groups SO,, SU,, and SpZn are members of infinite sequences. There 

is no a priori reason to expect SU5 to be a better candidate for a grand 

unified theory than SU6, SU7, .*. . The exceptional groups, on the other 

hand, have the esthetic advantage of uniqueness -- there are only five of 

them, G2, F4, E6' E7; and E 8 . 

Of the exceptional groups, G2 is not large enough to contain the standard 

model as a subgroup. Only E6 admits complex representations, but if one also 

considers vectorlike theories then F 4, E6> E7, and E8 are all candidates for 

grand unification. 

E8 has the interesting feature that the lowest dimensional representation 

is the adjoint (Es is the only simple Lie group with this property). However, 

the adjoint is 248 dimensional, so an enormous number of gauge bosons and 

fermions are required. There are no representations that have color singlets, 

triplets, and anti-triplets only [3.25]. For example, if the fermions are 

placed in the 248 then there will be a one-to-one correspondence between the 

gauge bosons and the fermions, implying a charge -4/3 quark, a color octet of 

quarks, etc. In fact, in the absence of Higgs particles there is a super- 

symmetry between the fermions (in a 248) and the gauge bosons [3.73-3.741 in 

E8' A number of E8 models [3.72-3.741 have been discussed, which differ in 

their embeddings of SU2 x Ul (and therefore in their predictions for sin2ew, 

the fermion charges, etc.). In particular, symmetry breaking patterns that 

start with the maximal subgroups E6 x SU3 [3.72], E7 x SU2 [3.73], SUg [3.73a], 

and Sol6 [3.74] have been considered. For example, Bars and Giinaydin [3.74] 

describe the chain E8 + Sol6 -f SOlo x SO6 -f SU5 x SU3, with the fermions and 
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Higgs fields in a 248 and 3875, respectively. A specific assumption is made 

-concmning the relative magnitudes of the VEV's of the various components of 

the 3875. This leads to the prediction of three light SU5 families (5" + 10) 

and three somewhat heavier (~1 TeV) conjugate families (5 + lo*). All other 

fermions are superheavy. Sin2eW is 3/8 at the SU5 unification mass. 

The F4, E6, and E7 groups each have a single representation (always the 

lowest dimensional, or "fundamental") [3.25] involving 1, 3, and 3*'s of 

color only (i.e., no bizarre fermions). They are all desirable for unifica- 

tion because weak universality emerges naturally (i.e., the quarks and leptons 

both transform nontrivially under the same weak subgroup, with no Ul factor to 

distinguish them; see Section 3.4.1). Furthermore, the electric charge operators 

are essentially uniquely determined (Section 3.4.1), with the sum of the quark 

charges being zero and the quark charges determining the lepton charges [3.25]. 

However, the maximal subgroup of F4 is SU; x SU3, under which the 

fundamental 26 decomposes as 

26 -f (1, 8) + (3, 3) + (3*, 3*) . (3.124) 

Therefore F4 generates a vectorlike theory with the quarks and leptons in 

different representations of the weak SU3 group, leading to a proliferation 

of undesired quarks and leptons. Furthermore, sin20W is predicted [3.72] to 

take the unacceptably large value of 3/4 at the unification mass. 

The E7 model [3.75-3.771 has the advantage that all known fermions can 

be assigned to a single fundamental 56 dimensional representation. In the 

simplest color embedding [3.75,3.25] 

E7 -f su ; x s”6 9 (3.125) 

with 
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56 -+ (1, 20) + (3, 6) + (3*, 6*) 

133 + (1, 35) + (8, 1) + (3, 15*> + (3*, 
(3.126) 

15) , 

where the 133 is the adjoint. There are two charge 2/3 quarks (u and c) and 

four charge -l/3 quarks (d, s, b, h), with no t quark. There are four charge 

-1 leptons and 12 two-component neutral leptons. Unfortunately, the simplest 

E7 model, with a single 56, fails [3.78] when confronted with the charged and 

neutral current data. Among the problems are: (a) sin20 W is predicted to 

be [3.75] 3/4, renormalized down to-2/3 if E7 is broken down to SLJS x SU2 x Ul 

at superheavy masses [3.79,3.75] or to-l/2 if the breaking is to SLJ; x SU2 x 

su2 x u1 [3.75]. Both values are much too large to be acceptable. (b) The 

model is vectorlike, with uR in a weak doublet with either bR or hR or a mix- 

ture, implying anomalies in charged current v scattering and an unacceptable 

neutral current [2.70]. (c) There is a danger of FCNC in the charge -l/3 

sector. (d) The leptonic sector is complicated, with two left-handed SU2 

doublets, two right-handed doublets, and left- and right-handed triplets. 

There are several ways to assign the leptons [3.75-3.761, but it is difficult 

to accommodate the correct leptonic neutral current and the V-A decay of the 

Some of these objections (those involving the charged current) could 

possibly be overcome by adding additional 56's and many heavy particles to 

fill them, but then one of the main advantages of E7 (a single fermion represen- 

tation) would be lost. Lednick? and Tseitlin [3.80] have suggested a variant 

on the model in which the low energy weak group is SU2 X Ui. It may then be 

possible to fit the neutral current data by adjusting six parameters, but the 

success of the GWS model would then be an accident. 
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The E6 Group 

-It therefore appears that E6 is the most attractive exceptional group 

for grand unification. Only the fundamental 27 (and its conjugate) satisfy 

the constraint of having only 1, 3, and 3* representations of the color sub- 

group. Under the maximal subgroup SLJS x SU3 x SU3, the 27 and the adjoint 

(78) transform as 

27 + (1, 3*, 3) + (3, 3, 1) + (3*, 1, 3*) 

78 -f (8, 1, 1) + (1, 8, 1) + (1, 1, 8) (3.127) 

+ (3, 3*, 3*) + (3*, 3, 3) . 

Another interesting subgroup is SOlo x Ul. (The chain E6 1 SOlo 2 SU5 is 

especially interesting because SU5 and SOlo can be considered to be the E4 

and Es members of the En sequence [3.34].) Under SOlo" 

27 -f 16 + 1 + 10 
(3.128) 

78 -f 45 + 16 + 16" + 1 . 

Most E6 models utilize the complex 27 dimensional representation for 

the left-handed fermions. (A vectorlike E6 model utilizing a 27 + 27" shares 

most of the undesirable features of the E7 model, into which it can be embedded 

[3.81].) The models can be divided into two classes, depending on whether 

they emphasize the SU; x SU3 x SU3 or the SOlo subgroups. 

Models in the first category [3.81-3.871 are more economical in the 

number of fermions, with all left-handed fermions assigned to two 27's. Early 

versions of the model by Giirsey, Ramond, and Sikivie [3.82] and Giirsey and 

Serdaroglu [3.83] possessed purely vector neutral current couplings for the 

electron and muon, but this was modified in later models by Giirsey [3.83], 

Achiman and Stech [3.84], and Shafi [3.85]. These models contain two charge 



3-66 

2/3 quarks (u, c), four charge -l/3 quarks (d, s, b, h), four charge -1 

leptens (e-, &I-, -rc-, M-), and ten two-component neutrinos '(v;, L):> v:> v:, 

CT CM ce cl-l 
NL , NL , aL > aL > B$ 6;). In the Giirsey model, the two 27's are: 

(1, 3*, 3) + (3, 3, 1) + (3"s 

NC T; + -CL eL 

-r- v C 

L -CL oe1 

eL 'eL 'e1 

C + 

NML ML 
+ 

'L 1 
ML 

C 

'ML oj~L 

VL B %L I-IL 

where the first SU3 factor of the 

(uL dL bLl 

cc L sL hL) 

1, 

C 
uL 

dE 

bL 

cL 

si 

11; 

3*) 

(3.129) 

weak subgroup acts horizontally and the 

second vertically. Hence, the weak group can be identified as SU3L x SU3R, 

where SU 3L acts nontrivially on the left-handed quarks and SU3R acts non- 

trivially on the right-handed quarks (left-handed antiquarks). The leptons 

transform nontrivially under both. The SU3L X SU3R weak group has been dis- 

cussed by Achiman [3.86] and Minkowski [3.87]. Under the SU2L x Ul subgroup, 

the doublets are (up to mixing effects) 

U I 1 dL 
(3.130) 

V eL 

i- eL 
I N;L 

I"; 
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The major predictions of the model are: (a) There is no t quark. 

-(b) There is a fourth charge -l/3 quark. (c) There is a fourth charged 

lepton. (d) The T- (and M-) neutral currents are pure vector. (e) In ad- 

dition, the ordinary neutrinos will generally be massive [3.34,3.81-3.85, 

3.881 and there will be numerous additional neutral leptons (which may be 

very massive). (f) Mixing between the d, b, h, and s and between the e, 1-1, 

T, and M will generally lead to FCNC. If the mixing of the b and h with the 

d and s is somehow suppressed (to avoid FCNC) then the b and h would not be 

able to decay via the ordinary SU2 x Ul charged current weak interactions. 

It has been suggested [3.81,3.83-3.841 that the dominant symmetry 

breaking mechanism may be due to an adjoint Higgs representation in which 

the (1, 8, 1) and (1, 1, 8) components have VEV's along the hypercharge (8) 

directions of the two SU3 groups. In this case, E6 + SU: x SUzL x UIL x 

SU2R ' '1R. (However, Harvey has recently argued [3.89] that the minimum of 

the Higgs potential for a single adjoint representation would, when radiative 

corrections are considered, be in a direction to break E6 to SOlo X U1 instead.) 

Components of the same or additional adjoints in the 3 and 6 directions of the 

SU3 subgroups, or of other Higgs 

further, to Gs E 

the bosons which 

su; x su2 x ul, 

mediate nucleon 

representations, could break the symmetry 

for example. In any case, it is assumed that 

decay acquire superheavy masses so that the 

predictions for nucleon decay are similar to those of the SU5 and SOlo models. 

If E6 is broken to Gs at superhigh energies, then the predictions for sin2eW 

and o/as depend only on the Gs content of the fields. For the fields in 

(3.129), a/as and 

sin20 W= 
Tr(T3)2 

WQ) 2 
(3.131) 
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are both predicted to be 3/8 at Q2 = M2, just as in the SU5 model. The re- 

normalization effects are also the same (at least to leading order and ignor- 

ing the Higgs contributions) so that sin2eW 'v 0.20 at low energies. Achiman 

and Stech [3.84] and Shafi [3.85] have argued that other patterns in which 

E6 is broken to a group larger than Gs at M (such as SUS x SU2L x UIL X SU2R X 

'1R or SUG x SU2L x SUZR x U;) and then to G s at low energies will lead to 

larger values of sin2DW in the range 0.25-0.30 (see Section 6.2). 

Higgs fields that can contribute to fermion masses must be contained in 

27 x 27 = 27; + 351s + 351' A' (3.132) 

where S and A refer to symmetric and anti-symmetric (the 351 and 351' are of 

course inequivalent). There are many electrically neutral color singlet com- 

ponents in these representations (the 27 contains five such components, while 

the 351s contains nineteen, with five transforming as (1; 3*, 3) and fourteen 

as (1, 6*, 6) under the SUS x SU3 x SU3 subgroup), so in general there are 

few predictions for the fermion masses. Giirsey [3.83] in particular has shown 

that there are combinations of VEV's which lead to a reasonable fermion mass 

spectrum. The existence of a 351 appears necessary [3.83-3.841 and it is 

extremely difficult to keep the ordinary neutrinos massless [3.84,3.88]. 

Another class of E6 models [3.84,3.90-3.921 focusses on the SOlo X Ul 

subgroup. It incorporates the canonical SU2L x Ul assignments for the light 

fermions at the expense of introducing additional heavy fermions. Each 27 

of fermions decomposes under SOlo into 16 + 1 + 10. The 16 is the standard 

SOlo representation for a single fermion family, while the SOlo singlet is a 

neutral lepton EL. The EL can combine with the SU5 singlet v; to form a 

massive Dirac particle, as suggested by Georgi and Nanopoulos [3.53]. (They 
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could also have large Majorana masses). The fermions in the 10 are assumed 

to soi;iehow acquire a large mass. At least three 27's are required to incorpo- 

rate the known fermion families. Most of the physics in these models is 

similar to that of the SOlo model. 

Barbieri and Nanopoulos [3.92] have recently given a very attractive 

model in which E6 is broken down to G, = SU; x SU2 x Ul by 351s and 351; Higgs 

representations. They argue that the unwanted fermions (the 10, the EL, and 

the VE) form a vectorlike representation w.r.t. the Gs subgroup, They there- 

fore can and in general will receive superheavy Gs invariant masses by the 

same Higgs fields that break E6. (This is the survival hypothesis -- see 

Chapter 6.) The other 15 fermions in each 27 can only receive masses from the 

EM 27 dimensional Higgs which breaks Gs to SUS x Ul and which therefore is pre- 

sumed to have a very small VEV. The desired pattern of fermion masses is 

therefore tied to the (still unexplained) hierarchy of gauge boson masses. 

The mass matrix generated by the 27 for the light fermions would by 

itself imply Me = Md, just as in the SU5 and SOlo models. However, in this 

case there are large off-diagonal couplings between the light and heavy 

fermions (generated by the 351 and 351') which can modify the prediction 

md'ms = me/m . 
1-I 

Unfortunately, the desirable relation between mb and rnr will 

also be lost except for special limits of the parameters. 

Ramond [3.90] and Barbieri and Nanopoulos [3.92] have noted that the 

necessary symmetry breaking in the E6 model can be implemented by the Higgs 

representations (27*, 351, 351') contained in the direct product 27 X 27 (e.g., 

no adjoint is needed). This feature, which is not present in the SU5 or SOlo 

models, is interesting because it suggests that the symmetry breaking could be 
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dynamical, with the Higgs fields replaced by fermion-antifermion bound states 

(see S;ctions 2.5.3 and 6.8). For example, the fields transforming as 16 X 1 

under the SOlo subgroup can break E6 down to SU5; the fields transforming as 

10 x 10 contain an adjoint of SU5 (in the 351 or 351' of Es) which can break 

SU5 to Gs. 

Stech [3.72] has recently discussed fermion masses and symmetry breaking 

patterns in the E6 model. 

3.4.5 Semi-Simple Groups 

Many models have been based on semi-simple groups. Typical features of 

these models are: (a) baryon number B, lepton number L, and fermion number 

F = 3B + L are usually exact global or local symmetries of the Lagrangian. 

They are violated spontaneously if at all. (b) Parity violation is usually 

(c) The unification mass M is often very low (e.g., M - 10 4-6 spontaneous. 

GeW , so that no large desert or extreme hierarchy exists. (d) If B, L, and 

F are conserved in the Lagrangian, the proton will either be stable or will 

decay via mixing effects induced by SSB. In the latter case, the suppression 

will hopefully be sufficient to yield a long lifetime despite the low unifi- 

cation mass. 

Maximal Gauge Groups 

Consider a theory in which n left-handed fermions and n left-handed 

anti-fermions (right-handed fermions) are distinguished in the Lagrangian by 

a conserved fermion number F. If F is a global quantum number then the maxi- 

mal possible gauge symmetry of the fermions is [3.93-3.941 SUnL x SUnR, where 

"nL acts on the n fermions and SU nR acts on the n antifermions. Parity is 
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conserved, at least in the fermion sector of the Lagrangian if the two factors 

have tT;e same gauge coupling. If F is gauged then the maximal symmetry is 

SU2n' with n fermions and n antifermions combined in the fundamental represen- 

tation. F can be violated spontaneously in this case. 

For example, for two families one has n = 16 (n', do, cu, sa, Ve, e-, 

v 
u-) so that the maximal group is SU32 or SU16L x SU16R, which has been 

studied by Fritzsch and Minkowski [3.93]. For one family (no, da, veJ e-) one 

has SU16 or SUsL x SUsR [3.93]. 

One problem with these maximal symmetry groups is that they contain 

anomalies. It is necessary to add additional "mirror" representations of 

heavy fermions that transform according to the conjugate representation (i.e., 

with the opposite chirality) to cancel the anomalies. 

A recent SU8L x SUsR model by Pirogov [3.95] illustrates the basic ideas: 

the left- and right-handed fermions (uo, da, ve, u-), R transform as (8, 1) 
J 

and (1, S), respectively, with additional families assigned to similar represen- 

tations. The model as written has anomalies, so heavy mirror families of 

fermions in which the L and R fields transform as (1, 8) and (8, l), respectively, 

must be introduced to make the theory vectorlike. (Of course, the theory is not 

really maximally gauged because of the repetition of light and mirror families.) 

At a unification mass M, G is broken to Gs X Gw , where Gs and Gw are the strong 

and weak subgroups. There are many breaking patterns. For- example, Gs could be 

SU: or SUiL X SUgR. In the latter case one has chiral color [3.96], in which 

there are separate gluons coupling to left- and right-handed quarks. SUiL X SUgR 

would subsequently break down to SU:, with the axial gluons acquiring a mass of 

perhaps 1 GeV. Similarly, one could have Gw = SU2L x SU2R x UIL x UIR, 
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SU2L x Ul, etc. For the case Gs = SUiL X SU:R, Gw = SU2L ' SU2R "1L ' UIR' 

Pirogov obtains a unification mass of-10 6-8 GeV with sin2eW 2: l/3 at low 

energies. The proton is apparently stable for the fractionally charged quark 

version of this model. 

This model should not be taken too seriously (because of the large value 

for sinLOw), but it illustrates the possibility of having a small unification 

mass if Gs and G W are sufficiently complicated and the Lagrangian conserves 

B and L. 

Another SU8L X SUsR model [3.97] will be discussed in connection with CP 

violation in Chapter 6, as will semi-simple groups proposed in connection with 

horizontal symmetries. A non-gauge phenomenological group based on SO8 X SO8 

has also been studied [3.98]. All fermions and antifermions are united in a 

single real (8, 8) representation. 

The Pati-Salam Models 

Pati and Salam [3.94,3.99-3.1001 have emphasized a series of models of 

the form G = Gs x G W , where Gs and Gw are identical strong and weak groups 

related by a discrete symmetry. These models have been thoroughly reviewed by 

Pati [3.94], so I will only outline some of the basic ideas here. 

The simplest model is based on the group G = SU:. The 16 left-handed 

and 16 right-handed fermions of the first two families (including right-handed 

neutrinos) are assigned to the representations 
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fL,R = 

UR uG uB 

dR dG dB 

sR se sB 

I CR cG cB 
i- 

Vu 

with fL R 
J 

transforming as fL - (4, 1, 4*, 

J L,R , 

1) and fR - (1, 4, 1, 4* 

V 
e 

e- 

(3.133) 

) under the 

four SU4 factors. G can be interpreted as Gs x Gw, where Gs = SU4L x su 4R is a 

chiral color group (with separate gluons coupling to L and.R fermions) [3.96] 

and with lepton number as the fourth color [3.99]. Gs acts horizontally on 

. (3.133). Similarly, G W = SU4L x SU4R is a left-right symmetric chiral weak 

group which acts vertically (Rajpoot [3.101] has recently given an SU: version 

of the model with Gs = Gw = SU4). 

Additional representations of heavy mirror fermions are required to cancel 

anomalies. These transform like fL and fR, but with the helicity labels 

reversed, so the theory is vectorlike. Depending on the detailed form of the 

discrete symmetry used to relate the four factors (to ensure a single coupling 

constant) there may or may not be additional representations [3.102] transforming 

as (4, 1, 1, 4*), (1, 4, 4*, l), (4, 4*, 1, l), and (1, 1, 4, 4*). Additional 

families of fermions: (a) may be incorporated in these extra representations 

or the mirror representations; or (b) may be included by repeating the represen- 

tations in (3.133); or (c) may be incorporated in fL R by extending the group to , 
su;l, su;, etc. [3.103]. 

G = SU: is a chiral group as far as the light fermions are concerned 

(although it is vectorlike when the mirror fermions are included). Parity is 

violated spontaneously. Fermion number F is associated with a global symmetry 
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in StJi, since the left-handed fermions and antifermions appear in different 

represzntations. Of course, SU: can be extended to larger groups in which the 

fermions and antifermions are combined in a single representation, such as the 

maximal group SU32 [3.94]. B and L are linear combinations of F and a local 

symmetry generator. B and L may or may not be spontaneously violated, depend- 

ing on the pattern of symmetry breaking. F is not spontaneously violated in 

the SU: theory, but can be in extensions of the theory. 

The Unification Mass 

The SU: model possesses the advantages listed at the start of this 

section. In particular, one possible symmetry breaking chain is 

G = SUiL x SUgR 
1 I 

x SU4L x SU4R 

(3.134) 

-f 
[ 
SUSL x SUiR x UIL x UIR 

I I 
x su2L x SU2R 

I 
, 

M 

where SUiL x SUgR is a chiral color group and SU2L X SU2R, when combined with 

the LJ; factor associated with the vector generator in UIL x UIR, is a left- 

right symmetric electroweak group. s"2L ' SUER x Ui can then break down to 

SU2L x Ul at MwR 2 5 MW, implying the spontaneous violation of parity. The 

chiral color group breaks down to SU; at a mass MA < MW. The mass of the axial 

vector gluon (MA) is often taken to be -1 GeV. 

Elias, Pati, and Salam [3.100] have shown that with this pattern (3.134) 

of symmetry breaking, the mass scale M needed to explain the observed o/as 

ratio is M = 10 4-6 GeV. That is, there is no need for an extreme hierarchy of 

mass scales in the SU: model. However, the low energy value of sin2eW comes 

out too high (20.30) in this model. 
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The low unification mass in SU: can be traced back to the embedding of 

SU; in--the chiral color group, which is unbroken for M2 > Q2 > Mi. (Other 

breaking patterns are considered in [3.100,3.103]. Elias and Rajpoot [3.104] 

have shown that if SU: is extended to SU:,, n > 3 (which allows n quark doublets 

and n (2n- 3) lepton doublets to be incorporated into the basic representations 

fL ,), then a low unification mass ( lo6 GeV) is allowed even if SUzn breaks 
, 

directly to Gs = SU; x SU2 X Ul at M. The predicted values of sin2eW are in the 

experimentally favored range 0.21 to 0.25. (For models which break directly to 

GS’ 
M and sin2ew are determined by the representation content of the fields. 

See Section 6.2.) 

Fractional Versus Integer Charged Quarks and Baryon Number Violation 

Models such as SU: allow two alternate patterns for the final stage of 

symmetry breaking [3.94,3.99], which lead respectively to fractionally charged 

quarks (FCQ) or integer charged quarks (ICQ). In the SU: model there is a 

Higgs multiplet C which transforms as (4, 1, 4*, 1). (There are also other 

multiplets related by discrete symmetries.) The VEV of C is of the form 

(c) = 

I 

:1 0 

c1 

c1 

3 c4 

(3.135) 

, 

where c4 generates the WL mass. Depending on the details of the Higgs potential, 

cl will either be zero or non-zero. 

If cl is exactly zero, the standard model is recovered, with c4 (an SU2 ~ 

EM doublet) breaking SU; x SU2 x Ul down to SU: x Ul . In this case, the quarks 
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are fractionally charged (with the charge independent of color), the gluons 

are maZ!?sless, and quarks and gluons are presumably confined, Also, B and L are 

conserved in this case, implying that quarks and nucleons are stable. (Extended 

models will generally allow proton decay.) The model contains lepto-quark X 

bosons of charge +2/3 and mass MX - M 2 10 4-6 GeV, associated with the SU4 X SU4 

color group. The X bosons carry baryon and lepton number from one side of a 

diagram to another, as in Fig. 3.7, but do not mediate proton decay (they have 

no diquark coupling). They can, however, mediate apparent FCNC processes such 

as K L -f pe. The phenomenology of the X bosons, of the axial gluons, and of the 

new weak bosons is described in [3.94,3.96,3.99]. 

If cl is non-zero, on the other hand, the physics is entirely different. 

In this case SUE is spontaneously broken as a local symmetry (global SU; is 

unbroken), so the eight gluons acquire a common mass proportional to c 1' This 

presumably implies that quarks and gluons are not confined. Moreover, the 

electric charge operator, defined as the generator of Ul EM which leaves (C) 

invariant, no longer commutes with SU;. Rather Q is now a symmetric combination 

of SU" and SUY generators, which leads to integer charged quarks (ICQ). The 

charges of the particles in fL R are now 
, 

f. 11 0 

-1 0 0 -1 

qL,R = -1 0 0 -1 

\o 11 0 

(3.136) 

Finally, the Higgs field corresponding to cl carries non-zero B and L (but 

zero fermion number F = 3B + L), so cl # 0 implies that B and L (but not F) 

are spontaneously violated, leading to quark and proton decay. The concrete 
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mechanism for B and L violation is that the lepto-quark X bosons, which now 

have ch:rges +l and 0, will mix with the W bosons with mixing mass afi- 

B and L are now violated by the diagrams in Fig. 3.8, These diagrams 

differ from the B and L violating diagrams of SU5 in Fig. 3.3 in two respects: 

(a) the lepto-quark vertex takes a quark into a lepton, not an anti-lepton; 

(b) B and L are not changed at the lower vertex (i.e., it is not a diquark or 

dilepton vertex). Hence, fermion number is conserved. 

Quarks can decay in the ICQ model by the diagrams [3.94,3.99] in Fig. 3.9. 

Diagram 3.9a leads to q -f v + mesons, while diagram 3.9b, which may or may not 

be important depending on the 7r<q form factor for off shell quarks, can lead to 

q -f v + mesons or e- + mesons. For MX - 10 4-6 GeV, as estimated from the uni- 

fication mass, the quark lifetime (for a S-10 GeV quark) is estimated to be 

[3.94,3.99] Tq - 10e6 - lo-' set, which is short enough for unconfined quarks 

to have avoided detection. It is interesting that MX much larger than the 

unification estimate would lead to long-lived quarks, which should have already 

been detected, while MX much smaller is ruled out by the non-observation of 

KL + ue (by a diagram similar to 3.7). For further discussion of the production 

and decays of unconfined integer charged quarks see [3.94,3.99]. 

The long lifetime of the proton in the ICQ model is attributed to the 

assumption that quarks and diquarks are more massive than the proton. Hence, 

the proton can only decay if all three quarks decay simultaneously, as in 

Fig. 3.10. The decay is therefore third order in the B and L violating inter- 

action and is enormously suppressed. Possible decay modes include p -f 3~ T+, 

3v lTfTr+7TTT-, 3v lT+Tr"7To, and (if 3.9b is important) p -f vve- T+IT+. Note that 

there are a minimum of four particles in the final state and that F = 3B + L 
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is conserved. Pati and Salam estimate [3.94,3.99] a proton lifetime T of 
P 

102g- m34 years. 

Hence, the proton is either stable or unstable in the SU: model, depend- 

ing on whether quarks have fractional or integer charge. (I'f SU: is embedded 

in a larger theory, such as SU32, there may also be fermion number violating 

decay modes such as p -t e+ TO. These can occur for either ICQ or FCQ.) Perhaps 

the most exciting feature of the model is that reasonable values of CX/CX~ and 

~~ can be achieved with a low (10 4-6 GeV) unification mass, thus avoiding the 

need for an extreme mass hierarchy or the associated desert. However, sinLOW 

comes out too high (~0.30). The other disadvantage is that the form of the 

group (the direct product of four factors related by discrete symmetries) and 

the pattern of light fermion representations and their heavy mirror partners 

are complicated and apparently rather arbitrary. 
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4. PROTON DECAY 

Tn this chapter I discuss the general question of baryon number conser- 

vation, in particular the question of the stability of the proton and bound 

neutrons. Section 4.1 contains a few general comments on baryon number con- 

servation. Section 4.2 is a brief review of the current experimental limits 

on the proton lifetime and of future experiments. The rest of the chapter 

deals with the theoretical predictions for proton decay. The first suggestion 

that protons could decay because of the new interactions in grand unified 

theories was by Pati and Salam [3.99], within the context of semi-simple 

gauge groups. However, in Section 4.3 I will concentrate on the prediction 

for the proton lifetime and branching ratios in the SUS model. There are two 

distinct theoretical problems to be considered: the mass MX of the lepto- 

quark bosons responsible for nucleon decay must be estimated from the mass at 

which the coupling constants a, c1 
S’ 

and sin2eW are unified (Section 4.3.1), 

and the proton lifetime and branching ratios must be estimated, the former 

depending strongly on MX (Section 4.3.2). Section 4.4 discusses baryon num- 

ber violation from a more general viewpoint, including a consideration of a 

more general class of grand unified theories and theories in which the proton 

is stable. 

There are several other reviews of various aspects of proton decay. 

References [4.1] and [4.2] review the experimental limits on 'c p. [4.1] and 

[4.3] describe the general theoretical ideas in a non-technical sense. 

References [4.4] - [4.6] are technical reviews of proton decay, mainly in the 

SUS model. 
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4.1 Baryon Number 

The absolute or approximate stability of protons and some bound neutrons 

is usually attributed to the exact or approximate conservation of baryon num- 

ber (B). In order to discuss the possibility of baryon number violation, it 

is useful to contrast it with another conservation law that is seldom ques- 

tioned, that of electric charge. The difference, of course, is that electric 

charge is associated with a gauge symmetry. There is no acceptable way to 

violate electric charge without also giving mass to the photon [4.7]. As 

the experimental limit on the photon mass is extremely stringent 

(my < 6x10 -22 MeV [2.34]), it is reasonable to assume that Q is exactly 

conserved. 

Baryon number does not appear to be associated with a gauge symmetry, 

however. If it were, the associated long range force would couple to baryon 

number and not mass. It was pointed out by Lee and Yang [4.8] that such a 

force would generate an apparent difference between gravitational and inertial 

mass, which could be detected in the Eijtviis experiment [4.9]. From the pres- 

ent limits [4.9] one can conclude that the upper limit on the coupling of 

such a baryonic photon is -9 2 -48 a B 5 lo GN "P = 6x1o * 
It therefore seems 

very likely that baryon number is not associated with an unbroken gauge sym- 

metry. 

Therefore, if baryon number is exactly conserved it must be because of 

an unbroken global symmetry. (This is the case in the standard SUGXSU2XUl 

model.) Unlike gauge symmetries, however, it is easy to write down interac- 

tions which violate the quantum number by a small amount without causing any 

other difficulties. The validity of baryon number conservation must there- 

fore be considered an experimental question [4.10]. 
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The known interactions are not likely to violate baryon number conser- 

vation at an experimentally observable rate. The time scale of the weak 

interactions is of order 10 -10 set, and that of the strong and electromagnetic 

interactions is even less. The present lower limit of 'I 
P 

> 1030 years there- 

fore suggests that these interactions conserve B, although one cannot rule 

out the possibility of very tiny B violating components. (It Hooft has ob- 

served [4.11] that baryon and lepton number will be violated by vacuum 

tunneling effects in the ordinary weak interactions. For example, the re- 

actions p+n -+ e +- 1)u and p+n + u + ce will occur in the SU2XUl model. 

However, this source of baryon number violation is negligible in practice 

because decay rates and cross sections are proportional to exp[-4n sinLBW/o] 

N exp[-400]!) Gravitational interactions, on the other hand, are of order 

1O-33 of typical weak amplitudes, so that even if gravity somehow violated 

baryon number it would lead to an unobservably long (>1059 yr) proton life- 

time. 

It is therefore likely that if the proton does decay at an observable 

rate it is because of a new interaction. This is exactly what occurs in 

most grand unified theories. In most such theories baryon number is explic- 

itly violated by the gauge and Yukawa couplings of fermions to the new bosons 

in the theory. The long lifetime of the proton is attributed to the fact 

that the relevant leptoquark and Higgs bosons are superheavy. 

4.2 Present Limits and Planned Experiments 

There are two basic techniques for searching for nucleon decay: 

(a) One can detect the residual nucleus that remains after a nucleon within 

the nucleus decays. Experiments of this type, of which there are nuclear, 
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geochemical, and radiochemical varieties, are insensitive to the particular 

decay mode of the nucleon. (b) One can attempt to detect the nucleon decay 

products. Experiments in this class cannot be sensitive to all possible decay 

modes. However, they can utilize much larger quantities of matter as nucleon 

sources and they can generally reduce background leyels far below those in 

the first class of experiments. The various experiments of both types and 

their results have recently been reviewed by Goldhaber, Langacker, and 

Slansky [4.1] and by Reines and Schultz [4.2], so I will concentrate here on 

the most recent experiments and on plans for the future. 

One experiment by Reines and collaborators [4.12,4.13] utilized a 20 ton 

array of CH2 liquid scintillation detectors located 3200 m underground in a 

gold mine near Johannesburg, South Africa. (Experiments of this type must be 

performed far underground to reduce the background from cosmic ray produced 

muons.) The detectors were sensitive to muons that stop and decay in the 

detector. These muons could be produced by the decays of protons or neutrons 

in the surrounding rock. The muons could either be produced directly in the 

decay or could be the secondary decay products of a n’ (a IT- will almost 

always be absorbed or charge exchange before it can decay, while a several 

hundred MeV IT+ has a probability of =1/3 of decaying). During 67 ton-years 

of running (1965-1974), six muons were observed. This rate was consistent 

with the number of background events associated with cosmic ray produced neu- 

trinos which interact in the detector or the surrounding rock. Therefore, 

Reines et al. interpreted their results as an upper limit on the decay rates 

for p -f 1-I f + X and n + pi: + X. They found : 

T(.p + l-l& + X ) > 3 X 10 30 yr 

T(n+ $+x) > 3x10 30 yr . 
(4.1) 
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A translation of this result into a total lifetime limit is model dependent. 

Learned, Reines, and Soni [4.13] estimated that for the branching ratios ex- 

pected in common models (e.g., SU5 or the Pati-Salam model) approximately 15% 

of the nucleon decays would result in a muon. This is an average of a large 

fraction for proton decays and a small fraction for neutron decays. Equa- 

tion (4.1) then implies 'c 
P 

> 1030 yr. 

An ongoing experiment by a Pennsylvania-Brookhaven group [4.14] involves 

a series of water Eerenkov detectors located 1600 m underground in the 

Homestake gold mine in South Dakota (the site of the solar neutrino experi- 

ments). This experiment searches for muons produced inside the detector, 

especially those which are moving upwards. (The atmospheric muon background 

is much more severe than for the much deeper South African experiment.) The 

experimenters have made a detailed estimate that, for the SU5 branching 

ratios, approximately 27 % of the proton decays should ultimately produce a 

muon detectable in their apparatus. Most of these muons are from TT' or kaon 

decay. The estimates include the probability that a IT' will emerge from the 

oxygen or hydrogen nucleus [4.15] for each decay mode and the probability 

that the TT' will decay before being absorbed. Assuming this 27% figure, their 

current lifetime limit is r > 2x10 30 
P 

yr. By increasing the volume of the 

detector (it is currently -150 tons) and improving the electronics they should 

ultimately be sensitive to lifetimes of -10 31 yr. 

A number of other experiments are in various stages of-running, con- 

struction, or planning. These involve groups from Tata, Irvine-Michigan- 

Brookhaven (IMB), Harvard-Purdue-Wisconsin (HPW), Minnesota, Frascati-Milano- 

Torino, and Saclay. Most of these experiments will attempt to identify all 

of the final particles for some appropriate decay modes. They can therefore 
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yield more detailed information than the experiments that search only for 

muons. On the other hand, they are sensitive to fewer possible modes. 

An important figure of merit is that one ton of matter contains about 

6x102' nucleons. Thus, if one makes the rather optimistic assumption of 100% 

detection efficiency, experiments employing 100 or 10,000 tons of matter as 

sources of nucleons would be sensitive to nucleon lifetimes of =6x10'" yr 

and 6~10~~ yr, respectively. (This is for ten events per year.) Two of the 

projected experiments, IMB and HPW, will utilize very large quantities (-6000 

and 1000 tons, respectively) of water as their nucleon source. In each case 

the water will be surrounded or interspersed with phototubes (-2400 for the 

IMB experiment), which will detect cerenkov light produced by electromagnetic 

decay products of the nucleon. For example, p + etro would produce three 

cones of terenkov light, while n +- e'n- would produce two. (The nTT- cone will 

be distorted by rescattering effects.) Most of the other‘experiments will 

employ smaller (100-1000 ton) and denser detectors. 

There are two principal backgrounds for these experiments. The first 

is the highly penetrating muons produced by cosmic ray interactions in the 

atmosphere. In order to reduce the muon flux to manageable levels it is 

necessary to perform the experiments deep underground. Even at the depth 

(600 m) of the IMB apparatus, however, the muons constitute a serious back- 

ground. Approximately lo* muons/year will pass through the detector, about 

1% of which will stop. Fortunately, most of these can be easily recognized 

and can even be used to calibrate the detector. Nevertheless, the muon 

background should be a serious complication for most of the projected ex- 

periments. 
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A second background, which cannot be eliminated by placing the detector 

underground, is due to the interactions of neutrinos produced in the atmo- 

sphere. For example, the reaction sep + e+nT', with the neutron undetected, 

could simulate the decay p + e+r'. The background from such events would 

equal the true signal if the proton lifetime were 5x10 30 yr. This background 

can be greatly reduced by measuring the momenta and energies of the final 

particles. Even when the appropriate kinematic cuts are applied, however, 

the background would equal the true signal for a lifetime of ~3x10 33 yr [4.16], 

independent of the detector size (one must, of course, include the effects of 

fermi motion in such estimates). It would therefore be very difficult to 

improve the limit on the nucleon lifetime to much beyond 3 X10 33 yr by ter- 

restrial experiments. 

Background from natural radioactivity is of little importance because 

of the low energies involved. 

These large detectors may have interesting secondary uses, such as 

detecting very high energy extraterrestrial neutrinos, neutrino oscillations, 

or the decay products of exotic heavy particles [4.17]. 

The possibility of detecting AB=2 interactions will be discussed 

briefly in Section 4.4. It has been pointed out [4.18] that the experimental 

limit on the antiproton lifetime is only r- > 10 -8 
P 

set, but that this can be 

increased to -10 10 set in pp storage ring experiments. Of course, any dif- 

ference between rp and rI, would require a violation of the CFT theorem. 



4-8 

4.3 Theory (Mainly SUS) 

4.3.1,Determination of the Lepto-Quark Mass [4.4-4.61 

For any theory in which the grand unified group G breaks down to 

SU'xSU XU at a mass M 3 21 x, the three coupling constants g3, g2, and gl of the 

properly normalized subgroups should come together at or near MX. Hence, one 

has two independent determinations of MX, based on the observed ratios asloe 

and sin20 W = a,/c% 
g 

at low energies. That these two determinations give the 

same MX can be considered a consistency check on the theory. Other constraints 

on M X are the proton lifetime and the ratio TJrnT * 
For the Georgi-Glashow model, the basic results of Georgi, Quinn, and 

Weinberg [3.4] for o/as and sin2eW in the region 4 < Q2 < Mi are given in 

(3.46) in the approximations of working to lowest order, treating all thresh- 

olds as step functions, and neglecting Higgs bosons. Including the effects of 

nH light complex Higgs doublets, these become 

sin2fJw=i[l m&[1104nH]J$n$~ 

,=$[l-$.+-[llt~~!?n$] 

3 3 

(4.2) 

where a, a s, and sin"8# are evaluated at Q". (4.2) is independent of the 

number F of fermion families. 

An early estimate of MX by BEGN [3.3] utilized (4.2) with: 

(4 as = 12ri/(25Rn Q2/A2), with A = 300 MeV, valid in the region below heavy 

quark (c, t) thresholds; (b) nH = 0; (c) a(Q2) = a(0) = l/137.04. They found 

Mx = 3.7~101~ GeV, implying sin2eW (Mi) = 0.20 and oS(Mc) (the value of 
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gE/4s at the unification mass) = 0.022. For 'c 
P 

this implies 

2 1o38 
rP -ci 

yr, much too long to be observable. 

However, small corrections to (4.2) imply small changes in Rn MX but 

large changes in MX and therefore in -r N Mi. 
P 

It was subsequently realized, 

especially by Ross [4.19], Goldman and Ross [4.20], and Marciano [4.21], that 

most of the corrections tend to reduce MX (and rp). A great deal of effort 

has therefore gone into the improvement of Eq. (4.2). I will first describe 

the relation between MX and as, then the relation between MX and sin2BW, and 

finally the question of consistency between as, sin'Ow, mb/mr, and rp. It 

will turn out that MX can be determined rather reliably in terms of as, or 

more precisely, in terms of A (MX and A are roughly proportional in the re- 

gions of interest). On the other hand, MX varies exponentially with sin2ew, 

so that small uncertainties in sin20 W lead to enormous uncertainties in 

MX [4.21,4.4]. It is therefore more appropriate to predict sin2BW in terms 

of MX. The reader is also referred to several excellent recent reviews of 

similar topics [4.4-4.61. 

The Estimate of MX from a/a 

The first serious study of the corrections to the relation (4.2) between 

MX and a/as was by Ross [4.19] and Goldman and Ross [4.20]. They argued that 

including the Q2 dependence of a reduces MX . by a factor of 6, that the effects 

of fermion and boson thresholds reduce MX by 3, that two loop contributions 

to the renormalization group equations reduce MX by 4, and that including a 

single Higgs doublet reduces MX by 2. Altogether, therefore, MX is reduced 

by a factor >lOO from the BEGN estimate, implying that the estimate of r is 

reduced by 10' to the experimentally accessible region 'c P 
=I 1030 yr. ' 
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(Subsequent improvements in the treatment of a and os produced compensating 

changes in Mx.) I will now describe these and other issues in more detail. 

Thresholds and the Renormalization Scheme 

There are now a number of studies [4.4-4.6,4.21-4.24al of the effective 

coupling constants that appear to be quite different in their treatments of 

thresholds. Most of the apparent differences are due to different prescrip- 

tions for defining renormalized coupling constants (see Section 2.5.2). 

Clearly, any prescription can be used if it is utilized consistently (i.e., 

all of the coupling constants must be defined the same way). In fact, we 

will see that the different approaches yield remarkably consistent results. 

Two basic approaches have been used, the symmetric momentum subtraction 

scheme (MOM) and the modified minimal subtraction (MS) scheme. 

In the MOM scheme the coupling constant is defined in terms of a 

specific renormalized Green's function (e.g., a triple gluon vertex) in which 

all of the external legs are given equal spacelike momenta. This scheme, 

versions of which have been used by BEGN [3.3], Goldman and Ross [4.20],and 

Ellis et al. [4.4], h as the advantage that the Appelquist-Carazzone de- 

coupling theorem [4.25] applies [4.26]. This means that heavy particles ex- 

plicitly decouple from the renormalization group equations for momenta small 

compared to their mass. However, the treatment of fermion [3.15] and boson 

[4.19] thresholds is very complicated. The renormalization group equations 

depend in a complicated way on the particle masses and must be integrated 

numerically in the threshold regions [3.3,4.19-4.20,4.4]. There is also a 

problem in that one should use a QL dependent gauge parameter in this 

scheme [4.27]. 
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Ross [4.19] and Goldman and Ross [4.20] have concluded that the proper 

treatment of the boson and fermion thresholds in this scheme reduces the 

naive estimate of MX by a factor of 3. The translation of the strong coupling 

constant determined from deep inelastic scattering, which is interpreted as 

~3 (see Section 2.5.2), to oMoM increases MX by -3 [4.20]. 

The MS scheme has the enormous advantage that the renormalization group 

equations are independent of mass, allowing a much simpler treatment of 

thresholds. However, the decoupling theorem no longer explicitly applies 

[4.26] because all divergent loops contribute to the coupling constant re- 

normalizations, independent of the mass of the internal particle. A very 

elegant treatment of this problem has been given by Weinberg [4.28] and 

applied to the estimate of MX by Hall [4.22]. Weinberg advocates that below 

the threshold associated with scalar, vector, or fermi particles one should 

consider the effective field theory in which the degrees of freedom associated 

with the heavy particles have been integrated out (in the functional integral). 

This means that below (above) the threshold, the heavy particle contributions 

should be omitted from (included in) the renormalization group equations. 

The gauge couplings below and above the threshold are equal up to finite 

discontinuities that have been computed by Weinberg 14.281. His result is 

A Rn g + 8 Tr(Lif Rn(fi m/Q)) 

(4.3) 

- 21 Tr { Liv(an(M/Q) - l/21))] + O(g’) , 

where ga(Q2) is the gauge coupling of the a th subgroup (G,) of the effective 

field theory below threshold, g(Q2) is the gauge coupling of the theory above 

threshold; u, m, and M are the mass matrices of the heavy scalars, fermions, 
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and vectors associated with the threshold; Las, Laf, and Lav are the repre- 

sentation matrices of the heavy particles for any one of the generators of Ga, 

and A = l- P is a projection operator which excludes the Goldstone bosons. 

For SU5 broken to SU~xSU2xUl at MX = My, for example, then, assuming for 

simplicity that there are no heavy fermions or scalars with masses near MX, 

(4.3) implies that the couplings g3, g2, and gl of the effective group should 

all meet g5 at Q = e -l/21 MX = 0.953 MX, as illustrated in Fig. 4.1. Alter- 

nately, one can interpret (4.3) to mean that g,(Mg) differs from g5(M$ by a 

finite discontinuity computable from (4.3). Similarly, (4.3) states that the 

gauge couplings of the theory below and above a fermion threshold should meet 

at fimf. (4.3) treats the threshold effects exactly up to order g3. An 

alternate derivation of the same result has been given by Bin&ruy and 

Schicker [4.23]. Marciano [4.21] and Chang et al. [4.24] have advocated 

similar treatments of thresholds, although the latter authors mainly apply 

their results to an asymptotically free variant of the SU5 model (described 

briefly in Section 6.4). 

Equation (4.2) is valid above the W threshold. It is typically evalu- 

ated at Q2 = Mi or Q2 = 4M;. However, the value l/137.04 used for the elec- 

tromagnetic fine structure constant in the early determinations of MX is 

really only appropriate at Q2 = 0. Furthermore, it is defined in terms of 

the vertex of a photon coupled to on shell electrons. Goldman and Ross [4.20] 

and Marciano [4.21] pointed out that a in (4.2) should be evaluated at Q2 = M; 

(or 4M$. It turns out that this is the single largest correction to the 

early value MX = 3.7~ 10 l6 GeV. 
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The basic equation for cl(Q'), still defined in terms of the vertex of 

a photon with on-shell electrons, is [4.21] 

am1 (Q2) - a-l (0) = -&- 1 q: Rn $. 
f Mf 

(4.4) 

where the sum extends over all fermions of charge qf with mass Mf < Q. For 

the quarks, Mf is the constituent mass. (4.4) follows easily from (2.238) in 

the approximation of treating fermion thresholds as step functions. (Goldman 

and Ross [4.20] obtain a slightly different formula from a different treatment 

of the thresholds.) Because (4.4) depends (weakly) on the constituent quark 

masses, Ellis et al. [4.4] have also employed an alternate method (used 

earlier by Paschos [4.29]) in which aB1(Q2) is determined by a dispersion 

integral over the measured cross section for e+e- -t hadrons. 

In addition, a -1 defined in terms of an on-shell vertex function must 

be converted into the ~1-1 relevant to the MOM or MS subtraction schemes. The 

translations are [4.20] 

GkM(4M;) = &4M;) + 0.60 

and [4.23,4.30] 

(4.5) 

-l -1 - 0 83 c$g=a . . (4.6) 

Finally, Hall [4.22] has calculated cx$$ at Q = 0.95 s using the effec- 

tive field theory method. 

The results of all of these calculations, which are in good agreement 

with each other, are shown in Table 4.1. The result of using the correct 

value for cx in (4.2) is to reduce the value obtained for fi4x by -10. (The 

early estimate of a factor 6 was based on a preliminary value for a -l(4M;) 

[4.20].) 
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Table 4.1 Various values for aW1(Q2). 

Marciano [4.21] Step Function d(M$ = 128.5? 0.5 

Mu = Md = MS = 1.0 GeV 

MC 
= Mb/3 = Mt/9 = 1.5 

Goldman and Ross [4.20] Modified Step Function a-l(4M;) = 128.8 

Mu = Md = .3 c$-&(4M$ = 129.4 

MS = . 5, MC = 1.5 

Mb= 5, Mt = 25 

Ellis et al. [4.4] 

Hall [4.22] 

Dispersion Relation c&M$ = 128.64+ 0.42 

a-1(4$) = 127.43+ 0.47 

o&M;) = 127.812 0.42 

c$iM(4M$ = 128.03* 0.47 

Effective Field Theory a&(.95 Mw)2) = 128.2 

Two Loop Contributions to the Renormalization Group Equations 

Goldman and Ross [4.20] included the two loop contributions to the re- 

normalization group equations in their analysis. Equations (2.243) are 

replaced by 

d a;' ab 
6; 3 8, ab 

=-+ 
d Rn Q2 4' 

c 
b=l (4.i~)~ ' 

(4.7) 

where B1 = 0 -4F/3, 6; = (22 - 4F)/3, 0: = (11 - 4F/3), and 



ab 
8, = 

0 0 0 

0 136 --j-- 0 

0 0 102 
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-F 

J 

19 3 44 
15 T 15 

1 49 
s 3 4 

11 3 76 
30 z 3 

, (4.8) 

where F is the number of families. (4.7) is typically solved by iteration, 

with the lowest order expression for c1 a substituted on the right-hand side. 

(See Ref. [4.29], for example, for an explicit expression for the leading 

correction.) For F= 3, the two loop terms lower the prediction for MX by a 

factor of 4 14.201. Of course, if one utilizes (4.7) then consistency re- 

quires that one use a value for as that includes two loop corrections. 

Effects of Additional Light Particles 

Including the effects of a single complex doublet of light (<MW) Higgs 

particles lower the estimate of MX by a factor of 1.8 [4.20,3.3]. Each addi- 

tional complex doublet lowers Mx by approximately the same factor. Hence, 

each additional light Higgs doublet reduces the estimate of 'I p by an order of 

magnitude. This will be a serious constraint on nH. 

The extrapolation of a and as from low energies to Mi depends on the 

fermion mass spectrum [4.27]. Fortunately, the sensitivity to the t quark 

mass is small [4.4,4.22-4.231: MX decreases by ~2% as mt is increased from 

15 to 50 GeV. This is because the effects of mt on a and as- compensate to 

leading order [4.23]. A more serious uncertainty involves the possibility of 

more light (m 5 Mw) families of fermions (although additional families are 

disfavored because of cosmological constraints (Section 2.4.4) and the mb/mr 

ratio (Section 3.3.1)). The leading order Eqs. (4.2) are independent of the 
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number F of families, but the two loop corrections introduce an F dependence. 

The result is [4.20,4.4] that MX increases by a factor of -1.8 for each addi- 

tional light generation. 

Ellis et al. [4.4] have discussed the possibility of combining techni- 

color (Sections 2.5.3 and 6.9) with SU5 in a group SU5XG TC' If one assumes 

that there are FTC technicolor families, each of which transforms as a 5*+ 10 

under SU5, then the TC families will increase MX by -2X 2 'TC , where the first 

factor is due to the omission of the usual Higgs doublet. The uncertainties 

associated with the strong TC interactions (e.g., the effects of resonances) 

are at least a factor (1.5) +FTC . 

Effects of Heavy Particles 

Several authors have discussed the effects of superheavy colored scalar 

fields. Ellis, Gaillard, and Nanopoulos [4.31] have argued that the effects 

of the color triplet in the 5 will not be important for proton decay unless 

the Higgs mass is $10 10-lp GeV, but that masses this low compared to MX are 

unlikely (e.g., see [3.3] and Eq. (3.56)), especially when radiative correc- 

tions to the Higgs potential are included [4.32]. Goldman and Ross [4.20] 

estimated that a 10 10 GeV Higgs color triplet would increase MX by -1.2. 

Hall [4.22], using the effective field theory method, argues that varying the 

Higgs mass from low3 MX to 10 +3 MX leads to an uncertainty of 1.5 in MX. 

Cook et al. [4.33-4.341 have pointed out that although the effects of heavy 

colored scalars in a 5 have little effect on Mx, the introduction of a 45 of 

Higgs would lead to a large uncertainty of a factor of 3 (in either direction) 

in M X' 
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Ellis et al. [4.4] have also discussed the uncertainties in MX due to 

superheavy fermions. For example, each 5+ 5" family of superheavy fermions 

(such as is expected for the embedding SU5 C SOlo C E6) introduces an un- 

certainty of a factor of three in MX. 

Results 

Table 4.2 summarizes the results of the various analyses of MX as a 

function of f$jx. Each of the authors concludes that MX and hi are approxi- 

mately linearly related in the region of interest. Ellis et al. [4.4] have 

taken ~QS- N 0.4 GeV, with an uncertainty of a factor (1.5)'l. (See also 

Section 2.5.2.) The values of MX for Am = 0.4 GeV are also shown. The 

reader is referred to the original papers for the authors' estimates of un- 

certainties due to higher order corrections, the treatment of thresholds, the 

t quark mass, and the masses of heavy Higgs bosons. A reasonable consensus 

is that these effects lead to a further uncertainty of (1.5)" in M x. 

The results in Table 4.2 are in excellent agreement with each other 

(within the (1.5)" uncertainty). In particular, the calculations based on 

the MOM and MS schemes agree to within 50% in MX and to within -1% in 

in (MX/MW) . This is very encouraging in that the two schemes involve a very 

different ordering of the perturbation theory [4.22]. 

For concreteness I will take 

MX = 15X (1.5)'1 x 10 

with k = 0.4~ (l.S)'l GeV. For I'!~ = 0.4 GeV, (4.9) implies 

MX = 6x (1.5)+1X1O14 GeV . 

(4.91 

(4.10) 
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Table 4.2 Estimates of MX for nH= 1, F= 3. The estimates 
all agree to within the 50% uncertainty due to 
higher order terms, t quark mass, masses of heavy 
Higgs particles, etc. 

MOM 

Goldman and Ross [4.20] 1 08 x 1(j15 Osg8 . %E 4,4x1014 

Ellis et al. [4.4] 1.35x1015 I$$' 5.4x1014 

MS 

Bingtruy and Schiicker [4.23] 1.67X1015 f$y" 6.5x1014 

Hall [4.22] 1.5x1015 Ajg 6.0x1014 

Marciano [4.21] 1.6~10~~ !QT 6.3x 1014 

Ellis et al. [4.4] Same as BinGtruy and Schiicker 

(4.9) is for one light Higgs doublet and F= 3. MX decreases (increases) by a 

factor of -1.8 for each additional Higgs doublet (fermion family). Discus- 

sions of the effects of more exotic fields (e.g., 45's of Higgs, technicolor, 

or superheavy fermions) are cited in the text. 

cls("g) is not significantly changed by the corrections to (4.2). 

Goldman and Ross [4.20] obtain ct5(M$ = 0.0244+ 0.0002. 

The Relation Between sin20W, A, and MX 

The first serious improvement in the formula (4.2) for sin2eW was by 

Marciano [4.21], who included the Qz dependence of a and the effects of a 
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Higgs doublet. Marciano also argued that the parameter measured in neutral 

current experiments should coincide with sin2eW(Mi) to within 0.01. Subse- 

quently, the two-loop corrections to the renormalization group equations 

were incorporated by Paschos [4.29], Mahanthappa and Sher [4.34-4.351, 

Marciano [4.6], and others [4.20,4.22-4.23,4.36-j. All of the calculations 

are in good agreement with each other, except for that of Paschos which was 

evaluated at Q= 10 GeV rather than s. In Fig. 4.2 I plot the relation ob- 

tained by Marciano between sinLBW(MX), MX, and A=. (For a given Am the 

results of Refs. [4.20] and [4.22] are almost identical, while values of 

sinLOW about 1 and 2% lower are found in [4.23] and [4.34].) For fixed MX, 

the prediction for sin20W increases by -0.0015 for each additional light 

Higgs doublet [4.21] and decreases by -0.01 for each extra family of light 

fermions [4.20]. 

It is apparent from Fig. 4.2 that sin2eW is predicted rather precisely. 

For nH=l, F=3 and MX = 6x(1.5)"1x1014 GeV one has 

+o 003 sin29W(~)=0.209-0*002 . . (4.11) 

This prediction is much more general than the SU5 model. It will occur for 

any theory with no exotic fermions for which the unification group G is 

broken directly to SUjXSU2XUl at MX (see Section 6.2). 

The prediction (4.11) for sin20W(M$ is in reasonable agreement with 

the experimental value [2.70] 0.2295 0.009(+0.005) (Eq. 2.188), 

although it is slightly low. Several authors [4.21,4.34-4.351 have emphasized 

that sin2eW(MW) is not quite the same quantity as the sin2eW determined in 

the phenomenological analyses, because the latter do not include the effects 

of the weak and electromagnetic radiative corrections. (Recall Marciano's 
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early estimate [4.21] that the two quantities could differ by as much as 

0.01.) Recent estimates [4.37] of the radiative corrections to the neutral -ci 

current deep inelastic cross section indicate that they are small. (The 

large effects cited in [4.4] were based on an early and incorrect calcula- 

tion.) However, the most accurate measurements of sin20W are from the neutral 

current to charged current cross section ratios in deep inelastic neutrino 

scattering and from weak-electromagnetic interference in the SLAC eD asym- 

metry experiment [4.38]. At the time of this writing, the radiative correc- 

tions have not been computed in entirety for either process. For example, 

radiative corrections to the'charged current processes could modify the true 

value of p in (2.200), presumably within the range allowed in (2.201), lead- 

ing to a different sin28W. Preliminary indications are that these effects 

will be very tiny, however [4.39]. 

Consistency of ala , sin2eW, mL/mT, and r J P 

We have seen that for nH=l and F= 3, Am = 0.4 GeV implies 

MX=6x(1.5) rtl ~10~~ GeV and sin'e,(M$ = 0.2091~'~~~. As discussed in Section . 

3.3.1, Nanopoulos and Ross [3.16] have shown that the asymptotic prediction 

93 = mT is renormalized (under similar assumptions) down to mb <, 6 GeV. 

Also, this range of MX will imply a proton lifetime in the acceptable and 

interesting range 'c 
P 

= 102g-1033 yr. These results are all roughly consistent 

with each other and with the experimental data, but I would like to comment 

briefly on the possibility of obtaining a larger value of sin2eW N 0.23 by 

modifying some of the assumptions. I 

The simplest possibility would be to decrease the unification mass MX. 

However, we see from Fig. 4.3 that this would require an unacceptably small 
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MX: an increase of 0.01 in sin20w requires a decrease of -5.7 in MX and 

-1050 in 'c . sin20 1.7~10 l3 GeV and 

TP 
c( lo%;026 

W = 0.23 would require MX = 

yr, which is clearly ruled out. One possible loophole 

is that there are ways to modify the standard SU5 model to obtain a longer 

proton lifetime for fixed MX, as will be described in Section 4.4. Even 

without the ~~ constraint, however, MX = 1.7X1013 GeV implies hX N 11 MeV, 

which is too small. I note in passing, however, that a value of MX(Am) 

somewhat smaller than the standard estimates would, if one ignores the im- 

plications for T 
P' 

have the desirable consequences of lowering somewhat the 

estimates of mb and ms [3.16], as well as increasing sin2ew. 

A second possibility is to increase the number F of light fermion 

families. For fixed %P x p M (-c ) is increased [4.20,4.4] by -1.8(10) for 

each family above F= 3, but unfortunately the prediction for sin2eW decreases 

(by -0.01) [4.20]. Also, the renormalized values of mb and ms increase to 

unacceptably large values for F> 3 [3.16], although the quark mass predic- 

tions can always be modified by including 45 dimensional Higgs representations. 

A third possibility is to increase the number nH of Higgs doublets. 

Here one must be very careful to specify what is held fixed. For fixed MX 

(and ‘I: P I, 
sin2ew increases by -0.0015 for each additional Higgs doublet. 

Unfortunately, a disquieting number (nH 214) of Higgs doublets would be re- 

quired to increase sin2ew to 0.23. Moreover, this leads to unacceptably 

small values for a/as. (In fact, the expression (4.2) for cl/as becomes 

negative for nH >14.) Also, mb increases slightly with increasing nH [4.40]. 

The relations between sin20w, MX, nH, ml/mr are discussed more carefully, in 

the one loop approximation, by Komatsu [4.40]. 
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Finally, one can attempt to vary nH and MX simultaneously. To analyze 

this, let us return to the one loop equations (4.2). If one requires 

sin2ew = 0.23 and A = 300 MeV then (4.2) can be satisfied for nH y 7 and 

MX = 5~101~ GeV for a-1 N 128. This will again lead to much too short a 

proton lifetime (especially when higher order effects are included) unless 

proton decay is somehow suppressed. 

In summary then, a value of sin2eW(M$ as large as 0.23 is essentially 

impossible to obtain in the standard SU5 model. If improved experiments and 

complete calculations of the necessary radiative corrections indicate that 

such a large value is needed, then one would have to go to more complicated 

models in which proton decay is suppressed (Section 4.4), the asymptotic 

values for sin2eW and a/as are modified (Section 6.2), there are intermediate 

thresholds between MW and MX (Section 6.2), or the low energy theory is dif- 

ferent from SU~XSU2xUl (Section 6.2). 

4.3.2 Determination of the Proton Lifetime and Branching Ratios 

In this section I will discuss the proton lifetime and branching ratios 

in the SU 5 and, to a limited extent, the SO 10 models, assuming that colored 

Higgs particles are sufficiently massive that their effects can be ignored. 

A somewhat more general discussion is given in Section 4.4. 

The Effective Interaction 

From (3.39) or (3.116) one can easily write down effective four fermion 

interactions for baryon number violating processes in the SU5 and SOlo models. 

If one ignores mixing effects as well as the second and third families, the 

SU5 effective interaction is [3.3] 
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where 

2 
4G 

eff = Jz 

2 
g5 -=- 

Jk 8M; 

(4.12) 

(4.13) 

defines the analogue of the fermi constant of the weak interactions and 

MX = MY has been assumed. (Some early references have the opposite sign for 

the ei term. The sign given above is correct in the interaction basis for the 

sign conventions in Chapter 3, and also in the mass basis (ignoring mixings) 

if the e and d masses are generated by a 5 of Higgs.) Equation (4.12) can be 

derived from (3.39) using the Fierz identity 

(4.14) 

where the qi are anticommuting fermion fields, and the antisymmetry of the 

quark fields in the color indices. The identity 

(4.15) 

is also useful in the following calculations. 

From (3.116) one can also derive the effective interaction due to the 

X' and Y' bosons of the SOlo model: 

(4.16) 



where 
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(4.17) 

with g = g 5 and M Xl = My" The SU5 singlet VL may be very massive. 

Equations (4.12) and (4.16) are easily generalized to include additional 

families and mixings between families. For the SU5 interactions in (3.86), 

which are valid if all fermion masses are generated by Higgs S's, the effective 

interactions relevant to proton decay are [3.22] 

e 
-ial 

(4.18) 

-[ 
*Y 1-I 

%ti3y uL y 
cdB 

L + s s L II 

+ H.C. , 

where c = cos8 
C' 

s = sin0 
C' 

and couplings to the third family have been 

neglected. 

Symmetry Principles 

Many important results follow directly from the effective Lagrangians in 

(4.12), (4.16), or (4.18). 

(a) Although B and L are violated, the combination B - L is conserved 

[4.41]. Thus, the decays p + e+X or p + vcX are allowed, while p + e-X or 

p -+ VX are forbidden. 
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(b) AS = 0 or AS = -AB. Hence, p + vcn+ and p + vcK+ are allowed, 

while n -t e+K- and p -t vcK-rr+v+ are forbidden [3.59]. 

These results are much more general than the SU5 and SOlo models 

[4.41-4.431. Weinberg [4.41] classified the Gs = SUS x SU2 x Ul quantum numbers 

of the bosons which could couple to fermions and mediate nucleon decay. He 

found that the only possible bosons are vectors with the quantum numbers of 

0, Y> or W, Y') and three types of color triplet scalars. These are SU2 

singlets with electric charge -l/3 (such as Ho) or -4/3, and an SU2 triplet with 

charges 2/3, -l/3, and -4/3. These all satisfy AB = AL and AS/AB = -1, 0, so 

these selection rules must be respected at tree level in any theory for which 

MW/MX is so small that mixing between bosons (such as Xs-X' mixing in Solo) 

can be ignored. Weinberg [4.42] and Wilczek and Zee [4.43] then extended this 

argument to all orders. They showed that the leading contributions (in l/MX) 

to geff will be Gs invariant four fermion operators (SU2 x Ul violating 

effects will be suppressed by powers of MW/Mx). They have shown that there 

are only six such operators (plus their adjoints) involving the fifteen fields 

in a single family, all of which satisfy AB = AL and AS/AB = 0, -1. (A 

simplified derivation of the AB = AL rule has been given by Lipkin [4.44].) 

Furthermore, only two of these operators, 01 and 02, can be generated by the 

exchange of superheavy vector bosons (the others are scalar and tensor). They 

are 

01 = oe+ + ovc 
-R R 

(4.19) 
02=o , 

et 

where 
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0 e+ E 
R 

%Y L ;;"' y' u@-; y,, d;] 

0 E 
VEX 

%By uL ---C-Y Y' f] i;; Ye d;] 

0 + E 
&aBy L 

;;"Y y" u 
eL 

(4.20) 

The SUS X Ul invariance of 01 and O2 is obvious. The SU2 invariance of 0 +, 
eL 

for example, can be shown by using the Fierz identity to prove that 0 + is 
eL 

antisymmetric under uL-++ d L . If one allows a Gs singlet field v;, then the 

Gs invariant operator 

o3 E 0 c E 
vL 

+c@y UR --c' Y' d;] [3 Y,, d;] (4.21) 

is allowed, but this will only be relevant for proton decay if V; is light. 

Any single family theory in which nucleon decay is dominated by the 

exchange of superheavy vector bosons will therefore have an effective 

Lagrangian of the form 

4G1 4G2 4G3 
gG = F o1 + JZ o2 + z O3 + H.C. 

For SU5, for example, 

9 = 4G 
SU5 Jz 

2 Oe+ +o++oc + H.C. , 
L eR ' 'R 1 

(4.22) 

(4.23) 

while for SOlo 

9 4G' 
SOlO = .L"su, f z 2 ovc + 0 + f Ovc + H.C. (4.24) 

L eR R 1 

It is convenient to define r Z G2/Gl. For SU5, 3: = 2, up to a small correction 

associated with SU2 x Ul anomalous dimensions [4.43]. For Solo, 
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24 
r= 

l/M; + l/M2 
, 

X' 

I 

(4.25) 

which goes to 2, 0, and 1 in the limits Mx,/MX + 00, 0, and 1, respectively 

[4.43]. Many of the symmetry relations listed below depend only on r, which 

is therefore a useful parameter for distinguishing between models in this class. 

In the more general case in which mixings are considered there are many 

allowed operators. In general, each of the four fermions in 0 1' O2' and 0 3 can 

belong to a different interaction basis family, with a correspondence of family 

indices for the two terms in 0 2' For the special SU5 case in (4.18), for 

example, geff is still in a form similar to (4.23)(generalized to include a 

second family), except that mixing angles appear because the fields in (4.18) 

are mass eigenstates. 

Weinberg [4.42] and Wilczek and Zee [4.43] have derived a number of 

additional conclusions from the form of 2 G (some of which were noted earlier 

in the special cases of SU5 and SO lo by Machacek f3.591). 

Cc> 0 
e+R' vk' L 

0 O,,, and Ovc all transform as doublets under strong isospin. 
L 

A similar statement holds for the operators involving u+ and vu (but with u 

and d quarks only). To see this, one can use (4.14) and (4.15) to prove that 

0, is antisymmetric under u 
eR 

R * d R, for example. From the isodoublet nature of 

these operators one has [3.59,4.42,4.43] (independent of mixing effects) 

1 T(p + eE,R 7T”> = 7 l?(n + e;,R Tr-1 

(4.26) 

T(p-fvi~+) = 2 IY(n-tvi710) , 

with similar relations holding for IT -t p and e+ G- p+. vc can be vz, v;, or 
C 

v-c- 
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(d) The hadronic parts of 0 + and 0 are the two components of an 
eR 4 

i-sospif;! doublet (as are the hadronic components of 0 + and 0 c). Hence, if 
eL VL 

one ignores mixing effects (so that 0 + and 0 c have the same coefficient) one 
eR VR 

has [3.59,4.42,4.43] 

IYP -f e+R X) = r(n -f vi X) (4.27) 

r(n+e+RX) = r(p-tviX) , 

up to corrections of order me. T can be replaced by p in the first line and 

X is an inclusive sum on hadronic states. 

(e) 0 + and 0 + are mapped into each other under the parity transformation 
eL eR 

(the zL y' uL term is a vector under parity). Similarly 0 v; * 0 v; under p. 

Hence, the SOlo effective Lagrangian would be reflection-invariant (up to 

neutrino mass effects) in the limit r = 1 (MX = MX,), which would occur if the 

unbroken electroweak subgroup of SOlo at relatively low energies contains 

s"2L x SUZR. 

The consequence of (e) is that 

r(N + e; Xn) = r2iT(N -f ei Hn) , (4.28) 

where N = p or n and Hn is any exclusive or inclusive non-strange final state 

with definite intrinsic parity. I have assumed r is real in (4.28). Combining 

(4.26), (4.27), and (4.28), one has [3.59,4.42,4.43] 
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+ 
P(P -t e 7-r') = Qr(n -t e+ 7-r-l = +(l + r2) r(p -f vi .rr+) = 

r(p Te+ x) = (1 + r2) r(n -t v 'R Xl 

r(n + e+ X) = (1 + r2) r(p + vi X) 

r(o16 -f e+ x) = (1 + r2) r(0 16 + vc X) 

r(p -f e+ x) > Q(1 + r2) r(p -f vc X) , 

(1 + r 2 ) T(n+v~7r”) 

(4.29) 

in the absence of mixing. T can be replaced by p in the first relation. r=2 

in the SU5 model, which implies the experimentally desirable result that most 

nucleon decays are into e 
+ 

rather than vc [3.3,4.45,3.59]. In the SOlo model, 

however, r G 2 SO that the neutrino modes are relatively more important [3.59]. 

The X' and Y' by themselves yield r = 0. Additional relations involving semi- 

inclusive decay rates in which a lepton and meson are detected have been given 

by Hurlbert and Wilczek [4.46]. 

From (4.28) it is evident that the positron polarization is [4.42-4.431 

2 
P(N+e+Hn)=lsr2 . 

l+r 
(4.30) 

That is, it is a constant for decays into any non-strange final state (as long 

as me can be neglected). More generally [4.42,4.43], 

1 2 

P(N+R+ Hn) = - 'Rn 
2 

' + 'Rn 

P(N+R+Hs) = 
1 - r& 

2 
l + 'Rs 

(4.31) 

corrections, where-R+ = e + 
up to mR or IJ+, Hn and Hs represent any non-strange 

or strange final states, respectively, and rRn are the relative coefficients of 
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- -c- the i;" u RL dL and u uRRdR operators. A similar definition holds for rIls, 

with &replaced by s. For geff in (4.18)) for example, the polarizations of 

directly produced muons are 

P(N -f 1-1~ Hn) = -1 

P(N -+ u+ Hs) = 1 - Cl+ s212 -N -0 05 
1+ 22 ' (lis ) 

(4.32) 

>=o . sinec = 0 

(f) There are other relations that are specific to the SU5 mixing scheme 

in (4.18). For example [3.22] the ratios of direct muons to positrons are 

predicted to be 

r(N + 1-1+ “J s2 c2 = 
r(N -+ ei Hn) 2 2 = 0.010 , 

(l+c) + 1 

for non-strange hadronic states, and 

r(N + e+ Hs) s2 c2 = 
2 2 = 0.023 

r CN + u+ Hs> (l+s) +I 

(4.33) 

(4.34) 

for S = 1 final states, up to lepton mass corrections. 

Gavela et al. [4.47] have also given a number of relations between the 

widths into specific hadronic states (neglecting the Cabibbo angle), based on 

hadronic SU3 and nonrelativistic SU6 symmetries. 

Anomalous Dimensions 

The effective Lagrangians in (4.12)) (4.16)) or (4.18) are derived in 

tree approximation from the exchange of a single boson. Higher order corrections 

should be smaller by powers of ~1~. This would indeed be the case for matrix 
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elements in which all momenta are of order MX. However, for proton decay 

the rel?ant momenta are of order 1-1 = 1 GeV. Therefore, higher order diagrams 

of the type shown in Fig. 4.3 will be enhanced by large factors of Rn J-I/% or 

or Rn @$&I. BEGN [3.3] showed that the leading contributions of the gluon 

exchange diagrams could be summed to all orders using renormalization group 

techniques, with the result that 9eff is multiplied by 

2 
= ‘[ og(l-l 2 ) A3 

a5 (M$ 

1 2 
11 - 4F/3 (4.35) 

Hence, decay rates are enhanced by Ai 2: 5 (for F = 3). More recently, Ellis, 

Gaillard, and Nanopoulos [3.22] and Wilczek and Zee [4.43] have also calculated 

the enhancement factors due to SU2 x LJl bosons. For nH = 1 they find 

. and 

Al = 

A2 = 

where the first line a] lies to all ei, pi, and vi operators and the second 

86 “,,F N 1 42 . (4.36) 

6 ;“,“,F ~ 1 o5 for o . 1 

6 ;?OF N 1 11 for o . 2 ’ 

(4.37) 

to all e; and 11; operators. Hence, r (or, more generally, rRn and rRs) is 

renormalized by a factor of 1.11/1.05 = 1.06 from its tree level value [4.43]. 

Rates are enhanced by Ai A; ; which takes the value -2.2 for 01 decays and -2.5 

for O2 decays. Abbott and Wise [4.48] have calculated A2 and A1 for the other 

Gs invariant operators relevant to nucleon decay. 
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Estimates of 'r and Branching Ratios 
r 

&ore detailed estimates of the branching ratios and of the proton life- 

time require model dependent assumptions concerning the initial nucleon and 

final meson wave functions. The many analyses that have been made [4.49-4.531 

fall into two major categories. The first class of models [4.49-4.501, 

pioneered by BEGN [3.3], combine non-relativistic SU6 symmetric wave functions 

with parton model ideas. The second group of calculations [4.51-4.531 employ 

MIT bag model wave functions [4.53]. 

In the SU6-parton models, the initial quarks are treated nonrelativisti- 

tally. Diagrams analogous to Figs. 3.3-3.4 are evaluated in terms of a phenome- 

nological amplitude q(O) for the two interacting quarks to be at the same 

point. is estimated from hyperon and Q decays. The third quark is 

treated as a spectator. (In all existing analyses the nucleon is treated as 

three valence quarks with sea contributions neglected.) _ SU6 symmetry is assumed 

for the spin, flavor, and color part of the nucleon wave function. In most 

cases the total lifetime is estimated by integrating over the final RC and qc 

phase space. (This is a parton model type assumption that the sum over physical 

hadronic final states can be approximated by a sum over noninteracting qcq 

states.) The semi-inclusive branching ratios for (p or n) -f R+Xn, R+Xs, viXn, 

and v&, where !?, = e or 1~ and Xn and Xs are inclusive hadronic final states 

with strangeness 0 and 1, respectively, follow from Seff and the SU6 wave 

function. Branching ratios into exclusive hadronic states are given, under 

the assumption that the qcq pair always form a single meson, by projecting the 

spin, color, and flavor indices of the qcq pair onto SU6 wave functions [3.59]. 

The various models in this category differ from each other mainly in their 

treatments of phase space and on the method of projecting the spin of the final 

anti-quarks. 
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The various estimates of the lifetimes and branching ratios, for both 

the SUg-parton and bag calculations, are listed in Tables 4.3-4.7. It is 

readily seen that there is a considerable variation in the results obtained. 

Before discussing the results and uncertainties I will outline the major 

assumptions and approximations of each paper. I have taken some liberties with 

the lifetime estimates in Table 4.3. In particular I have renormalized the 

results of Ref. [4.45,4.20,4.47] so as to use the same IJl(O)/2 in each case, 

have added an (A2 Al) 2 enhancement factor to [4.45] (the existence of which was 

written all lifetimes in the form r 
4 

not realized until later), 
P?n = ap,n MX 

(the Mi behavior is modified only very slightly by the enhancement factors), 

and omitted some early and obviously inconsistent results. 

BEGN [3.3] estimated the lifetime from geff in (4.12) ignoring mixing, 

treating the initial quarks at rest (with constituent mass mp/3), and ignoring 

the masses of the final fermions. They discussed the value of l$~(O)l~ (see 

below). 

Jarlskog and Yndurgin 114.451 included some additional diagrams omitted 

in [3.3] and estimated the semi-inclusive branching ratios in more detail. They 

also estimated the effects of the quark "decay" and three body annihilation 

diagrams shown in Fig. 4.4 and concluded they are less important than the two 

body graphs in 3.3-3.4. 

Within the approximations in [3.3] and [4.45], the nucleon decay rate is 

of the form 

2 2 
r- g5 i I -p b/WI2 miq IAl2 X , 

X 

(4.38) 

where m 2 
99 

= (2mp/3)2, the energy2 of the initial qq pair, comes from the spin 

traces and phase space, A = A3A2Al is the anomalous dimension enhancement 
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factor, and h includes numerical phase space, color, spin, and isospin 

factors. 

Machacek [3.59] calculated the semi-inclusive rates assuming static 

initial quarks. Phase space was calculated assuming constituent quark masses 

Mu = Md = mp/3, MS = 500 MeV. (Small) mixing angles derived from the Georgi- 

Nanopoulos SOlo model [3.53] (which. should correspond to (4.18))were included. 

Exclusive branching ratios were estimated by projecting the spin of the 

relativistic (k/M s 3/4) qc onto SU6 meson wave functions. Branching ratios 

for some limits of the SOlo model and some Higgs mediated decays were also 

given. 

Ellis, Gaillard, Nanopoulos, and Rudaz [4.4] have reevaluated the lifetime 

formula using Machacek's phase space assumptions and also reconsidered the value 

of IW) 12. 
Goldman and Ross [4.20] argued that m‘ 

99 
should be suppressed by 30-40% 

from (2mp/3)' and claimed that the uncertainty in the lifetime due to the treat- 

ment of the final quark masses is a factor of 2. The corresponding uncertainties 

in the semi-inclusive branching ratios are small. 

Gavela, Le Yaouanc, Oliver, P&e, and Raynal [4.47] have emphasized the 

predictions of,SU3 and SU6 symmetry for the nucleon and meson wave functions. 

The initial and final quarks and antiquark are treated nonrelativistically in 

the calculation of amplitudes and for the projection onto SU6 wave functions. 

In addition to recovering the appropriate special cases of (4.29) and (4.31) 

they obtained 

T(p -+ e+ 7~') = 3 -T(p + e+ p") 
Ir 

J.'(p + v; K+) = 0 

which follow from SU6, 

(4.39) 
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F(p -f e+ ro) = 3 F(p + e+ rl) 

'i;(P + i-I+ K") = QF(p -+ e+ To) , 
(4.40) 

which-are SU3 results, and 

r(p -f e+ w) = 9 p(p + e+ PO) , (4.41) 

which is a consequence of the quark model with ideal w - 4 mixing. SU5 mixing 

angles have been neglected in (4.39)-(4.41). The bars over the decay rates 

indicate that the symmetry relations apply only to the amplitudes. They are 

broken by phase space effects. Gavela et al. [4.47] estimate the actual branch- 

ing ratios by putting in the correct phase space -for each exclusive channel. 

The total decay rate is obtained by summing over the exclusive rates (rather 

than by using the parton type approximation). They estimate a small suppression 

of -0.8 in rate for the pionic modes due to recoil effects (i.e., from the 

momentum dependence of the pion wave function). 

Kane and Karl [4.50] emphasized that the exclusive branching ratios depend 

sensitively on the momentum of the outgoing antiquark. That is, the projection 

of the qc spinor onto the SU6 meson wave function depends on the kinematical 

assumptions, and some of the discrepancies between calculations can be accounted 

for by this fact. Kane and Karl present tables in which the relative amplitudes 

and branching ratios are given for three kinematic models: (a) the static 

model (NR) in which the qc is taken at rest. This coincides with the Gavela 

et al. [4.47] approximation. (b) A recoil model (REC) in which k/M - 3/4 

(analogous to [3.59]). (c) A relativistic model (R) in which the qc mass is 

neglected. This should correspond to the bag model calculations discussed below. 

Kane and Karl take the initial quarks to be at rest, neglect mixings, put in 

the correct phase space for each channel, and argue that recoil corrections to 

the pion modes are small. 
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Before proceeding to the bag models, let me consider the initial qq wave 

function l$(0)12. There have been several estimates of I$(o)/~. Finjord 

[4.55]'obtained l$(o)12 = 1.1 x 10m3 GeV3 from R- decay. Schmid [4.56] 

obtained ~4.4 x 10 -3 GeV3 from S-wave C+ -+ p IT'. Le Yaouanc et al. [4.57] 

found -11.5 X lo-' from P wave A decay. Early estimates of rp [3.3,4.45,3.59] 

used the value l$(o)12 = 8 x 10 -3 GeVs3. However, I will follow Ellis et al 

[4.58] in renormalizing all results to the lower value 2 X 10 -3 GeV3 which 

agrees with R- and S wave hyperon decay and is compatible with the bag model 

(part of the original discrepancy between the bag and SU6-parton estimates was 

just due to the value of I~(o)/~). 

Donoghue [4.51] utilized an MIT bag model. He neglected mixing, put in 

the correct phase space for each channel, and obtained a total two body decay 

rate by summing the partial rates. He argued that the large recoil momentum 

would lead to a suppression of the pionic modes by a factor of three in 

amplitude (in disagreement with Gavela et al. [4.47] and Kane and Karl 

who subsequently found much smaller effects). 

[4.50 

Golowich [4.53], in another bag model, also put in a suppression factor 

(of 2.5) for the pion amplitudes. He estimated SU5 branching ratios as well 

as those for r = 0 and 1. For the SU5 case the mixing angles in (4.18) were 

used. 

Din, Girardiand Sorba [4.52] employ another bag model. They ignore 

mixings and study the sensitivity of their results to the assumed quark masses. 

The results in Table 4.3 are for Mu = Md = 0, MS = 280 MeV. Larger masses can 

increase r 
P 

by ~2. They assume a suppression of -3.5 in amplitude from Lorentz 

contraction associated with the recoil of the pion bag. 
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The results for the p and n lifetime are given in Table 4.3. 
aP 

and a n 

are the coefficients in 

Tp,n(yr) = ap n MX (Gev14 . , 
(4.42) 

The first three calculations presumably include all hadronic final states, while 

the last four include only the single meson states. Hence, these calculations 

include a factor of p 
P 

or p,, which are the fractions of two-body"fina1 states 

for p and n decay. For p 
P,n 

= 1 there is a factor of ten discrepancy between 

the first two bag calculations and the SU6-parton calculations, despite the 

similar I$(O)l". The origin of this discrepancy is unknown, though a small 

part of it is due to the large pion suppression assumed by Donoghue [4.51] and 

Golowich [4.53]. To add to the confusion, the third bag calculation of Din 

et al. [4.52] g ive a result similar to the SU -parton 6 calculations. 

The major uncertainties in r 
P' 

given the SU5 model and the value of MX, 

are (a) a factor of r2 uncertainty in I$(0)lL; (b) a factor r2 uncertainty from 

the treatment of quark masses and phase space [4.20,4.52]; (c) a factor of <,2 

from possible recoil suppression of the pionic modes; (d) a small uncertainty 

from the number of families, which affects the anomalous dimensions and the 

estimate of MX. For fixed MX, r 
P 

decreases by 20-30% for each additional 

family [4.45,4.52]. Other uncertainties, such as the validity of the parton 

assumptions, the SU6 wave functions, the bag model, the fractions of two body 

decays, and the possibility of calculational errors, are best estimated from the 

order of magnitude spread of the estimates in Table 4.3. Finally, r could be 

increased by large mixing effects if one abandons the minimal Higgs structure 

(5's and 24's). 

From Table 4.3, I conclude (for the SU5 model with F = 3 and the minimal 

Higgs structure) 
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Table 4.3 Lifetime estimates. The first two columns give 
the coefficients in Tp,n = ap,n M$, where 'I is 
in yr and MX is in GeV. The last two give the 
lifetimes for MX = 6 x 1014 GeV. The first four 
rows are SU -parton calculations with the common 
value 1$(o) 7 2 = 1.1 x 10-3 GeV3, which is con- 
sistent with the MIT bag wave functions used in 
the last three rows. 
of two body decays 

op and on are the fractions 
for p and n, respectively. 

I 
JY [4.45] 

EGNR [4.4] 

GR [4.20] 

GLOPR [4.47] 

D [4.51] 

G [4.53] 

DGS [4.52] 

I 

1O2g 
"P 

3.7 

4.8 

2.4 

5.8 p 
P 

38 P P 
41 P P 
2 P P 

102' a n 

4.3 

-- 

3.7 

-- 

50 P, 

48 P, 

-- 

For MX = 6 x 1014 GeV 

~~ (lo30 yr) 

4.8 

6.2 

3.1 

7.5 p 
P 

50 P P 
52 P P 
2.6 p 

P 

-cn (1030 yr) 

5.6 

-- 

4.8 

-- 

65 P n 

62 P n 
-- 
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?p (yr) = (2.4 - 38) x 10S2' Mi 

4 T,/-’ 
P 

- 1.1 - 1.5 , 

where MX is in GeV (rn/rp is further discussed below). 

Combining this with 

(4.43) 

MX = 15 X 1o14 Am X (1.5)'1 

(4.44) 
hT (GeV) = 0.4 x (1.5)'1 

one has 

@) = (1.2 - 19) x 1032’o.7 A& 
P 

(4.45) 
= (3.1 - 49) X 1030 +1*4 . 

(4.45) can be rewritten 

,(yr) = 4.8 x 10 
P 32+1.3 4is - 

(4.46) 
= 1.2 x ,,(31+2) . 

(4.46) differs slightly from the result of Ellis et al. E4.41 because I have 

renormalized the 1$(0)12 used by Gavela et al. [4.47]. The relation (4.46) 

between r 
P 

and Am is shown in Fig. 4.5. (4.46) can be combined with the 

relation between sin26 w and A= in Fig. 4.2 to obtain IC as a function of 
P 

sin2f3 W' as shown in Fig. 4.6. It is seen that the prediction is barely con- 

sistent with the experimental value of sin20 
W' However, it should be repeated 

that radiative corrections have not been included in the determination of 

sin20W. 

The predictions for the semi-inclusive branching ratios are shown in 

Table 4.4. The results are reasonably consistent, with the differences due to 

the different treatments of phase space (see the discussion of muonic decays 
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Table 4.4 Estimates of the semi-inclusive branching ratios 
in the minimal SU5 model. Xn and X, are inclusive 
hadronic states with strangeness 0 and 1, respec- 
tively. The two Goldman and Ross (GR) columns use 
nonrelativistic (NR) and relativistic (R) kinematics. 
GR combine the VEX, and vfiX, rates (in the VEX, row). 

r Proton Decays r Neutron Decays 1 
f 

i 

e+X n 

e+Xs 

u+xn 

lJ+xs 

',"'n 

vex e s 

VCX 
I-m 

vex 
l-rs 

JY [4.45] M [3.59] NR ‘R JY M 
c 

NR 

80 83 81 80 80 76 72 

0 0 

1 

1 

13 

0 

<l 

1 

-- 

0 -- 

6 11 

13 

0 

0 

1 

8 

-- 

-- 

-- 

-- 

-- 

9 

11 

-- 

-- 

-- 

0 

0 

0 

19 

0 

0 

1 

0 

1 

0 

20 

0 

1 

1 

-- 

-- 

0 

28 

-- 

-- 

-- 

r GR 14.201 l- 
R 

79 

-- 

-- 

0 

21 

-- 

-- 

-- 
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below) and mixing angles. The zero value for n + u+Xs is due to the valence 

quark approximation. The elementary process uu + p+sc could lead to the decay 

if nucleon sea effects were considered. 

The estimates of exclusive branching ratios are shown in Tables 4.5 and 

4.6. The NR model of Kane and Karl is in excellent agreement with that of 

Gavela et al. and their relativistic (R) model is in reasonable agreement 

with the bag models of Donoghue and Golowich, except for the pionic modes which 

the latter authors have suppressed by hand. I therefore conclude that the 

results of Kane and Karl should probably be considered the best available 

estimates of the two-body branching ratios in the SU5 model, modulo the 

possibility that the pionic modes may be somewhat suppressed by recoil effects. 

The variation of values over their three columns are a reasonable estimate of 

the uncertainties. Some important general features are that the e+ modes 

dominate over the vc modes and that the n (except possibly for recoil effects) 

and w final states dominate over the n and p. 

The neutron and proton lifetimes are comparable in the SU5 model. 

Various predictions for -c,/r 
P 

are given in Table 4.7. The first two entries 

were obtained by the authors directly from the SU6-parton 

others are obtained from the branching ratios and (4.29) : 

T n -= B (n + e+M-) J? (p -f e+M”) 

rP B (p + e+M’) r(n + e+M-) 

= 1 B (n + e+M-) 
2 

B (p + e+M’) 
, 

calculations. The 

(4.47) 

where M = r or p. The results are all in the range 

0.8 < TJT~ < 1.5 . (4.48) 
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TTble 4.5 Predictions for the branching ratios for proton decay in 
the SU5 model. All entries should actually be multiplied 
by PP> the fraction of two body decays. Columns sometimes 
do not add up to unity because of roundoff and the omission 
of minor modes (including 4% estimated by Din et al. for 
7r07roe+) . The static (NR), recoil (REC), and relativistic 
(R) models of Kane and Karl are described in the text. 

Mode 

+ 0 
er 

+ 0 
e P 

e+n 

e+w 

V3+ 

vEP+ 

jl+KO 

v;K+ 

[3 E”59] 

33 

17 

12 

22 

9 

4 

.3- .5 

-- 

.GYOPR 
14.471 [4.&] [4.G53] 

DGS 
[4.52] 

- 
KK r4.5( 11 

NR R 

37 9 13 31 36 40 38 

2 21 20 21 2 7 11 

7 3 5 7 1.5 0 

18 56 

. 1 

46 19 21 25 26 

15 

1 

19 

0 

3 5 

7 

7 

.5 

11 14 16 15 

8 8 1.0 2.6 4 

-- 

-- 

.5 

-- 

18 8 5 

0 .2 .6 

T- 1 
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Table 4.6 Same as Table 4.5, only for neutron decays. 

Mode 

c 0 
‘e’ 

VZPO 

VEil 

V> 

e+7rTT- 

e+p- 

v;icK' 

[3 f159] 

8 

4 

3 

5 

50 

26 

-- 

GYOPR 
[4.47] 

8 

.5 

1.5 

3.5 

74 

4 

10 

[4p51] 

2 3 

5 4 

1 -- 

14 10 

23 32 

55 

-- 

48 

2 

NR 

8 

.6 

6 

5 

72 

Table 4.7 The ratio -rn/-rp of bound neutron to 
proton lifetime in the SU5 model. 

JY [4.45] 

GR [4.20] 

M [3.59] 

GYOPR [4.47] 

D [4.51] 

‘I /T n P 

l------ 1.2 

1.5 

0.8 

1.0 

1.3 

G [4.53] 1.2 

KK (NR) [4.50] 1.1 

KK (REC) 0.9 

KK (RI 0.9 

1.8 

0.6 
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The relative branching ratios for the non-strange final states can 

easily be generalized to other models using (4.29). That is, the ratios 

of e?'/e+p'/e+n/e'w and v~IT+/v~~+ for proton decay, and the corresponding 

ratios for neutron decay, are independent of r, while 

P(p + e+M') = 1 + r2 

r(p -+ $I+) 
2 

(4.48) 

I'(n -f e+M-) = 2(1 + r2) 

where M = r or p. These relations are approximately satisfied by all but the 

first model in Tables 4.5 and 4.6. 

Several authors [4.52,4.46,4.59-4.601 have applied soft pion techniques 

to nucleon decay. Tomozawa [4.59] has estimated -c(p + e+r") N 5.6 x 10 29 yr, 

which would imply (for a 40% e+n" branching ratio) -c = 2 x 102' yr. This is 
P _ 

an order of magnitude smaller than any of the estimates in Table 4.3, but it 

is not clear that soft pion techniques are valid for the very energetic e+T" 

decay. The other authors have used soft pion techniques to relate three body 

amplitudes to two body amplitudes. Din et al. [4.52] conclude that 

r(p + e+n"7ro)/r(p -t e+T") 2 l/7. Wise, Blankenbecler, and Abbott [4.60], who 

include Born graphs, PCAC constraints, and final state interactions, find 

r(p + e+i-r4I))/r(p + e+n") = l/5 for I = 0 and 1.5 for I = 1. The I = 1 branch- 

ing ratio includes the p, and should be compared with the estimates in Table 4.5. 

An important complication is that pions produced by nucleon decay inside 

a nucleus will have a significant probability of being absorbed, elastically 

scattered, or charge exchange scattered before they get out of the nucleus. 

This will significantly affect the probability to produce pions directly or 

through P decay (most n's and w's will escape the nucleus before decaying). 
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Sparrow [4.15] has made detailed estimates of these effects. He concluded 

that in water, for example, for every p + e+TO decay (averaged over the two 

free gd eight bound protons), only -0.7 e+r" pairs will emerge and only 

~0.5 correlated e&To pairs (i.e., with the T' momentum unaltered) will be 

produced. Hence, the effective rate for e+T" is reduced by -2 when kinematic 

cuts are applied to reduce background. Also, 40% of the correlated pairs that 

do emerge are from the two free protons. Similarly, the secondary JJ+ rate 

(from T and p decay) is reduced by ~2.5 by nuclear effects. 

Muons, Strange Particles, and Mixing 

There are several sources of muons in nucleon decay: (a) Probably the 

largest source are the secondary muons from IT' and kaon decay, as were dis- 

cussed briefly in Section 4.1 (see also the comment above on nuclear effects). 

(b) 1-1+ can be directly produced in AS = 1 transitions from the quark 

process uu + X + p+s', which occurs in the absence of mixing effects. The 

relevant terms are given for SU5 in (4.18). There are no additional terms of 

this type associated with the X1 or Y' bosons of the SOlo model, as can be 

seen in (3.116). From Tables 4.4 and 4.5 the SU5 branching ratio for p + ~.I+K' 

is -(5-20)%. (The very small rate found'by Machacek [3.59] is apparently the 

result of taking MS = 500 MeV, MU = Md = mp/3 for all p -f u+Xs modes, which 

greatly overestimates the phase space suppression for pfKo.) In the valence 

+ c approximation the uu -+ 1-1 s transition does not contribute to neutron decay. 

Decays like n + l~+K'r- should be allowed at some level, however, by sea 

effects. 

(c) Direct u+ can be produced in AS = 0 decays (and direct e+ in AS = 1 

decays) by mixing effects. In the minimal SU5 model, with all fermion masses 
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generated by Higgs S's, the mixing effects are all small and calculable, as 

in (3.86) and (4.18). One has from (4.33) and (4.34) that the branching 

ratios for N -t u+Xn and N -+ e+Xs are extremely small (mixing was neglected 

entirely in most of the calculations in Tables 4.4-4.6). The direct u+ rate 

could be enhanced somewhat in the minimal mixing version [4.61] of the SOlO 

model. From (3.116) one sees (with u replaced by AC u) that 

r(N -f ~J+X,, 
N sin20 

I'(N + e+Xn) C 
(4.49) 

for Y' exchange (r = 0). 

The above statements apply to models with the minimal Higgs schemes 

(5's for SU5 or 10's for Solo) so that Me = 2 and I? = MuT. As discussed in 

Chapter 3, more general schemes allow completely arbitrary mixings. One 

could, for example, have the muon in the same multiplet as the u and d. One 

therefore loses all predictive power for such ratios as u/e, (AS =l)/(AS= 0), 

and vC/ei. (Implications for rp will be considered below.) Unfortunately, 

the fermion mass spectrum suggests that it may be necessary to go beyond the 

minimal Higgs structure. One particular modification, first proposed by 

Georgi and Jarlskog [4.62], leads to mixing effects more complicated than 

(4.18) but still reasonably small (see Section 6.1.4). DeR<jula, Georgi, and 

Glashow 14.611 have recently discussed the e+K/u+K, u'r/e+v, and R+K/!L+n 

ratios for both the minimal and Georgi-Jarlskog mixing schemes as a function 

of MX,/MX in the SOlo model. 

More generally, Wilczek and Zee [4.43] have introduced the kinship 

hypothesis, which speculates that any mixing between families will be small 

(of order ec). This means that, up to mixings of O(Q,), the light fermions 

(u, d, uc, dC, e', ve) are all grouped together in a representation, as are 
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the other families. The kinship hypothesis is satisfied by the minimal and 

Georgi-Jarlskog schemes. Yoshimura [4.63] has discussed some general condi- 

tions under which at least the third family will not mix significantly with 

the other two. 

Ways to Increase T 

There are several ways to modify the SU5 model to allow a longer (or 

shorter) proton lifetime. As discussed in Section 4.3.1, MX (and therefore 

rp) can be increased by including additional fermion families or technicolored 

families. Also, the existence of superheavy fermions or superheavy scalars 

from a 45 Higgs representation could modify MX greatly. For fixed MX the 

only major way to modify T 
P 

in the SU5 model is to allow a violation of the 

kinship hypothesis (by allowing a 45) [3.21]. If, for example, there were 

a mixing by angle S between u ' and tC in (3.35), then T would be increased 
P 

-2 
by (~0~61 . In the extreme (and highly unlikely) case 13 = n/2, proton decay 

would be forbidden except for negligible contributions involving virtual heavy 

particles. Finally, it is possible to make the proton absolutely stable, but 

this requires a more drastic modification of the theory, as will be discussed 

in the next section. 

Higgs Mediated Decays 

Nucleon decay can also be mediated by the exchange of Higgs particles, 

such as the color triplet Ha in the SU5 model. Because of the weakness of 

the Yukawa couplings to light fermions the Higgs mediated decays should be 

unimportant unless the Higgs mass is uHa < 10 10-11 GeV [4.31],whereas most 

estimates give uHa much larger-than this [3.3,4.32-j. Branching ratios for 
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Higgs dominated decays depend on the details of the Yukawa matrix, although 

one would expect a tendency for decays into the second and third families 

where kinematically allowed. Machacek [3.59] has estimated the branching 

ratios for some particular SU5 and SOlo models and has found that vt and S = 1 

modes dominate. To leading order in l/u:, Higgs mediated decays satisfy C4.42, 

4.431 AB = AL, AB/AS = 0, -1, and AI = l/2 for the AS = 0 decays. 

4.4 Theory (General) 

In this section I will discuss baryon number violation from a somewhat 

more general viewpoint, including such topics as grand unified theories with 

a stable proton, B - L conservation, theories with AB = 2 interactions, and 

more general AB # 0 operators. The baryon asymmetry of the universe is dis- 

cussed in Chapter 5. Time reversal violation in nucleon decay is mentioned in 

Section 6.6. Some speculations on the possible breakdown of Lorentz and 

Poincarg invariance in nucleon decay (i.e., at distance scales of Mi' = 10 -28 
cm) 

are given in [4.64]. 

Models With a Stable Proton 

It is possible to construct models in which the proton is absolutely 

stable [4.65-4.681, although generally at the expense of introducing exotic 

heavy fermions. Most such models were originally motivated by a desire to 

avoid the gauge hierarchy problem: if the proton were stable then MX could be 

taken to be very small (e.g., lo3 MW). It is now clear, however, that a very 

large MX is required in most models to unify the coupling constants, so the 

original motivation is no longer relevant. Nevertheless, the possibility of 

stabilizing the proton in grand unified theories remains as an interesting 

option. 
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We have already encountered some examples of theories with a stable 

proton in Section 3.4.5. Many of the models based on semi-simple groups have 

fermiocnumber F = 3B + L as a global symmetry. B - L is a linear combina- 

tion of a gauge generator and a global generator involving Higgs fields only. 

It is often the case [3.94,3.95] that, for the SSB pattern leading to frac- 

tionally charged quarks, B and L remain as unbroken global symmetry generators. 

For models such as SU5, Solo, E6, etc., in which quarks, antiquarks, 

leptons, and antileptons are combined together in irreducible representations, 

F, B, and L are usually explicitly broken in the Lagrangian. 

One way to suppress the proton decay rate would be to modify the mixing 

matrices, as discussed in the last section, so that the largest amplitudes 

would be for processes such as p + T+T' or p + e+bcd that are forbidden by 

energy conservation. However, it seems very unlikely that the proton decay 

rate could be suppressed by much more than sin2ec by this-method. 

A number of authors [4.66-4.681 have therefore proposed models in which 

there is an additional global symmetry UB,, for which the generator B' cor- 

responds to baryon number for the light fermions. This symmetry, if not 

spontaneously broken, forbids proton decay. There is an immediate problem, 

however. Any additional global symmetry imposed on a gauge theory must com- 

mute with the gauge symmetry. It therefore cannot distinguish between quarks 

and leptons, which are in the same representations. Therefore, B' cannot be 

just a global symmetry generator of the initial Lagrangian. But B' cannot be 

a local generator, either, because then it would be associated with a long 

range force. Therefore, B' must be of the form 

B'=B +B G H' (4.50) 
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where BG is a gauge generator that distinguishes between quarks and leptons 

and BH generates a global symmetry that is imposed on the Lagrangian. It is 

possible to have a SSB pattern in which BG and B H are both spontaneously 

broken but the linear combination B' = BG + BH is preserved as an unbroken 

global symmetry generator. The single Goldstone boson associated with the 

orthogonal combination is eaten by the gauge field associated with BG, so 

there are no physical Goldstone bosons and no long range force. This mechanism, 

in which a global symmetry emerges from the simultaneous breaking of a gauge 

and global symmetry, is due to It Hooft [4.69]. It was applied to baryon 

number in a (non-grand unified) toy model by Pais [4.70]. 

To see a typical consequence of such a symmetry, consider a single family 

SU5 model. The usual fermion assignment is 

(4.51) 

5 10 

One can, however, extend SU5 to SU5 x H, where the global symmetry H (generated 

by Tz) forbids the Yukawa couplings in (3.64) needed to generate mu [3.47,3.49]. 

In fact, the color antitriplet in the 10 cannot even be identified with uc in 

this case. Rather, it is a heavy antitriplet field Fz, which is forbidden by 

1 la B' Z 3x' 3Ta from mixing with the uc. The u; and Fi must therefore be 

assigned to other representations, such as 13.471 
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1 
r + c 

5 

b 

10 

where N-, E , and F- are heavy. This vectorlike model is no longer viable, 

because of the neutral current structure, but it illustrates the basic idea 

of stabilizing the proton by replacing the antiquarks and/or leptons in a 

multiplet with exotic heavy fermions [4.65-4.681. Fritzsch and Minkowski 

[4.66] and later authors [4.67-4.681 introduced global symmetries to prevent 

the heavy particles from mixing with the particles they replace. Yoshimura 

[3.49] and Langacker, Segr;, and Weldon [3.47] considered vectorlike SU5 and 

SU6 models such as (4.52) in which 3B1 is the chromality generator x = TE, 

which counts the number of upper minus the number of lower color indices 

WC and uc in (4.52) have x = +2 and -1, respectively). Chromality has the 

advantage that most SSB patterns that conserve SLJ; also conserve x. However, 

it can only be implemented in Sun models [3.47], and except for one interesting 

SU5 model [3.47,4.71] the theory must be vectorlike to avoid a ridiculously 

large number of fermions. Segr& and Weldon [4.71] have recently reconsidered 

this one exception, in which each family is placed in a 

5R + 10L + 10; + 5; + lR. They showed that x and B - L (and therefore 

fermion number, which is a linear combination) are conserved, leading to proton 

stability. However, B and L are violated so that a baryon asymmetry of the 

universe is still possible (Chapter 5). They have displayed a model in which 

+ 
e 

d 
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+ e 
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(4.52) 
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baryon generation is associated with the decay of exotic fermions at relatively 

low (< 100 GeV) temperatures. For every baryon (X = 3) in the universe there 

is a long lived heavy (= 1GeV) neutral lepton with X = -3. 

Other global symmetries have been applied to SUsL x SU8R [3.97] and E7 

models [4.68]. Gell-Mann, Ramond, and Slansky [3.25] have given a general 

discussion of the local and global generators BG and BH. They have emphasized 

that B' only coincides with B for the light fermions. There will generally be 

heavy fermions with "weird" values of B' (such as the B' = X/3 = -1 neutral 

lepton mentioned above). 

More General Operators and B - L 

In a renormalizable field theory, baryon number violating interactions 

involving light particles at ordinary momentum scales can be described by an 

effective Lagrangian of the form [4.25] 

6i? eff = C M4-d 0 , (4.53) 

where 0 is an operator formed from the light fields, C involves the coupling 

constants, d is the dimension of 0, and M is the mass of the superheavy scalar, 

vector, or fermi particle which mediates the interaction. (4.53) is true even 

if the leading contributions to geff are loop diagrams. 

Wilczek and Zee [4.43,4.72] and Weinberg [4.41,4.42,4.73] have emphasized 

that one need only consider Gs = SUj x SU2 x Ul invariant operators in (4.53). 

G, violation enters through operators involving the Higgs doublet +, which can 

then be replaced by its VEV. Hence, the effects of G, violation are suppressed 

by powers of <@/M N MW/M. The above authors and Weldon and Zee [4.74] (who 

also considered L,, Lu, and L, violating interactions)have classified the 
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G, invariant operators of low dimension (see also the discussions by Pati 

[3.94] and Marshak and Mohapatra [4.75]). 

Baryon number violating operators must involve at least three quark 

fields to be a color singlet, and at least four fermion fields to be a Lorentz 

scalar. Hence, the lowest dimensional operators in (4.53) are the four fermion 

operators with d = 6. As has already been described, there are (up to family 

indices) only six such operators [4.42,4.43]. They are all of the general 

form qqqR, where q and R represent quark and lepton fields, respectively, and 

family indices have been ignored. These operators can describe nucleon decay 

and can be generated by the exchange of scalar or vector bosons. For C 2 e* 

they lead to nucleon lifetimes in the interesting range 10 30 - lo33 yr for 

[4.73] M in the range 3 x 10 14 - 6 x 1015 GeV (c.f. the results for the special 

case of the SU5 model). The qqqR operators all satisfy AB = AL, and those 

relevant to nucleon decay also satisfy AS/AB = 0, -1 and .A1 = $ for AS = 0 

processes. The conservation of B - L by the leading operators does not 

necessarily imply that B - L is an exact symmetry of the entire theory. In 

the SU5 model, the quantum number 

Z=X+QY 
(4.54) 

1 
' = 5 NIOF : N5*F - $ N5H - 5 N45H 

-- 

(N 10F' N5~' etc., are the number operators for a fermion 10, a Higgs 5, etc.), 

which coincides with B - L for fermions, is exactly conserved globally by the 

't Hooft mechanism [4.69]. In the SOlo model, on the other hand, B - L is 

violated. However, the B - L violation only affects nucleon decay through 

higher dimension operators (involving @) which represent Xs - X' mixing. 
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It is possible to write down many other operators with dimension greater 

than 6 which violate B - L [4.72-4.741. Because the coefficients of yeff 

involve additional inverse powers of M they will only be relevant to nucleon 

decay if they involve mass scales M smaller than 10 14-15 GeV . That is, the 

observation of B - L violating processes would indicate the existence of new 

thresholds in the desert between %! and Mx [4.72]. These thresholds could be 

associated with heavy colored Higgs particles, for example. There is no 

particular reason to assume the existence of such particles or that their 

masses should be in an experimentally interesting range (unlike the lepto- 

quark bosons for which there are independent mass estimates). Nevertheless, 

it is useful to classify the mass scales relevant to various processes. 

The interesting operators of low dimension are listed in Table 4.8. 

Lorentz , family , and gauge indices are omitted, but can be found in the 

original papers [4.73-4.741 . For each type of operator Table 4.8 lists the 

dimension, the relevant AB and AL, a typical process, and the mass range for 

which the operator would lead to a nucleon (or, in the AB = 2 case, a nuclear) 

lifetime in the interesting range 10 30 - lO33 yr. These are computed (4.731 

by assuming that C = e n-2 , where n is the number of external fields in the 

process. This is reasonable if the operator is generated by tree diagrams, 

provided one counts Yukawa and Higgs quartic couplings as e and e2, respectively. 

The entries in Table 4.8 can be understood from a quantity called F-parity, 

which Weinberg [4.73] has shown must be multiplicatively conserved because of 

weak SU 2 and Lorentz invariance. F = +l for q and R and F = -1 for qc, RC, 

w’, z, YI $, 4+, and D, where D represents a derivative. Operators relevant 

to integer charged quark models are not included in Table 4.8 because they 

correspond to a low energy theory different from Gs. See Section 3.4.5 and 

[3.94]. 
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Table 4.8 Interesting operators 0 of dimension d [4.73-4.741. q,E,$, and D 
represent quark, lepton, and Higgs fields, and derivatives, 
respectively. For the AB # 0 operators, M is the mass that would 
lead to a nucleon or nuclear lifetime in the 1030 - 1033 yr range. 
For the RR@$ operator, M is the mass that would imply a neutrino 
mass in the lo-2 - lOi* eV range. 

d 0 Process AB, AL M (GeV) 

6 999R + 0 p+em AB = AL = -1 3 x 1014 - 3 x 1015 

7 wqRC@ n + e-K+ AB = - AL = -1 2 x 1o1O - loll 

7 999~CD - + 10 n+eT AB = - AL = -1 4 x log -2x10 

10 qqqRCRCRC$ n + 3v AB = + = -1 (3 - 7) x lo4 

n + VVe-n+ 

11 sss~f%* +cc p+evv AB = +;AL = -1 _ (2 - 4) x lo4 

9 499999 nttn AB = -2 4 x lo5 - lo6 

+ 0 pn-t-rrr AL = 0 

0 nn -t 2~ 

5 JJJw$ v Majorana mass AB = 0 loll - 1015 

AL = +2 

All of the AB = 21 operators in Table 4.8 conserve some linear combination 

of B and L. For example, the d = 7 operators conserve B + L. Wilczek and Zee 

[4.72] have constructed an example of an SU5 model to which a 10' - lOlo GeV 

Higgs 10 is added. The diagram in Fig. 4.7~~ generates an effective qqqRL$ 
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operator (the Yukawa and Higgs couplings of this Higgs 10 necessarily violate 

B - L). The anti-symmetry of the 10 Yukawa couplings imply 14.72-4.741 that 

AS = fdecays are strongly favored by this operator. The other d = 7 operator 

would dominate in a model with no elementary Higgs fields. M is estimated in 

this case [4.73] by replacing D by a typical momentum ("1 GeV). 

There has been much interest [4.76-4.81, 4.721 in AB = t2 interactions, 

which could lead to n-n oscillations or nuclear decay through NN annihilation. 

It is useful to parametrize these effects by a neutron Majorana mass term 

L? eff = 6m nTCn + H. C. , (4.55) 

which implies n f-f n oscillations in empty space with a time scale 'I ,_,~1/6m. 

It could also describe nuclear decay through nn -f rv or pn + ~TTT. The relevant 

time scale is not rnwn, because strong interactions within the nucleus 

effectively prevent the free n - n oscillations from occurring. Instead, one 

has a nuclear annihilation rate of order [4.76-4.801 

r a 
nut % 2 - (4.56) 

mNrn -n 

For a nuclear lifetime rnuC = I',:, > 1030 yr and for a = 10 -* (for wave function 

overlap effects), (4.56) implies 6m < 10 -20 eV andr n-n > lo5 sec. n -Z oscil- 

lation times of order ?105 set may be observable in reactor experiments. How- 

ever, the oscillations are greatly suppressed by the earth's magnetic field, 

which would probably have to be shielded. The phenomenology is further dis- 

cussed in [4.79], for example. 

Marshak and Mohapatra [4.78] have described a model in which \ABl = 2 

interactions are mediated by the exchange of three Higgs particles AR (which 

also generate Majorana neutrino masses and give Wi their masses), as in Fig. 

4.7b. This generates 
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(4.57) 

For X e a*, y (the Yukawa coupling) = 10 -2 and <AR> = mAR > lo4 GeV, one finds 

a coefficient of =lO -30 GeV-5 . in (4.57), which should correspond to Bm N 10 -*' eV . 

There have also been SU5 models involving the diagram in Fig. 4.7c, in which two 

of the Higgs fields are 5's and the third is a 10 [4.72] or 15 [4.81,4.78]. In 

these cases, however, the effects are enormously suppressed due to the much 

larger masses of the colored Higgs 5's. A model involving gauge boson exchange 

and a neutrino Majorana mass term [4.80] also leads to negligibly small effects. 

Feinberg, Goldhaber, and Steigman [4.82] have discussed the AB = AL = +2 

process pp + e+e+, which could lead to nuclear annihilation or (in empty space) 

H f3 g oscillations. They argue that the effective four fermi interaction 

strength must be less than 10 -21 GF from the absence of gamma rays from m 

annihilation in interstellar space, and <lo -20 GF from nuclear stability. The 

Marshak-Mohapatra model [4.78], with the fourth Higgs line attached to leptons, 

leads to an effective interaction eighteen orders of magnitude smaller than these 

limits. 

Weinberg [4.73] has discussed the cosmological implications of new inter- 

actions (see also [4.72]). He argues that a baryon asymmetry produced by the 

"ordinary" B - L conserving interactions (Chapter 5) would be washed out at 

later times if there are additional baryon number violating interactions, unless 

these new interactions conserve some combination B + aL. This argues against 

the existence of AB = 2, AL = 0 interactions or against the existence of more 

than one new interaction. 
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