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Abstract 

We review the current status of heavy quark symmetry and its ap- 
plications to weak decays of hadrons containing a single heavy quark. 
After an introduction to the underlying physical ideas, we discuss in 
detail the formalism of the heavy quark effective theory, including a 
comprehensive treatment of symmetry breaking corrections. We then 
illustrate some nonperturbative approaches, which aim at a dynami- 
cal, QCD-based calculation of the universal form factors of the effec- 
tive theory. The main focus is on results obtained using QCD sum 
rules. Finally, we perform an essentially model-independent analysis 
of semileptonic B meson decays in the context of the heavy quark 
effective theory. 

(to appear in Physics Reports) 
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Preface 
A scan through the Review of Particle Properties gives an impression 

of the great variety of phenomena caused by the weak interactions. At- 
tempts to understand this rich phenomenology have led to much progress in 
particle physics. Today, the standard model of the strong and electroweak 
interactions provides a most successful description of the physics currently 
accessible with particle accelerators. In spite of its success, however, many 
open questions remain. In particular, a large number of undetermined pa- 
rameters are associated with the flavor sector of the theory. These pa- 
rameters are the quark and lepton masses, as well as the four angles of 
the Cabibbo-Kobayashi-Maskawa matrix, which describes the m ixing of the 
mass eigenstates of the quarks under the weak interactions. Quite obviously, 
weak decays offer the most direct way to determ ine these m ixing angles and 

--to test the flavor sector of the standard model. But they are also ideally 
suited for a study of that part of strong interaction physics which is least 
understood: the nonperturbative long-distance forces, which are responsible 

-for the confinement of quarks and gluons into hadrons. Indeed, these two 
aspects cannot be separated from  each other. An understanding of the con- 
nection between quark and hadron properties is a prerequisite for a precise 
determ ination of the parameters of the standard model. 

In many instances this puts important lim itations on the amount of 
information that can be deduced from  weak interaction experiments at low 
energies. The theoretical description of hadron properties often relies on very 
naive bound state models with no direct connection to the underlying theory 
of quantum chromodynamics (QCD). Indeed, at low energies this theory 
has proved so intractable to analytical approaches that reliable predictions 
can only be made based on symmetries. A well-known example is chiral 
symmetry, which arises since the current masses of the light quarks are 
small compared to the intrinsic mass scale of the strong interactions given, 
say, by the mass of the proton. It is then useful to consider, as a first 
approximation, the lim iting case of nf massless quarks, in which the theory 

c ma s mmetry, which is spontaneously broken _ has an SUL(nf) x SUR(nf) h’ 1 y 
to SUv(nr). Associated with this is a set of massless goldstone bosons. 
This symmetry pattern persists in the presence of small mass terms for the 
quarks. The goldstone bosons, which also acquire small masses due to these 
perturbations, can be identified with the light pseudoscalar mesons. The low 
energy theorems of current algebra predict relations between the scattering 

. . . 
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and decay amplitudes for processes involving a different number of these 
particles, and chiral perturbation theory provides the modern framework for 
a systematic analysis of the symmetry breaking corrections. This is quite a 
powerful concept, which allows predictions from first principles in an energy 
regime where the standard perturbative approach to quantum field theory, 
i.e. an expansion in powers of the coupling constant, breaks down. A nice 
illustration is provided by the calculation of the matrix element of the flavor- 
changing vector current between a kaon and a pion state. The Ademollo- 
Gatto theorem states that, at zero momentum transfer, the corresponding 
form factor is normalized up to corrections which are of second order in the 
symmetry breaking parameter m, - m,. Chiral perturbation theory can be 
used to calculate the leading corrections in an expansion in the light quark 
masses in a model independent way. From such an analysis the form factor 
can be predicted with an accuracy of 1%. This makes it possible to obtain 
a very precise determination of the element Vu, of the Cabibbo-Kobayashi- 
Maskawa matrix from an analysis of the semileptonic decay h’ t x e ti. 

Recently, it has become clear that a similar situation arises in the op- 
posite limit of very large quark masses. When the Compton wave length 
l/mQ of a heavy quark bound inside a hadron is much smaller than a typical 
hadronic distance of about 1 fm, the heavy quark mass is unimportant for 
the low energy properties of the state. The strong interactions of such a 
heavy quark with light quarks and gluons can be described by an effective 
theory, which is invariant under changes of the flavor and spin of the heavy 
quark. This “heavy quark symmetry” leads to similar predictions than chi- 
ral symmetry. In the limit l/mQ --$ 0, relations between decay amplitudes 
for processes involving different heavy quarks arise, and matrix elements of 
the flavor-changing weak currents become normalized at the point of zero 
velocity transfer. There is even an analog of the Ademollo-Gatto theorem: 
In certain cases the leading symmetry breaking corrections are of second 
order in l/mQ. The existence of an exact symmetry limit of the theory 
increases the prospects for a precise determination of the element &b of the 
quark mixing matrix. Ultimately, it can help to promote the description of 
weak decays of hadrons containing a heavy quark from the level of naive 
quark models to a theory of strong interactions. The hope is to start from 
the model independent relations that are valid in the limit of infinite heavy 
quark masses, and to include the leading symmetry breaking corrections in 
an expansion in l/mQ. The theoretical framework for such an analysis is 

-provided by the so-called heavy quark effective theory. 
I In this review we present the current status of heavy quark symmetry 

iv 
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and of the heavy quark effective theory, with emphasis on the weak de- 
cays of hadrons containing a single heavy quark. For these processes the 
theory has already been developed to an extent which is no less elaborate 
than, e.g., the modern formulation of chiral perturbation theory. In partic- 
ular, the symmetry breaking corrections have been analyzed in great detail, 
and many quantitative predictions of sometimes remarkable accuracy can be 
made. This review can be divided into four parts: In the first two chapters 
we present the physical picture and the ideas behind heavy quark symmetry 
in an intuitive, introductory way. Similar introductions have been given by 
Georgi,l Grinstein Isgur and Wise,3 and Mannel.4 They were very helpful 
in preparing the material for these chapters. The second part (Chapters 3 
and 4) is devoted to a very detailed and comprehensive description of the 
formalism of heavy quark effective theory, and of the state of the art in the 
analysis of symmetry breaking corrections. The discussion of these topics 
is necessarily more advanced and, with the exception of the introductory 

- ‘-sections 3.1-3.4 and 4.1-4.3, addresses the experts in the field. Some of the 
results presented in these chapters have not even been published so far. In 
particular, we present for the first time the complete expressions for me- 

;. . T- ‘son and baryon weak decay amplitudes to order l /m~ in the heavy quark 
expansion, and to next-to-leading order in QCD perturbation theory. The 
third part consists of Chapter 5, in which we discuss nonperturbative tech- 
niques which aim at a dynamical, &CD-based calculation of hadronic matrix 
elements. We give a general introduction to the QCD sum rule approach 
of Shifman, Vainshtein, and Zakharov, which m ight help readers not fam il- 
iar with this subject to get an appreciation of the physical motivations of 
the method. In the subsequent sections we present many interesting results 
that have been obtained recently by applying the sum rule technique to the 
heavy quark effective theory. In the last part (Chapter 6) we come back to 
the phenomenological applications of heavy quark symmetry. We present 
a comprehensive analysis of semileptonic B meson decays in the context of 
the new theoretical framework provided by the heavy quark effective theory. 
The virtue of this approach is that model independent aspects of the anal- 
ysis can be clearly separated from  model dependent ones. Ultimately, this 

_ 
‘in: Proceedings of TASI-91,.edt. by R.K. Ellis et al. (World Scientific, 1991) 
2in: High Energy Phenomenology, edt. by R. Huerta and M .A. P&es (World Scientific, 

1991) 
3in: Heavy Flavours, edt. by A.J. Bums and M . Lindner (World Scientific, 1992) 
“to appear in: QCD-20 Years Later, edt. by P.M. Zerwas and H.A. Kastrup (World 

Scientific) 
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might help to change the perspective in heavy quark phenomenology from a 
comparison of the data with models to a language which deals with certain 
types of corrections in a well-defined expansion in &CD. This would be a 
significant development. 

.-- 

The enterprise of writing this review started in a most pleasant way 
with a series of lectures on Heavy Quark Symmetry, which I presented in 
February 1993 at the LAFEX International School on High Energy Physics 
in Rio de Janeiro. It goes without saying that the months between then and 
now were not always this pleasant, and I am very grateful to my wife Tina 
for her patience and for getting me through this! On the scientific side, I am 
indebted to all those people who have contributed, in one way or another, 
to the success of this work. Special thanks go to Adam Falk for uncounted 
enlightening discussions, a very pleasant collaboration on various subjects 
of heavy quark physics, and last but not least for his careful proof reading 
of my papers (including this one). Thanks also to Patrick Huet, who took 
the challenge to read this review as a “nonexpert” in the field. During the 
work on the various subjects presented here I have greatly profited from 

.-,._ - 
L$ discussions with “Bj” Bjorken, Lance Dixon, Michael Peskin, and Helen 

Q uinn. I am grateful to my collaborators Yossi Nir and Zoltan Ligeti for 
the fun we shared with QCD sum rules. Further thanks belong to the former 
Heidelberg group: Berthold Stech, Volker Rieckert, Quiping Xu, Gunther 
Dosch, and Patricia Ball, with whom I started to work on heavy quark 
physics, as well as to Andrzej Buras and Nathan Isgur for their support and 
encouragement. Finally, it is a pleasure to acknowledge the warm hospitality 
of the SLAC theory group, which was extended to me over the last one and 
a half years. 
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Chapter 1 
Heavy Quark Symmetry 

1.1 The Physical Picture 
._- 
There are several reasons why the strong interactions of systems contain- 
ing heavy quarks are easier to understand than those of systems containing 
only light quarks. The first is asymptotic freedom, the fact that the effective .-._ _ 

L;. coupling constant of QCD becomes weak in processes with large momentum 
transfer, corresponding to interactions at short distance scales [l, 21. This is 
a unique feature of nonabelian gauge theories [3]. The familiar phenomenon 
of screening of charges at large distances can be overcompensated by an 
antiscreening due to the selfcouplings of the nonabelian gauge fields. This 
can lead to an effective charge which increases at large distances, and de- 
creases at small distances. In &CD, the antiscreening mechanism dominates 
(as long as the number nf of quark flavors does not exceed sixteen). The 
effective coupling constant 

4Q2) = g:ff;;2) = 12?r 
(33 - 2nf) In Q2/htCD 

decreases at large Q2, i.e., the strong interactions become weak at short 
distances. At large distances (small Q2), on the other hand, the coupling 
becomes strong, leading to nonperturbative phenomena such as the confine- 

. 
ment of quarks and gluons pn a length scale &ad N ~/AQCD N 1 fm, which 
determines the typical size of hadrons.’ Roughly speaking, AQCD N 0.2 GeV 
is the energy scale that separates the regions of large and small coupling. 

‘We use units where tL = c = 1. Th e relation between length and energy scales is 
0.2 GeV 25 1 fm-‘. 



2 Heavy Quark Symmetry 

When the mass of a quark Q is much larger than this scale, TTXQ > AQCD, Q 
is called a heavy quark. The quarks of the standard model fall naturally into 
two classes: U, d and s are light quarks, whereas c, b and t are heavy quarks. 
For heavy quarks, the effective coupling constant C$(mQ) is small, implying 
that on length scales comparable to the Compton wavelength XQ N l/m~ 

the strong interactions are perturbative and much like the electromagnetic 
interactions. In fact, the quarkonium systems (QQ), which have a size of 
order AQ/CY,(VZQ) << &ad, are very much hydrogen-like. After the discov- 
ery of asymptotic freedom, their properties could be predicted [4] before the 
observation of charmonium, and later of bottonium states. 

For systems composed of a heavy quark and other light constituents, 
things are more complicated. The size of such systems is determined by 
&ad, and the typical momenta exchanged between the heavy and light con- 
stituents are of order AQcD. The heavy quark is surrounded by a most 

._- complicated,- strongly interacting cloud of light quarks, antiquarks, and glu- 
ons. This cloud is sometimes referred to as the “brown muck”, a term 
invented by Isgur to emphasize that the properties of such systems cannot 

. be calculated from first principles (at least not in a perturbative way). In .u,._ - 
;. this case, it is the fact that 

mQ >> AQCD * AQ < had, (1.2) 

that the Compton wavelength of the heavy quark is much smaller than the 
size of the hadron, which leads to simplifications. To resolve the quantum 
numbers of the heavy quark would require a hard probe with Q2 2 rnt. 
The soft gluons which couple to the “brown muck” can only resolve distances 
much larger than XQ. Therefore, the light degrees of freedom are blind to the 
flavor (mass) and spin orientation of the heavy quark. They only experience 
its color field, which extends over large distances because of confinement. 
In the rest frame of the heavy quark, it is in fact only the, electric color 
field that is important; relativistic effects such as color magnetism vanish 
as mQ + 00. Since the heavy quark spin participates in interactions only 
through such relativistic effects, it decouples. That the heavy quark mass 
becomes irrelevant can be seen as follows: As mQ + 00, the heavy quark 

_ and the hadron that contains it have the same velocity. In the hadron’s rest 
frame, the heavy quark is at rest, too. The wave function of the “brown 
muck” follows from a solution of the field equations of QCD subject to the 
boundary condition of a static triplet source of color at the location of the 
heavy quark. This boundary condition is independent of mQ, and so is the 
solution for the configuration of the light degrees of freedom. 
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It follows that, in the mQ + 00 limit, hadronic systems which differ only 
in the flavor or spin quantum numbers of the heavy quark have the same 
configuration of light degrees of freedom. Although this observation still 
does not allow to calculate what this configuration is, it provides relations . 
between the properties of such particles as the heavy mesons B, D, B* 
and D*, or the heavy baryons Ab and A, (to the extent that corrections to 
the infinite quark mass limit are small in these systems). Isgur and Wise 
realized that these relations result from new symmetries of the effective 
strong interactions of heavy quarks at low energies [5]. The configuration 
of light degrees of freedom in a hadron containing a single heavy quark 
Q(w, s) with spin s and velocity v does not change if this quark is replaced 
by another heavy quark Q’( v,s’) with different flavor or spin, but with the 
same velocity. Both heavy quarks lead to the same static color field. It is 
not necessary that the heavy quarks Q and Q’ have similar masses. What is 
important is that their masses are large compared to AQ~D. For Nh heavy 

- “-quark flavors there is thus an SU(2Nh) spin-flavor symmetry group. These 
symmetries are in close correspondence to very familiar properties of atoms: 
The flavor symmetry is analogous to the fact that different isotopes have the 

;. . -- ‘same chemistry, since to good approximation the electronic wave functions 
are independent of the mass of the nucleus. The electrons only see the 
total nuclear charge. The spin symmetry is analogous to the fact that the 
hyperfine levels in atoms are nearly degenerate. The nuclear spin decouples 
in the limit m,.m,v + 0. 

The heavy quark symmetry is an approximate symmetry, and corrections 
arise since the quark masses are not infinite. These corrections are of order 
AQcD/mQ. The condition mQ > AQCD is necessary and sufficient for a 
system containing a heavy quark to be close to the symmetry limit. In 
many respects, heavy quark symmetry is complementary to chiral symmetry, 
which arises in the opposite limit of small quark masses, mp << AQCD. 
There is an important distinction, however. Whereas chiral symmetry is a 
symmetry of the QCD Lagrangian in the limit of vanishing quark masses, 
heavy quark symmetry is not a symmetry of the Lagrangian (not even an 
approximate one), but rather a symmetry of an effective theory which is a 
good approximation to QCD in a certain kinematic region. It is realized only _ 
in systems in which a heavy quark interacts by the exchange of soft gluons. 
In such systems the heavy quark is almost on-shell; its momentum fluctuates 
around the mass shell by an amount of order AQ~D. The corresponding 
changes in the velocity of the heavy quark vanish as hQcD/mQ + 0. The 
velocity becomes a conserved quantity and is no longer a dynamical degree 
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4 Heavy Quark Symmetry 

of freedom [6].2 
Results derived based on heavy quark symmetry are model independent 

consequences of QCD in a well-defined lim it. The symmetry breaking cor- 
rections can, at least in principle, be studied in a systematic way. To this 
end, it is however necessary to recast the QCD Lagrangian for heavy quarks, 

into a form  suitable for taking the lim it m Q  + 00. 

1.2 An E ffective Theory 

Inside a hadronic bound state, a heavy quark Q interacting with light con- 
stituents exchanges momenta much smaller than its mass mQ. To good 

.-- approximation the heavy quark moves with the hadron’s velocity TJ. Being 
almost on-shell, the heavy quark’s momentum PQ is close to the “kinetic” 
momentum mQv resulting from  the hadron’s motion: 

.-,.< - 
;: P$ = m Q ’?I’ + k’ . (14 

Here ZJ is the four-velocity of the hadron. It satisfies o2 = 1. The “residual” 
momentum k is of order AQCD. In order to describe the properties of such 
a system in the case of a very heavy quark, it is appropriate to consider the 
lim it m Q  + 00 with v and k kept fixed [6]. In this lim it the Feynman rules 
of QCD simplify [7]. In particular, the heavy quark propagator becomes3 

i i $+1 =-- 
?Q-mQ v-k 2 + o(k/mQ) + A p+ , (l-5) 

where P+ is a positive energy projection operator. It is defined by 

21n systems containing more than one heavy quark, the heavy quark velocities are 
not conserved. In quarkonium states, for instance, the typical momenta are of order 
os(mg)m~, corresponding to changes in the velocities of order o,(mg). The spin-flavor 
symmetry does not apply in this case. 

31n the rest frame, this so-called “static” propagator was introduced by Eichten and 
. Feinberg [8]. 
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with Pz = Ph and Ph Pr = 0. Since P+7@P+ = P+vpP+, the coupling of a 
heavy quark to gluons can be simplified, too. To leading order in l/m~ the 
vertex igT,yp can be replaced by 

igT,#, (l-7) 

where g is the QCD coupling constant, and T, are the generators of color 
SU(3), normalized according to Tr(T,Tb) = !&. The effective Feynman 
rules (1.5) and (1.7) are depicted in Fig. 1.1. It has become standard to 
represent the heavy quark propagator by a double line to indicate that it 
is different from the propagator in &CD. According to the decomposition 
(1.4) the propagator is labeled by a velocity and a residual momentum. The 
velocity is conserved by the strong interactions. 

u, k . 
i*y.j = L- l+d 6.. 

u-k 2 ” 
U 

.-,.< - im vj = 
:i 

ig (Ta)ji UQ 

Figure 1.1: Feynman rules of the heavy quark effective theory (i, j 
and a are color indices). 

These Feynman rules follow from the Lagrangian 

,C,ff = ii, iv-D h, = h, (id‘ a, + g T, @ “A;) h, , (1.8) 

where D is the covariant derivative. The effective heavy quark field h,(z) 
is related to the original field Q(z) by 

Q(z) M e-imQv’z h,(z), (1.9) 

and is furthermore subject to the on-shell constraint 

fh, = h, = P+h,. (1.10) 

Because of this condition, h, is effectively a two-component field. The phase 
factor in (1.9) removes the “kinetic” piece mQV from the heavy quark mo- 
mentum, so that in momentum space a derivative acting on h, produces the 
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6 Heavy Quark Symmetry 

residual momentum k. ,!Z,ff is the Lagrangian of the so-called heavy quark 
effective theory. In the rest frame, where VP = (l,G), it was introduced by 
Eichten and Hill [9]. The covariant version presented here is due to Georgi 
PI. 

The effective Lagrangian is only an approximation to the corresponding 
part of the QCD Lagrangian given in (1.3), since the heavy quark field Q also 
contains a component H,, satisfying $H,, = -H,. In the rest frame, h, has 
only upper components, whereas H, has only lower components. The field 
H, thus corresponds to the “small” components of the full spinor Q. It can 
be eliminated by means of the equations of motion, leading to corrections of 
order l/m~ to the effective Lagrangian. It is important to note, however, 
that (1.8) is not a nonrelativistic approximation. The velocity v is arbitrary; 
nothing prevents its spatial components from being of order unity. For a 
single heavy quark, it is of course possible to transform into the rest frame, 
in which L,ff reduces to the leading term in a nonrelativistic expansion 
[lo]. But the possibility of v being arbitrary becomes important when one 
studies processes involving heavy quarks moving at different velocities, such 
as a heavy quark decay mediated by a weak current. In Chapter 2, we will 
derive the effective Lagrangian from QCD in such a way that corrections 
arising at order l/m~ ( or higher) can be systematically included. For the 
moment, let us take ,& as it stands and study its global symmetries [6]. 

Because of (l.lO), the effective field h, annihilates a heavy quark Q with 
velocity v, but does not create an antiquark. Similarly, h, creates a heavy 
quark with velocity v, but does not annihilate an antiquark. Thus in the 
effective theory the number of heavy quarks is conserved; pair creation is not 
present. If one wants to describe processes with external states containing 
heavy antiquarks, one has to start from a different effective Lagrangian (see 
Chapter 2). 

Since there are no Dirac matrices present in the effective Lagrangian, 
interactions of the heavy quark with gluons leave its spin unchanged. Asso- 
ciated with this is an SU(2) symmetry group under which ,& is invariant. 
The action of this symmetry on the heavy quark fields becomes most trans- 
parent in the rest frame, where the generators Si of spin SU(2) can be 
chosen 

(1.11) 

‘where oi are the Pauli matrices, and we use the Dirac representation for the 



1.2 An Effective Theory 7 

r-matrices: 

7u= (; -;) , ri= (Jj ;) , 75= (; :) * (1.12) 

Here I denotes the 2 x 2 unit matrix. In a general frame, one defines a set 
of three orthonormal vectors ei orthogonal to v, and takes the generators of 
the spin symmetry as 

s” = ;7&. (1.13) 

So defined, the matrices S’ satisfy the commutation relations of SU(2) and 
commute with $: 

[s’, sj] = iijksk , [f, S”] = 0. (1.14) 

.--An infinitesimal SU(2) transformation 

hv + (l+iC..!?)h, (1.15) 

;: . -~- -leaves the Lagrangian invariant, 

S&R = h, [iv-D, i7- f?‘] h, = 0, (1.16) 

and preserves the on-shell condition (1.10): 

~(l+i7~~)h,=(l+Z~~)~h,=(l+iZ’~~)h,. (1.17) 

Finally, in the effective Lagrangian the mass of the heavy quark does not 
appear. When there are iVh heavy quarks moving at the same velocity, one 
can simply extend (1.8) by writing 

(1.18) 
i=l 

This Lagrangian is clearly invariant under rotations in flavor space. When 
combined with the spin symmetry, the symmetry group becomes promoted _ 
to SU(2iVh). Th is is the heavy quark spin-flavor symmetry [5,6]. Its physical 
content is that, in the limit UZQ >> AQCD, the strong interactions of a heavy 
quark become independent of its mass and spin. 

When one wants to describe processes with heavy quarks of different 
velocity, one simply adds corresponding terms to ,C,E. For instance, the 



I 

. 
. 

.z- 
- - r. - .I 

8 Heavy Quark Symmetry 

appropriate effective Lagrangian for the decay of a heavy quark Q(v) into 
another heavy quark Q’(v’) would be 

,!Ze~ = h,iv.Dh,+hl,iv’.Dh:,. (1.19) 

It has to be supplemented by a source term  mediating the transition. 
As written above, the effective Lagrangian is not invariant under Lorentz 

transformations, which change the velocity o. This is not a problem, how- 
ever. One has to keep in m ind that heavy quark symmetry is not a symmetry 
of the QCD Lagrangian, but rather a symmetry of the S-matrix in a kine- 
matic region where a heavy quark interacts with light degrees of freedom 
by the exchange of soft gluons, which leave its velocity unchanged. Under 
a Lorentz boost A, the color field of the heavy quark is boosted, and the 
appropriate effective Lagrangian is obtained by replacing v in (1.18) by the 
boosted velocity Au. Georgi has proposed an effective Lagrangian which 
contains heavy quarks of all possible flavors and velocities [6]: 

(1.20) 

This Lagrangian has a symmetry group [SU(2Nh)]N~, where NV counts the 
(infinite) number of velocity intervals. Although there is nothing wrong 
with this formulation, the notation m ight suggest an even larger symmetry 
group ~~(WdKJ, corresponding to rotations of heavy quarks with differ- 
ent velocity into each other. But this is not a symmetry because of the 
QCD interactions. The color fields emitted by heavy quarks moving at dif- 
ferent velocities look different to the light degrees of freedom. The fact that 
heavy quarks with different velocity are in no way related to each other 
is sometimes referred to as “velocity superselection rule” [6]. For practi- 
cal purposes these subtleties are irrelevant (see, however, the discussion in 
Ref. [ll]). Wh t a ever formulation of I& one prefers, the fact is that only 
heavy quarks moving at the same velocity are related by an SU(2Nh) spin- 
flavor symmetry. For each heavy quark in a given process, it suffices to write 
down an effective Lagrangian as given in (1.8). 

1.3 Spectroscopic Implications 

The spin-flavor symmetry leads to many interesting relations between the 
-properties of hadrons containing a heavy quark. The most direct conse- 
quences concern the spectroscopy of such states [la]. In the m Q  + 00 lim it, 
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the spin of the heavy quark and the total angular momentum j of the light 
degrees of freedom are separately conserved by the strong interactions. Be- 
cause of heavy quark symmetry, the dynamics is independent of the spin 
and mass of the heavy quark. Hadronic states can thus be classified by the 
quantum numbers (flavor, spin, parity etc.) of the light degrees of freedom. 
The spin symmetry predicts that, for fixed j # 0, there is a doublet of de- 
generate states with total spin J = j f i. The flavor symmetry relates the 
properties of states with different heavy quark flavor. 

Consider, as an example, the ground-state mesons containing a heavy 
quark. In this case the light degrees of freedom have the quantum numbers 
of a light antiquark, and the degenerate states are the pseudoscalar (J = 0) 
and vector (J = 1) mesons. In the charm and bottom systems, one knows 
experimentally 

mB*-mB%46MeV, 
mp - mD % 142 MeV , 

mD; - mDs M 142 MeV . (1.21) 

;. ’ . -- -‘These mass splittings are in fact reasonably small. To be more specific, at 
order l /mQ one expects hyperfine corrections to resolve the degeneracy, for 
instance mg*-mmg a l/mb. This leads to the refined prediction m& -m& M 
m& - rn& M const. The data are compatible with this: 

rn& - rni x 0.49 GeV2, 
2 mD*-m ?I M 0.55 GeV2. (1.22) 

The spin symmetry also predicts that rng: - rnis M m&, - mb, z const., 
but this constant could in principle be different from that for nonstrange 
mesons, since the flavor quantum numbers of the light degrees of freedom 
are different in both cases. Experimentally, however, the mass splittings are 
found to be very similar, indicating that to first approximation hyperfine 
corrections are independent of the flavor of the “brown muck”. 

One can also study excited meson states, in which the light constituents 

_ carry orbital angular momentum. It is tempting to interpret Dl(2420) with 
Jp = l+ and Dz(2460) with Jp = 2+ as the spin doublet corresponding to 
j = +. In fact, the small mass difference W&D; - mD1 M 35 MeV supports 
this assertion. One then expects 

2 mg*-m 2 2 % mD; - mD1 M 0.17 GeV2 
2 

(1.23) 
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for the corresponding states in the bottom system. The fact that this mass 
splitting is smaller than for the ground-state mesons in (1.22) is not un- 
expected. For instance, in the nonrelativistic constituent quark model the 
light antiquark in these excited mesons is in a pwave state, and its wave 
function at the location of the heavy quark vanishes. Hence, in this model 
hyperfine corrections are strongly suppressed. 

A typical prediction of the flavor symmetry is that the “excitation en- 
ergies” for states with different quantum numbers of the light degrees of 
freedom be the same in the charm and bottom systems. For instance, one 
expects 

mB.S 
-mg zmDs-mD x 100 MeV , 

mB~ -mg zmD,-mD M 557 MeV , 
mg;-mmg xmmg;-mg z593MeV. (1.24) 

Recently the first relation has been confirmed very nicely by the discovery 
of the Bs meson by the ALEPH collaboration at LEP [13]. The observed 
mass, mg, = 5.375 f 0.008 f 0.005 GeV, corresponds to an excitation energy 
mBs - mg = 96 f 9 MeV. 

There are many more applications of heavy quark symmetry to the strong 
interactions of hadrons containing a heavy quark. For instance, there ex- 
ist relations between the decay amplitudes describing the emission of light 
particles such as K, p, or ?T?T off a heavy meson or baryon [12]. 

1.4 Weak Decay Form Factors 

Of particular interest are the relations between the weak decay form factors 
of heavy mesons, which parameterize hadronic matrix elements of currents 
between two meson states containing a heavy quark. These relations have 
been derived by Isgur and Wise [5], g eneralizing ideas developed by Nussinov 
and Wetzel [14], and Voloshin and Shifman [15, 161. For the purpose of this 
discussion it is appropriate to work with a mass independent normalization 
of meson states: 

W(P’W(P)) = g (274363(p’- 3’)) 

instead of the more conventional, relativistic normalization 

(1.25) 

(iz(p’)lG(p)) = apy2+5”(p’- p”). (1.26) 
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In the first case, p’/mM = v” depends only on the meson velocity. It is also 
more natural for heavy quark systems to use velocity instead of momentum 
variables. We will thus write [M(v)) instead of IM(p)). The relation to the 
conventionally normalized states is 

IM(v)) = mz’21M(p)). (1.27) 

In the mQ + 00 limit, the states [M(v)) are completely characterized by the 
configuration of the light degrees of freedom. The virtue of working with 
a mass independent normalization is that the shape and normalization of 
the wave function are independent of the heavy quark mass. These states 
can thus be identified with the eigenstates of the effective Lagrangian ,!& 
in (1.8) supplemented by the standard QCD Lagrangian for the light quarks 
and gluons. 

t < to t > to 

Figure 1.2: The action of an external heavy quark current, as seen 
by the light degrees of freedom in the initial state. 

Consider now the elastic scattering of a pseudoscalar meson, P(v) + 
P(v’), induced by an external vector current coupled to the heavy quark 
contained in P. Before the action of the current, the light degrees of free- 
dom in the initial state orbit around the heavy quark, which acts as a source 
of color moving with the meson’s velocity v. On average, this is also the ve- 
locity of the “brown muck”. The action of the current is to instantaneously 
(at t = t ) o re pl ace the color source by one moving at velocity v’, as indicated 
in Fig. 1.2. If v = v’, nothing really happens. The light degrees of freedom _ 
do not even realize that there was a current acting on the heavy quark. If 
the velocities are different, however, the “brown muck” suddenly finds itself 

-interacting with a boosted (relative to its rest frame) color source. Soft glu- 
ons have to be exchanged in order to rearrange the light degrees of freedom 
and build the final state meson moving at velocity v’. This rearrangement 
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leads to a form factor suppression, which in the mQ + co limit can only 
depend on the Lorentz boost 7 = v. v’ that connects the rest frames of the 
initial and final state mesons. That the form factor is independent of the 
heavy quark mass can also be seen from the following intuitive argument: 
The light constituents in the initial and final state carry momenta which are 
typically of order AQCDV and AQCDV’, respectively. Thus, they suffer a typ- 
ical momentum transfer q2 N A2 Q~D(v . v’ - l), which is in fact independent 
Of mQ. 

The result of this discussion is that in the effective theory, which provides 
the appropriate framework to consider the limit mQ + co with the quark 
velocities kept fixed, the hadronic matrix element describing the scattering 
process can be written as [5] 

(P(v’)l &,ryph,, IP(v)) = [(v - v’) (v + v’)” , (1.28) 

with a form-factor [(v.v’) that does not depend on mQ. Since the matrix el- 
ement is invariant under complex conjugation combined with an interchange 
of v and v’, the function [(v . v’) must be real. That there is no term pro- 
portional to (v - v’)” can be seen by contracting the matrix element with 
(v - v’)~, and using $h, = h, and h,,$’ = h,,l. 

We can now use the flavor symmetry to replace the heavy quark Q in one 
of the meson states by a heavy quark Q’ of different flavor, thereby turning P 
into another pseudoscalar meson P’. At the same time, the current becomes 
a flavor-changing vector current. In the mQ + 00 limit, this is a symmetry 
transformation under which the effective Lagrangian is invariant. Hence the 
matrix element 

(P’(v’)l h’,,yph, [P(v)) = <(v . v’) (v t v’)” (1.29) 

is still determined by the same function ((v. v’). This universal form factor 
is called the Isgur-Wise function, after the discoverers of this relation [5]. 

For equal velocities, the vector current Jp = h:yph, = hld‘h, is con- 
served in the effective theory irrespective of the flavor of the heavy quarks, 
since 

ia, Jp = 6: iv.D h, + &L iv.??h, = 0 (1.30) 

by the equation of motion which follows from the effective Lagrangian (1.8). 
The conserved charges 

N Q’Q = 
I 

d3z Jo(z) = 
I 

d3x h;(x) h,(s) (1.31) 
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are generators of the flavor symmetry. The diagonal generators simply count 
the number of heavy quarks, whereas the off-diagonal ones replace a heavy 
quark by another one: NQQIP(v)) = /P(v)) and NQ~QIP(~)) = IP’(v)). It 
follows that 

(p’(V)1 NQ'Q Ip(V)) = (P(V)lP(v)) = 2v” (27~)~ h3(o’), (1.32) 

and from comparison with (1.29) one concludes that the Isgur-Wise function 
is normalized at the point of equal velocities: 

((1) = 1. (1.33) 

This can easily be understood in terms of the physical picture discussed 
above: When there is no velocity change, the light degrees of freedom see 
the same color field and are in an identical configuration before and after the 
action of the current. There is no form factor suppression. The Isgur-Wise 

---function -can in fact- be regarded as being the “overlap” of identical “brown 
muck” configurations boosted relative to each other by 7 = v . v’. Since 

. E recoil = mp (v -21’ - 1) (1.34) 
L> 

is the recoil energy of the meson P’ in the rest frame of the meson P, the 
point v . v’ = 1 is referred to as the zero recoil limit. 

It is instructive to rewrite the above results in terms of a more familiar 
parameterization of the hadronic matrix elements in (1.28) and (1.29), which 
uses the relativistic normalization of states in (1.26), and form factors F;(q2) 
which are functions of the invariant momentum transfer q2. To be specific, 
let us consider the case of B and D mesons4, and perform the comparison 
using the parameterization [17] 

@(P’)l b73 I%PN = Ja12> (P + P’Y 7 
(1.35) 

_ 

(a,p’)I cyp”b [E(p)) = F1(q2) [(P t py - mi ; mb qp] 

rni-rnb 
t Fo(q2) q2 qp 7 

where q = p - p’. The form factors Fo(q2) and &(q2) are subject to the 
constraint Fu(0) = Fr(O), which h e ‘minates the spurious pole at q2 = 0. 

‘In contrast to the standard nomenclature we shall denote mesons containing a bottom 
quark by B, not B. 
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From the comparison of (1.35) with (1.28), one obtains for the elastic form 
factor 

((v - J> = JjI& Ez1(q2>, (1.36) 

where 
--!I2 w.J=l+- 

2mg ’ 
(1.37) 

For the flavor-changing decay, comparison with (1.29) gives [18] (we use m 
generically for mb and m,) 

-1 
((v. v’) = J&nm R&(q2) = Jiliw R 

[ 
1 - q2 (m + ml2 1 G(q2> 7 (1-W 

where 

. 
mB+mD 

M 0.88 ) 

The infinite mass limits have to be taken such that the velocity transfer V.V’ 
stays finite. 

Although the above relations are nothing but a transfer of conventions, 
they show that the heavy quark flavor symmetry is rather peculiar in that 
it relates form factors at different momentum transfer, but same velocity 
transfer. The elastic form factor Fel(q2) at spacelike momentum transfer 
(q2 < 0) is related to the weak decay form factors Fl(q2) and Fi(q2) at 
timelike momentum transfer (q2 > 0). Whereas by current conversation 
the elastic form factor is normalized at q2 = 0, the weak form factors are 
normalized at maximum momentum transfer qiax = (mB - mD)2. In both 
cases, of course, the normalization point corresponds to the zero recoil limit 
v*v’= 1. 

Since the Fock state of a heavy meson can only be independent of the 
heavy quark mass on length scales greater than XQ = l /mQ, the relations 
(1.36) and (1.38) must break d own when these states are probed at distances 
smaller than that. This happens when the recoil energy of the light degrees of 
freedom in the parent rest frame becomes of order of the heavy quark mass. 
Therefore, the heavy quark symmetry relations are only valid as long as 
(VU’-1) is much smaller than mQ/AQcD [5]. F or unately, this requirement is t 
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well satisfied for the phenomenologically interesting semileptonic B --f D e V 
transition, for which 

(v * 0’ - l)max = (1.40) 

The heavy quark spin symmetry leads to additional relations among 
weak decay form factors. It can be used to relate matrix elements involv- 
ing vector mesons to those involving pseudoscalar mesons. In the effective 
theory, a vector meson with longitudinal polarization es is related to a pseu- 
doscalar meson by 

IV(% c3)) = 2 s”Q IW) t (1.41) 

where S”Q is a hermitean operator which acts on the spin of the heavy quark 
Q. It follows that 

(V’(C 63)l q/r h, [P(v)) = (P’(v’)l 2 [S&, jE’,,r h,] IP(v)) 

= (P’(v’)l 6’,,(2S31’) h, IP(v)) , (1.42) 

where I can be an arbitrary combination of Dirac matrices, and S3 is a 
matrix representation of the operator S3 Q# as given in (1.13). It is easiest to 

-k&rate this expression in the rest frame of the final state meson, where 

?P = (l,O,O,O), 

6; = Pwu41), 

s3 = ; 7570r3. (1.43) 

It is then straightforward to obtain the following commutation relations for 
the components of the weak current (V - A)fi = h’,,yp(l - 7s) h,: 

2[S$,p-A’] = A3-V3, 

2[S&,V3 - A31 = A0 - V”, 

2 [S;,, V1 - A’] = i(A2 - V”) , 

2 [S;,, V2 - A21 = -i(A’ - V’) . (1.44) 

Using (1.42) and (1.44), one can relate the matrix element of the weak 
current between a pseudoscalar and a vector meson to the matrix element 
of the vector current between two pseudoscalar mesons given in (1.29). The 
result can be written in the covariant form [5]: 

(V’(d, E)I h:,7P(l - ys) h, /P(v)) = i~py”p 6;: v;tp <(.a. w’) (1.45) 
. - [ E*p (v f v’ + 1) - v’@ c* * 2, 1 ((V * V’) ) 
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where co123 = -co123 = -1. Once again, the matrix element is completely 
described in terms of the universal Isgur-Wise form factor. 

For the semileptonic process B + D*.!Y, let us study the implications 
of this prediction in a more conventional form factor basis defined by [17] 

(~,*b’,dI ZYYl- 75)bl~(p))= mET;;* $p&pp V(q”) 

- 
[ 
(mB + mm) c*‘Al(q2) - mB’; & (P + p’>“A2(q2> 

c** q 
-2mDl - 1 E*. q 

cl2 
qpA3(q2) - ho* - q2 qpAo(q2) - (1.46) 

The form factor A3(q2) is given by the linear combination 

&(q2) = m;-+DyD* 4(q2> - m”,--D~D’ A2(a2>, (1.47) 

and is furthermore subject to the constraint Ao(0) = As(O), so that there is 
no pole at q2 = 0. Comparing (1.46) with (1.45) one finds that [ 181 

((v - v’) = ,lilim R* V(q”) = ,lilim R* Ao(q2) = ,lilia R* A2(q2) 
2 

l- cmB +“mDqj2 1 
-1 

A1(q2>. (1.48) 

R* x 0.89 and the relation between v . u’ and q2 are the same as in (1.39), 
but with mg replaced by mD*. (Note that mg = mD* in the m, + co 

limit .) 
One could go on and study matrix elements between two vector mesons, 

or matrix elements of currents with a different Dirac structure. The physical 
picture is always the same: The hadronic dynamics results from the inter- 
action of the “brown muck” with the color field of the heavy quark, and the 
boost of this field due to the action of an external current leads to a form 
factor suppression, which is described by the Isgur-Wise function. In the 
infinite quark mass limit, this single, normalized function suffices to describe 
any meson matrix element of the type (M’] Q’ I’ Q I M). 

Eqs. (1.38) and (1.48) summarize the relations imposed by heavy quark 
symmetry on the weak decay form factors describing the semileptonic decay 
processes l? + De V and B + D*t V. These relations are model independent 
consequences of QCD in the limit where mb, m, >> AQCD. They can be 

‘used to test the consistency of models. Since R = R* in the infinite quark 
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mass lim it, the QCD prediction is that the hadronic form  factors Fl, V, 
A0 and A2 become identical, i.e., they have the same normalization and q2- 
dependence. The same is true for the form  factors Fo and Al. However, they 
differ from  the former ones by a kinematic factor [l - q2/(m B  •l- mDc*j)2]. 
In the infinite mass lim it this has the form  of a pole term , since mb + m , 
is the pole mass associated with the flavor-changing current [18]. It turns 
out that none of the quark models proposed in the literature is consistent 
with these relations. Let us briefly demonstrate this for three of the most 
popular models. Since in the lim it of vanishing lepton mass Fo and A0 do 
not contribute to semileptonic decay rates, we shall focus on the remaining 
form  factors Fr, V, Al, and Al. To the extent that the bottom  and charm 
quark are sufficiently heavy, the QCD prediction is 

Fl(q2) = V(q2) = A2((r2) = [l - (mB ;;Dej2] -kq2) - (1.49) 
._- 

- At maxinmm momentum transfer, corresponding to zero recoil, the first 
three form  factors should have values close to R-l M  R*-l M  1.13, whereas 
A1(qkaX) should approach R* M  0.89. In the nonrelativistic constituent .-,._ - 

_. ‘ quark model of Isgur, Scora, Grinstein, and Wise (ISGW), all form  factors 
have the same q2-dependence, namely [19] 

h exp { - 0.03 (if,,, - q2)l, (1.50) 

where h is computed from  an overlap integral of nonrelativistic meson wave 
functions. The numerical values are h = 1.13, 1.19, 1.06, and 0.94 for Fl, V, 
AZ, and Al, respectively. The normalizations at qLax are reasonably close 
to the asymptotic QCD prediction, but the q2-dependence of Al relative to 
the other form  factors is incompatible with heavy quark symmetry. This 
becomes apparent in Fig. 1.3, where we show the four quantities in (1.49) 
as a function of q 2. A sim ilar situation is encountered with the relativistic 
wave function model of Bauer, Stech, and Wirbel (BSW) [17]. Again all 
form  factors are assumed to have the same q2-dependence, given by the pole 
ansatz 

+$--Jn (1.51) 
_ 

with n = 1. In this model, the normalization at q2 = 0 is computed from  
overlap integrals of relativistic light-cone wave functions. Numerically, h = 
0.69, 0.71, 0.69, and 0.65 for Fr, V, AZ, and Al. The pole masses are 
assumed to be mpole = 6.34 GeV for Fr and V, and 6.73 GeV for Al and AZ. 
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Again, the normalizations at maximum momentum transfer are close to the 
asymptotic prediction, but the relative q2-dependence of Al is inconsistent 
with (1.49). Korner and Schuler (KS) adopt the same pole ansatz as shown 
above, with universal parameters h = 0.7 and mpole = 6.34 GeV for all form  
factors [20]. H owever, they adjust the coefficient n to be consistent with 
the QCD power counting rules for asymptotically large values of q2 [al]. 
This gives n = 1 for Fl and Al, and n = 2 for V and AZ. In this model 
the relative q2-dependence of Fl is not in accordance with (1.49).5 This 
little exercise clearly demonstrates the importance and usefulness of heavy 
quark symmetry as an exact lim iting case. It also elucidates the potential 
uncertainties inherent in models, which often rely on ad hoc assumptions. 
On the other hand, one may say that if these models have any physical 
significance they indicate that deviations from  the heavy quark symmetry 
lim it are moderate. This justifies an approach where one starts from  the 
lim it of an exact symmetry, and adds on symmetry breaking corrections in 
a systematic way. 

:. ‘ 

Many of the physical ideas presented in this chapter are not new to the 
discussion of heavy quark effective theory. They have emerged from  the 
work of many researchers over more than a decade. Prior to the modern 
formulation of the heavy quark effective Lagrangian, these ideas have been 
incorporated to some extent into models describing hadronic bound states, 
such as the nonrelativistic constituent quark model [19, 22, 23, 241. The 
concept of a new flavor symmetry for hadrons containing a heavy quark was 
introduced as early as 1980 by Shuryak [25], who later studied many prop- 
erties of heavy mesons and baryons in the context of QCD sum rules [26]. 
The infinite quark mass lim it in QCD was used by Eichten and Feinberg to 
study the heavy quark-antiquark potential [8]. They introduced the static 
propagator in position space. The utility of the static approximation, and 
of the closely related nonrelativistic approximation [lo], for computations 
in lattice gauge theory was discussed by Eichten [27], and by Lepage and 
Thacker [28]. Close, Gounaris, and Paschalis were the first to realize the 
approximate normalization of the weak decay form  factors at zero recoil, 
and the relations between the B ---f D and B ---f D* semileptonic decay rates 
[29]. A clear, model independent formulation of the physical ideas of the 
spin-flavor symmetry was developed in the important works by Nussinov 

5The region of applicability of the power counting rules corresponds to values v . V’ - 
. vn~/h&-,, which is outside of the range of validity of heavy quark symmetry. There is 

no contradiction between the two limits. 
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Figure 1.3: Predictions for the weak decay form factors FI, V, Al, 
and A2 over the kinematic range in q2 accessible in semileptonic 
B decays, according to the quark models of ISGW, BSW, and KS. 
Al is multiplied by a kinematic factor as shown in (1.49). In the 
KS model the form factors V and A2 are identical. 
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and Wetzel [14], and Voloshin and Shifman [15, 161. These papers contain 
much of the present knowledge about the weak decay form factors close to 
the endpoint region, in particular the model independent normalization at 
zero recoil following from the heavy quark flavor symmetry. Voloshin and 
Shifman even anticipated the vanishing of certain l /mQ corrections to the 
normalization at zero recoil [16], a result which is nowadays referred to as 
Luke’s theorem [30]. They were also the first to understand the renormaliza- 
tion of currents containing heavy quark fields, which leads to corrections that 
depend logarithmically on the heavy quark mass [15]. Such corrections were 
also investigated by Politzer and Wise [31]. Another cornerstone were the 
two famous papers by Isgur and Wise [5], in which they pointed out that the 
simplifications arising in heavy quark systems are consequences of the low 
energy effective Lagrangian that describes the strong interactions of heavy 
quarks with light degrees of freedom. The relations between decay form fac- 
tors, which were previously derived mainly by intuition or in the framework 
of particular models, emerged as model independent predictions of QCD in 
a well-defined limit. They also realized the special role played by the heavy 
quark velocities, and showed that the symmetry relations are not only valid 
near zero recoil, but in fact over the entire kinematic range in the velocity 
transfer variable u-u’. Little later, Eichten and Hill constructed the effective 
Lagrangian for a heavy quark (in its rest frame) to leading and subleading 
order in the l /W&Q expansion [9, 321. G rinstein established the validity of 
this effective theory at leading order in l /u&Q, but to all orders in pertur- 
bation theory [33]. Finally, Georgi reformulated the effective Lagrangian in 
a covariant way, which is necessary for studying processes involving heavy 
quarks with different velocities [6]. The establishment of this effective field 
theory for heavy quarks opened the way to more detailed investigations of 
renormalization group effects, to a systematic analysis of power corrections 
to the infinite quark mass limit, and to many phenomenological applications 
of heavy quark symmetry. 

The purpose of this review is to present the current status of these devel- 
opments. The following chapters deal with a more rigorous derivation of the 
results presented above, as well as with a systematic discussion of the cor- 
rections to the exact symmetry limit. The presentation will often be more 
technical, but this should not obscure the simplicity of the underlying ideas 
of heavy quark symmetry. In Chapter 6 we will return to phenomenology 
and discuss in detail the semileptonic B decays within the new theoretical 
framework provided by the heavy quark effective theory. 



Chapter 2 

Heavy Quark Effective 
Theory 

2.1 Effective Field Theories 
. 

. . -~- Effective field theories are an important tool in theoretical physics. The 
reason is simple: For the understanding of a physical process it is usually 
counterproductive to consider it in the context of a “theory of everything” 
(even if this existed). It is better to use a level of description that is most 
adequate to the problem at hand. In other words, one takes into account 
those aspects of the “full theory” which are important, and ignores others 
which are irrelevant. So are Newton’s laws, Maxwell’s equations, and the 
laws of thermodynamics sufficient to account for most of the phenomena 
of our everyday life, whereas the more refined descriptions of quantum me- 
chanics and relativity are necessary to understand the physics at smaller 
distances and larger energies. For the energies presently accessible in par- 
ticle accelerators, the language of local quantum field theories, in form of 
the standard model of the strong and electroweak interactions, has proved 
to provide a most adequate level of description. We are well aware that 
none of these concepts truly is the “theory of everything”. But nevertheless, 
in their range of applicability they can all be used to make calculations of 
sometimes incredible accuracy. 

In particle physics, it is often the case that the effects of a very heavy 
particle become irrelevant at low energies. It is then useful to construct a 

-low energy effective theory in which this heavy particle no longer appears. 
Eventually, this effective theory will be easier to deal with than the full 
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theory. A familiar example is Fermi’s theory of the weak interactions. For 
the description of weak decays of hadrons one can safely approximate the 
weak interactions by point-like four-fermion interactions governed by a di- 
mensionful coupling constant GF. Only at energies much larger than the 
masses of hadrons can one resolve the structure of the intermediate vector 
bosons W and 2. This example is also instructive in that it shows that 
it is usually the low energy effective theory which is known first. Only as 
one proceeds to higher energies its limitations become apparent. In fortu- 
nate circumstances, this leads to the discovery of a new effective theory (in 
this case the standard model of electroweak interactions), which provides an 
adequate level of description for higher energies. 

Technically, the process of removing the degrees of freedom of a heavy 
particle involves the following steps [34, 35, 361: One first identifies the 

‘heavy particle fields and “integrates them out” in the generating functional 
of the Green’s functions of the theory. This is possible since at low energies 
the heavy p&rticle does not appear as an external state. However, although 
the action of the full theory is usually a local one, what results after this 

. first step is a nonlocal effective action. The nonlocality is related to the 
. .-, -_ - 

:; fact that in the full theory the heavy particle (with mass M) can appear in 
virtual processes and propagate over a short but finite distance Ax N l/M. 
Thus a second step is required to get to a local effective Lagrangian: The 
nonlocal effective action is rewritten as an infinite series of local terms in 
an operator product expansion [37, 381. Roughly speaking, this corresponds 
to an expansion in l/M. It is in this step that the short- and long-distance 
physics is disentangled. The long-distance physics corresponds to interac- 
tions at low energies and is the same in the full and the effective theory. 
But short-distance effects arising from quantum corrections involving large 
virtual momenta are not reproduced in the effective theory up to this point. 
In a third step, they have to be added in a perturbative way using renor- 
malization group techniques. This procedure is called matching. It leads 
to renormalizations of the coefficients of the local operators in the effective 
Lagrangian. An example is the effective Lagrangian for nonleptonic weak de- 
cays, in which radiative corrections from hard gluons with virtual momenta 
between mw and some renormalization scale p give rise to Wilson coeffi- 

_ cients, which renorrnalize the local four-fermion interactions [39, 40, 411. 
The heavy quark effective theory (HQET) is constructed to provide a 

simplified description of processes where a heavy quark interacts with light 
degrees of freedom by the exchange of soft gluons. Clearly, mQ is the high 

*energy scale in this case, and AQCJ-J is the scale of the hadronic physics one 
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is interested in. However, a subtlety arises since one wants to describe the 
properties and decays of hadrons which contain a heavy quark. Hence it is 
not possible to remove the heavy quark completely from the effective theory. 
What is possible, however, is to integrate out the “small components” in the 
full heavy quark spinor, which describe fluctuations around the mass shell. 

2.2 Derivation of the Effective Lagrangian 

The starting point in the construction of the low energy effective theory 
is the observation that a very heavy quark bound inside a hadron moves 
with essentially the hadron’s velocity v and is almost on-shell. Its momen- 
tum can be written as PQ = mQu + k, where k is much smaller than mQ?I. 

Interactions of the heavy quark with light degrees of freedom change this 
residual momentum by an amount of order Ak N AQCD, but the correspond- 

--ing changes in the heavy quark velocity vanish as RQCD/~Q + 0. For this 
situation it is appropriate to introduce “large” and “small” component fields 
h, and H, by 

h,(z) = eimQv’r P+ Q(x), 
H,(z) = eimQ= P- Q(x), (24 

so that 
Q@) = e-imQv.z [h&4 + H,(z)] . P-2) 

The heavy quark mass mQ is defined as “the mass in the Lagrangian” to 
make the manipulations below work. A precise definition of this parameter 
will be given in Sec. 2.6. Because of the projection operators PJ~ = f( 1 f f), 
the new fields satisfy $ h, = h, and f H, = -H,. In the rest frame, h, 
corresponds to the upper two components of Q, while H, corresponds to 
the lower ones. Whereas h, annihilates a heavy quark with velocity V, H, 
creates a heavy antiquark with velocity V. If the heavy quark was on-shell, 
the field H, would be absent. If one wants to describe a situation where a 
hadron contains a heavy antiquark, the sign of the velocity (momentum) has 

_ to be reversed. In this case, one would introduce large and small component 
fields by 

h,(s) = e+Q”.” Pm Q(x), 
H;(z) = e-imQv'z I’+ Q(x), (2.3) 
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so that 
Q(x) = eimQ”‘” [K(x) + H,-(x)] - (2.4) 

The effective Lagrangian for this case is simply obtained by replacing v t 
-V and h, t h; in the equations presented below. 

In terms of the new fields, the QCD Lagrangian for heavy quarks given 
in (1.3) takes the following form: 

LQ = h, iv-D h, - H,, (iv.D i- 2mQ) H, 

+ h,, i$t~H, + I%, ij?bh, , (2.5) 

. These are the heavy degrees of freedom which will be eliminated. The fields 
. .-, -_ - are mixed by the presence of the third and fourth terms, which describe 

pair creation or annihilation of heavy quarks and antiquarks. As shown in 
the first diagram in Fig. 2.1, in a virtual process a heavy quark propagating 
forward in time can turn into a virtual antiquark propagating backward 
in time, and then turn back into a quark. The energy of the intermediate 
quantum state hhl? is larger than the energy of the incoming heavy quark by 
at least 2mQ. Because of this large energy, the virtual quantum fluctuation 
can only propagate over a short distance Ax N l/mQ. On hadronic scales 
set by Rhad = ~/AQ~D, the process essentially looks like a local interaction 
of the form 1 

where 
D’+D’l-d‘v.D (2.6) 

is orthogonal to the heavy quark velocity, v.Dl = 0. In the rest frame, 
0: = (0, D) contains just the space components of the covariant derivative. 
From (2.5) it is apparent that h, describes massless degrees of freedom, 
whereas H, corresponds to fluctuations with twice the heavy quark mass. 

where we have simply replaced the propagator for H, by i/2mQ. A more 
correct treatment is to integrate out the small component field H,, thereby 
deriving a nonlocal effective action for the large component field h,, which 
can then be expanded in terms of local operators. Before doing this, let 
us mention a second type of virtual corrections which involve pair creation, 
namely heavy quark loops. An example is depicted in the second diagram 
in Fig. 2.1. Another one would be the triangle graph with two external 
gluons and an axial vector current, which gives rise to the chiral anomaly. 

. Such heavy quark loops cannot be described in terms of the effective fields 
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h, and H,, since the quark velocities in the loop are not conserved, and 
are in no way related to hadron velocities. However, these short-distance 
processes are proportional to the small coupling constant Ct!,(mQ) and can 
be calculated in perturbation theory. They lead to corrections which are 
added onto the low energy effective theory in the matching procedure. This 
will be discussed in detail in Chapter 3. 

Figure 2.1: Virtual fluctuations involving pair creation of heavy 
quarks. Time flows to the right. 

On a-classical level, the heavy degrees of freedom represented by H, can 
be eliminated using the equations of motion of &CD. Substituting (2.2) into 
(ip - mQ) Q = 0 gives 

i@h,+(i@-2mQ)Hv=0, (2.8) 

and multiplying this by P& one derives the two equations 

-iv.D h, = i@lH,, 

(iv-D + 2mQ) H, = ij0lh,, . (2.9) 

The second can be solved to give 

Hv = (iv.D + :mQ - +) ipLhv ’ (2.10) 

which shows that the small component field H, is indeed of order l/mQ. One 
can now insert this solution into the first equation to obtain the equation of 
motion for h,. It is easy to see that this equation follows from the effective 
Lagrangian 

L,R = h,,iv.Dh, +.&,i$l 
(zv.D + $mQ - ic) ip’hv ’ 

(2.11) 

which is the correct generalization of (1.8) for large but finite heavy quark 
mass. Z‘his is the Lagrangian of the heavy quark effective theory (HQET). 
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Clearly, the second term precisely corresponds to the first class of virtual 
processes depicted in Fig. 2.1. 

:. ’ 

Mannel, Roberts, and Ryzak have derived this Lagrangian in a more 
elegant way by manipulating the generating functional for QCD Green’s 
functions containing heavy quark fields [42]. They start from the field redef- 
inition (2.2) and couple the large component fields h, to external sources pv. 
Green’s functions with an arbitrary number of h, fields can be constructed 
by taking derivatives with respect to pv. No sources are needed for the heavy 
degrees of freedom represented by H,. The functional integral over these 
fields is Gaussian and can be performed explicitly, leading to the nonlocal 
effective action 

Set = 
I 

d4x& - ilnA, (2.12) 

with C,ff as given in (2.11). The appearance of the logarithm of the deter- 
minant 

A = exp 
( 

~Trln[iv~D+2mq--ir] 
> 

(2.13) 

is a quantum effect not present in the classical derivation given above. How- 
ever, in this case the determinant can be regulated in a gauge invariant way, 
and by choosing the axial gauge v . A = 0 it is seen that In A is just an 
irrelevant constant [42, 431. 

Because of the phase factor in (2.2), the x-dependence of the effective 
heavy quark field is weak, i.e., the Fourier transform of h, contains only the 
small residual momenta k. Derivatives acting on h, produce powers of k, 
which is much smaller than mQ. Hence the nonlocal effective Lagrangian 

, (2.11) allows for a derivative expansion in iD/mQ. Taking into account that 
h, contains a P+ projection operator, and using the identity 

where 

P+ i@* &P+ = P+ (iD1)2 + ; aa0 Gap P+ , 1 (2.14) 

[iD”, iDa] = igG@ = ig T, Gi@ (2.15) 

is the gluon field strength tensor, one finds that [32, 441 

a!&~ = h,,iv.Dh, + & 6, (iDJ2 hv + $ 
Q Q 

hv u,p G”‘h, + O(l/m$) . 

(2.16) 
The leading term coincides with the effective Lagrangian derived in Chap- 
ter 1. The new operators arising at order l/mQ are easiest to identify in the 
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rest frame: 

Okn = &h, (iDL)2 h, 
Q 

+ -&hv(iti)2h, 
Q 

27 

is just the gauge covariant extension of the kinetic energy arising from the 
off-shell residual motion of the heavy quark. The second operator is the 
nonabelian analog of the Pauli term, which describes the interaction of the 
heavy quark spin with the gluon field: 

0 mag = &&,o,pGaPhv + -~h,~.&h,. 
Q mQ 

(2.18) 

’ Here s’ is the spin operator defined in (l.ll), and Bi = -icijkGjk are 
the components of the color-magnetic gluon field. This chrome-magnetic 
“hyperfine” interaction is a relativistic effect, which scales like l/mQ. This 
is the origin of the heavy quark spin symmetry. 

2.3 The l/m~ Expansion 

In the absence of radiative corrections, eq. (2.16) defines the operator prod- 
uct expansion of the Lagrangian of HQET as a series of local, higher di- 
mension operators multiplied by powers of l/mQ. The explicit expression 
for H, in (2.10) can be used to derive a similar expansion for the full heavy 
quark field Q(X): 

Q(x) = e-' rmQy'x (iveD + f,, _ iE) $!L 
1 

h,(x) 

=e -imQ 21.X $1 
-t 
2mQ “* h,(x) - 

This relation contains the recipe how to construct (at tree level) any oper- 
ator in HQET that contains one or more heavy quark fields. For instance, 
the vector current VP = qr’“Q composed of a heavy and a light quark is 
represented as 

VP(r) = e-im?v’z Q(z) yp( 1 + $ + . . .) h,(s). (2.20) 

Matrix elements of this current can be parameterized by hadronic form 
factors, and the purpose of using an effective theory is to make the mQ- 
dependence of these form factors explicit. 
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Consider, as an example, the matrix element of VP(O) between a heavy 
meson M(v) and the vacuum? 

It would be nice if the matrix elements on the right-hand side of this equation 
were independent of mQ (once the l/mQ prefactor has been removed). Then 
the second term would give the leading power correction to the first one. 
However, the equation of motion for h, derived from (2.16) contains l/mQ 
corrections, too. This leads to an mQ-dependence of any hadronic matrix 
element of operators containing such fields. Another way to say this is 
that the eigenstates of the effective Lagrangian .C,ff (supplemented by the 
standard QCD Lagrangian for the light quarks and gluons) depend, at higher 
order in l/mQ, on the heavy quark mass. This is no surprise, since the 
effective Lagrangian is equivalent to the Lagrangian of the full theory. 

- It is better to organize things slightly differently, by working with the 
eigenstates of only the leading term in (2.16), 

.-,.- - LHQET = h,iv-Dh,, (2.22) 
_L - 

and treating the higher dimension operators perturbatively as power correc- 
tions [30, 45, 461: 

L (2.23) 

Then the equation of motion satisfied by h, is exactly 

iv.Dh,, = 0, (2.24) 

and the states of the effective theory are truly independent of mQ. However, 
these states are now different from the states of the full theory. For instance, 
instead of (2.21) we should write 

( 0 1 VP IM(v))Q CD = (OlfjYh, [M(V))HQET 

+ $---&O1~r'i~~h, [M(V))HQET 

. t + -?- ( 0 I iJdy T { QYh,(O), Ll(y) > IM(V))HQET 

2mQ 
+ c3( l/m%). (2.25) 

‘These matrix elements define meson decay constants, which are hadronic parameters 
‘of primary importance (see Sec. 4.6). 
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The matrix elements on the right-hand side are now independent of the 
heavy quark mass. The mass dependence of the states [M(v))QcD is re- 
flected in HQET by the appearance of the third term, which arises from an 
insertion of the first-order power corrections in (2.23) into the leading-order 
matrix element of the current. This insertion can be though of as a being a 
correction to the wave function of the heavy meson. From now on we will 
omit the subscript on the states. We will instead use the symbol “Z and 
write 

1 
+ -i 

2mQ J dyT{q7ph,(0),Ll(y)}+ . . . . (2.26) 

to indicate that the operators on the two sides of this equation have to be 
.--evaluated between different states. 

The equation of motion (2.24) can be used to reduce the set of operators 
in HQET as long as one is interested in physical matrix elements [47,48,49]. 
In particular, one may replace iDfthv by iDph, in the first-order power .-,.- - 

. . * corrections to the effective Lagrangian. This yields 

L1 = h, (iD)2 h, + t h, a,p Gap h, . (2.27) 

One can also work out the corrections of order l/m;. The result is [46, 501 

L2 = g h, a,p vv iDaGo’ h, + g h, v, Dp GaP h, . (2.28) 

Finally, at order l/m; the expansion of the heavy quark spinor reads [46] 

Q(~) = e-iwv.z I+ $$ + & yavp Gap + . . .) h,(s). (2.29) 

It can be used to construct the effective currents of HQET at next-to-next- 
to-leading order in the l/mQ expansion. 

2.4 Hadron Masses in the Effective Theory 
, 
As discussed above, the hadron states used in matrix elements in the effective 
theory are different from the physical states of the full theory. Consider, as 
an example, the ground-state pseudoscalar and vector mesons P and V. 



I : 

.-- 

. -,. 

30 Heavy Quark Effective Theory 

In HQET these states are strictly degenerate, corresponding to the leading 
order in the l/mQ expansion. Due to the QCD interactions, their common 
mass MM differs from the heavy quark mass by a constant amount A of 
order AQCD : 

i=MM-mQ. (2.30) 

Note that A is independent of the heavy quark flavor. Since the phase factor 
in (2.2) effectively removes the mass of the heavy quark from the states, it 
is this difference which determines the s-dependence of matrix elements 
in the effective theory [30]. For the purposes of this review it suffices to 
consider the matrix elements of either “heavy-light” operators OH, which 
transform a heavy into a light quark, or “heavy-heavy” operators Ow, which 
transform a heavy quark into another one of, in general, different flavor and 
velocity. Examples of the first type are the effective current operators on 
the right-hand side of (2.26), w h ereas examples of heavy-heavy currents have 
been considered in Sec. 1.4. From translational invariance it follows that in 
HQET 

Gw>I ad4 IMW) = c?(~‘-~+ (X($)1 Ohl(0) IM(v)) , 
(2.31) 

(M’(v’)l O&C) [M(v)) = eii(v’-v)‘z (M’(v’)l O&O) Iikf(v)) , 

where X(p’) is some light final state with total momentum p’. The parameter 
A determines the “effective mass” of meson states in H&ET. It is natural to 
associate this with the mass of the light degrees of freedom. This assertion 
can actually be put in the form of an operator definition of A: Let qr h, be 
an interpolating current with the quantum numbers of the heavy meson (for 
instance r = 75 for M = P, and l? = 7J’ for M = V). Then a covariant and 
gauge invariant definition of the “mass” Me of the light degrees of freedom 
is [51] 

(2.32) 

Using the equation of motion (2.24), as well as the a-dependence of matrix 
elements as given above, it is immediate to find that 

. 

. 
Me = iv.a(OlqrhvIM(v)) = li om%&wG) * (2.33) 

Although we have derived these results for meson states, it goes without 
saying that they are equally valid for heavy baryons. Of course, the value of 
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n is different in both cases. It will turn out that this mass parameter plays 
a crucial role in the description of the leading power corrections to heavy 
meson and heavy baryons form factors. It is the “brown muck” that the 
heavy quark is recoiling against, and the ratio &Q = @!mQ determines the 
canonical size of deviations from the infinite quark mass limit [30, 45, 521. 

Let us come back to the meson masses for a moment. The physical 
masses of pseudoscalar and vector mesons are, of course, not exactly de- 
generate. They differ from the common mass of the states in HQET by 
amounts of order l/mQ. These differences can be accounted for in the ef- 
fective theory. The physical masses mp and mv obey an expansion of the 
form 

mM-mQ=i+ 
Arnj$ 
-+ 
2mQ ‘*’ ’ 

(2.34) 

where Am& arises from the presence of the first-order power corrections in 
(2.23). In the meson rest frame, one has 

wwlMw) A rnh = -(M(v)/ J d3s ,Cr(x) /M(v)). (2.35) 

With the normalization of states as given in (1.25), this is equivalent to [46] 

Amb = -f (M(v)1 Ll(O) IM(v)) G -X1 - dM X2. (2.36) 

The parameter Xr parameterizes the mass shift due to the kinetic operator, 
whereas X2 describes the effect of the chrome-magnetic interaction. Using 
the tensor methods described in Sec. 4.1, it is easy to show that dp = 3 for 
a pseudoscalar meson, and dv = -1 for a vector meson, such that 

Xl = -a (Am; + 3Am$) (2.37) 

is the spin-averaged mass shift, while X2 determines the vector-pseudoscalar 
mass splitting: 

m2,-m$z Am$ - Am: = 4x2. (2.38) 

_ I 
2.5 Reparameterization Invariance 

The construction of HQET start: from the decomposition of the heavy quark 
-momentum into a “large” and a “small” piece: PQ = mQV + k. The effec- 
tive theory essentially provides an expansion in k/mQ. In order for it to 
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be consistent, it is necessary that the residual momentum k does not scale 
with mg, i.e., stay finite and of order AQCD as mg + 00. Beyond the lead- 
ing order in the l/m0 expansion, there are certain ambiguities in how one 
d&nes the decomposition of the heavy quark momentum. But the predic- 
tions of HQET must, of course, be unambiguous. This requirement leads to 
“hidden” symmetries, which relate the coefficients of different operators in 
the l/m0 expansion. 

One source of ambiguity is related to the definition of the heavy quark 
velocity. Until now, we have always adopted the natura3 choice of identifying 
it with the hadron’s velocity v. But nothing prevents us from using some 
different quark velocity w = v+q/mQ, where q is of order AQCD and subject 
to the constraint 2v - q + q’/mQ = 0, so that w2 = v2 = 1. In fact, 

p6 = mg up + k@ = mQw’ -t k”, 

wjth k’ = k - q, provides equivalent parameterizations of the heavy quark 
momentum [ll]. The effective theories constructed by using v or w as the 
heavy quark velocity must give the same results, i.e., the effective Lagrangian 
must be invariant under the reparameterization in (2.39). Physically, this 
just means that it is the heavy quark momentum which is a well-defined 
quantity. The way one splits it into large and small pieces is irrelevant. 

Luke and Manohar have investigated the implications of this simple 
statement in detail [53]. Roughly speaking, they find that for the effective 
Lagrangian to be invariant under reparameterizations of the momentum it 
is necessary that the velocity and the covariant derivative always appear in 
the combination 

VP 
iDP =u1’+- 
mQ ’ 

(2.40) 
;! 

which is the gauge covariant extension of the operator PQ/mQ. Things 
are slightly more subtle, however, because the heavy quark spinor fields 
themselves transform nontrivially under a reparameterization. A consistent 
transformation law for the transition from v to w is 

where A(i), v) is a spinor representation of the Lorentz boost which trans- 
forms v into the invariant “velocity” 9 t V/lVj.2 The phase factor comes 

‘A proper definition of 9 requires an operator ordering prescription. However, since 
jP = 1 + 0(1/m%) by the equation of motion, this subtlety is irrelevant at order l/mg. 
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from the definition of the heavy quark fields in H&ET. Using that 

one finds that the field h, G A@, V) h, t ransforms homogeneously under 
reparameterizations [53]: 

h w = &*x K, ) wp b, = t3q.x VP ji, . (2.43) 

The rest is straightforward. The most general reparameterization invariant 
effective Lagrangian must be build from V and &,. The same is true for the 
operator product expansion of any external current in the effective theory. 
Using the explicit form of the Lorentz boost A(P, w), one can show that to 
order l/mQ 

h =l+p V 2 h, +. . . . (2.44) 

This is nothing but the projection operator corresponding to the “true” 
. - -velocity $. 

Reparameterization invariance is a powerful concept in that it relates the 
coefficients of operators appearing at different order in the l/mQ expansion. 
For instance, the leading and subleading terms in the effective Lagrangian 
(2.16) can be cast into the explicitly invariant form 

L,ff = ~~~{(v~-l)-~o,p[v~,v~]+...}K,, (2.45) 

where the ellipsis represents a term that vanishes by the equation of motion. 
Whereas the chrome-magnetic operator is reparameterization invariant by 
itself, the kinetic operator must be combined with the leading term in the 
effective Lagrangian into an invariant combination. For this to be still the 
case in the presence of quantum corrections, it is necessary that these two 
operators acquire the same renormalization factor [53]. 

Similarly statements apply for the expansion of currents in HQET. Con- 
sider again the heavy-light current from (2.20). At order l/mQ, it can be 

_ written in the reparameterization invariant form 

(2.46) ’ 

Ii 

As before, this form must be preserved by renormalization. This will be 
discussed in detail in Chapter 3. 
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2.6 The Residual Mass Term 

.-- 

Another ambiguity in the construction of HQET is related to the choice of 
the heavy quark mass mg. Since quarks c&not appear as physical states, 
but are always confined into hadrons, there is no natural way to define 
their mass on-shell. Although one can ignore confinement effects and define 
an “on-shell” mass as the pole of the renormalized propagator to a given 
order in perturbation theory, such a concept becomes meaningless beyond 
the perturbative expansion. Alternative definitions of quark masses use 
unphysical subtraction schemes such as MS or MS. One could also work 
with some ad hoc definition, for instance taking mQ to be the mass of the 
lightest hadron that contains the heavy quark, or this mass minus some 
fixed amount. This freedom poses the question which of the parameters and 
predictions of HQET are unambiguous. Consider, as an example, the mass 
parameter A. Its definition in (2.30) clearly depends on the choice of mQ. 
On the other hand, the quantity h& defined in, (2.32) has no obvious relation 
to the heavy quark mass. How then can these two parameters be equal? 

To resolve this puzzle, Falk, Neubert and Luke introduced the notion 
.-,.< - of a residual mass of the heavy quark in the effective theory [51]. The 

idea is similar to that of reparameterization invariance. The decomposition 
PQ = mQv + k can be rearranged to read 

~~=(rn~-Srn)v~+(k~+Srn~~)_rnbv~+k’~, (2.47) 

which is a legitimate decomposition into a large and a small momentum 
as long as Sm is of order &CD. The effective theory constructed by using 
rnb in the field redefinition (2.2) must lead to the same results than the 
effective theory obtained by using mQ. Let us denote the heavy quark fields 
in the two theories with and without a residual mass term by h, and hfm, 
respectively. They simply differ by a phase, so that 

h, = @m V.X ht” , 

iD” h, = eism “I (iDfi - &im VP) ht” . 

Consider now changes in the definition of the heavy quark 
sponding to changes in Sm. From (2.47) it follows that 

am:, 
f%m - -’ ’ 

dk’r” ~ 
dsm=v * 

(2.48) 

mass rnb, corre- 

(2.49) 

, 
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Substituting the covariant derivative for k’, we conclude that the combina- 
tions 

m;j=mb+6m, i’Dp E iDp - 6m d‘ (2.50) 

are invariant under redefinitions of Sm. Notice that the generalized deriva- 
tive iZ, is precisely what appears in (2.48). The argument is now similar to 
that of the previous section: For nonvanishing 6m, the parameters rnb and 
6m and the covariant derivative must always appear in the combinations m;i 
and iZ7. This ensures that matrix elements calculated in the effective theory 
are independent of the choice of Sm, i.e., of the definition of the heavy quark 
mass. One can combine this requirement with reparameterization invariance 
by replacing V in the expressions of the previous section by 

iz)~ VP = tP + - 
rn; * 

(2.51) 

.-- 
Hence, for 6m # 0, the effective Lagrangian of HQET must be general- 

ized to [51] 

. . . ‘ LHQET = htmiv-V ht” = htmiv-D h:” - 6mh~mh~m. (2.52) 

Due to an incomplete cancellation of the full theory mass by the field redef- 
inition, the heavy quark has a residual mass of order AQCD in the effective 
theory. Such a term is not forbidden by heavy quark symmetry. Since the 
predictions of the effective theory are independent of the value of Sm, how- 
ever, it is a legitimate choice to set 6m = 0. This choice has been adopted 
implicitly in basically all works on HQET in continuum field theory.3 In this 
case the generalized derivative reduces to the usual covariant derivative, and 
the heavy quark mass mQ coincides with the invariant mass m;2. 

The above discussion shows that in HQET there emerges a natural way 
to define a heavy quark mass [54]: If the effective Lagrangian is constructed 
using the invariant mass rn;, it does not contain a residual mass term. In 
a way, this provides a nonperturbative generalization of the concept of a 
pole mass. In fact, in perturbation theory m;j is the pole mass, since in the 
absence of a residual mass the renormalized heavy quark propagator has a 
pole at k = 0, corresponding to Pi = rng. 

3We note, however, that if the theory is regulated by a dimensionful cutoff, such as in 
lattice gguge theory, a residual mass term will be induced by radiative corrections even if 
it is not present at tree level. 
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In a theory with nonvanishing 6m, the equation of motion is iv.D ht” = 
6m hs,“. Hence, there app ears an additional contribution -Sm on the right- 
hand side of (2.33), such that 

i&=(MM-mb)-6m=MM-m;irli. (2.53) 

This resolves the puzzle mentioned above: The quantity Me defined in (2.32) 
is independent of the choice of the heavy quark mass mb; it only depends 
on the invariant combination m;. When defined by the above equation, & 
becomes an invariant parameter, too. But one can also consider (2.53) as 
a definition of rnz, since the quantity Me is independently defined in terms 
of a ratio of matrix elements in (2.32). It can be calculated, for instance, 
by using lattice gauge theory. This definition becomes useful for very heavy 
quarks, since the difference between the physical meson mass mM and the 
effective theory mass MM vanishes as l /mQ. 

- From noti on we shall follow the standard procedure and set 6m = 0 and 
mQ=mG, keeping in mind that by means of (2.53) the parameters mQ and 
ii are unambiguously defined. 

i’ 



. Chapter 3 

Renormalization 

3.1 Matching 

In the previous chapter we have discussed the first two steps in the construc- 
tion of HQET. Integrating out the small components in the heavy quark 

. --‘- spinor fields, a nonlocal effective action was derived which allowed for a . . ’ naive expansion in powers of l /mQ. A similar expansion could be written 
down for any external current. The effective Lagrangian and the effective 
currents derived that way correctly reproduce the long-distance physics of 
the full theory. They cannot describe the short-distance physics correctly, 
however. The reason is obvious: The heavy quark participates in strong in- 
teractions through its coupling to gluons. These gluons can be soft or hard, 
i.e., their virtual momenta can be small, of order of the confinement scale, 
or large, of order of the heavy quark mass. But hard gluons can resolve 
the nonlocality of the propagator of the small component fields H,. Their 
effects are not taken into account in the naive operator product expansion 
which was used in the derivation of the effective Lagrangian in (2.16) and 
the effective vector current in (2.26). Thus, the effective theory provides an 
appropriate description only at scales p << mQ. 

In this chapter we will discuss the systematic treatment of short-distance 
corrections. A new feature of such corrections is that through the running _ 
coupling constant they induce logarithmic dependence on the heavy quark 
mass [15], whereas so far the dependence on mQ was always powerlike. The 

‘important observation is that CXs(mQ) is small, so that these effects can be 
calculated in perturbation theory. Consider, as an example, matrix elements 
of the vector current VP = @y&J. In QCD this current is conserved and 
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needs no renormalization [55]. Its matrix elements are free of ultraviolet 
divergences. Still, these matrix elements can have logarithmic dependence 
on mQ from the exchange of hard gluons with virtual momenta comparable 
to the heavy quark mass. If one goes over to the effective theory by taking 
the limit mQ + co, these logarithms diverge. Consequently, the vector 
current in the effective theory does require a renormalization [31]. Its matrix 
elements depend on an arbitrary renormalization scale /.L, which separates 
the regions of short- and long-distance physics. If ~1 is chosen such that 
AQCD << p < mQ, the effective coupling constant in the region between 
p and mQ is small, and perturbation theory can be used to compute the 
short-distance corrections. These corrections have to be added to the matrix 
elements of the effective theory, which only contain the long-distance physics 
below the scale p. Schematically, then, the relation between matrix elements 
in the full and in the effective theory is 

- (V’ >Q~D = CO(P) WI(P))HQET + 2 (J'~(P))HQET + . . . . (34 

The short-distance, or Wilson coefficients C’;(p) are defined by this rela- 
. ._, -_ - 

:. 
tion. Order by order in perturbation theory they can be computed from 

. * a comparison of the matrix elements in both theories. Since the effective 
theory is constructed to reproduce correctly the low energy behavior of the 
full theory, this “matching” procedure is independent of any long-distance 
physics, such as infrared singularities, nonperturbative effects, the nature of 
the external states used in the matrix elements, physical cuts etc. Only at 
high energies do the two theories differ, and these differences are corrected 
for by the short-distance coefficients. 

The calculation of the coefficient functions in perturbation theory uses 
the powerful methods of the renormalization group. It is in principle straight- 
forward, yet in practice rather tedious. Much of the recent work on heavy 
quark symmetry has been devoted to this subject. We will therefore dis- 
cuss it in detail, starting with some general remarks on renormalization, 
composite operators, and the renormalization group. 

3.2 The Renormalized Lagrangian 

In quantum field theory, the parameters and fields of the Lagrangian have 
no direct physical significance. Green’s functions of these “bare” quantities 
diverge at higher orders in perturbation theory. It is necessary to renormal- 
ize the “bare” parameters and fields before they can be related to observable 
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quantities. In an intermediate step the theory has to be regularized. The 
most convenient regularization scheme in QCD is dimensional regularization 
[56, 57, 581, in which the dimension of space-time is analytically continued 
to D = 4 - 2c, with c being infinitesimal. Loop integrals which are logarith- 
mically divergent in four dimensions become finite for 6 > 0. The Green’s 
functions of bare fields in the regularized theory are finite, but they diverge 
in the limit E + 0. Throughout this review we shall use the so-called naive 
dimensional regularization scheme with anticommuting ys [59]. This is con- 
venient since it will allow us to treat vector and axial vector currents on the 
same footing. From the fact that the action 5’ = J dDx L(x) is dimension- 
less, one can derive the mass dimensions of the fields and parameters of the 
theory. For &CD, one finds in particular that the “bare” gauge coupling 
9 bare is no longer dimensionless if D # 4: 

(3.2) 

In a renormalizable theory it is possible to rewrite the Lagrangian in terms 
of renormalized quantities in such a way that Green’s functions of the renor- 

. -- -nialized fields remain finite as c + 0. For QCD one defines1 

Q 
bare = ~7712 Qren , 

!l 
bare = z,‘/Z qrm , 

Abare = z1/2Aren 
A 7 

9 
bare = g z, gren, 

bare _ mg - rnr-brnQ, (3.3) 

where Q and q refer to heavy and light quarks, respectively, and p is an 
arbitrary mass scale introduced to render the renormalized coupling constant 
dimensionless. Similarly, in HQET one defines a renormalized heavy quark 
field by 

,pe = zy j&y. (3.4) 

From now on the superscripts “ren” will be omitted. 
_ Both for many formal considerations and for actual calculations it is 

advantageous to use the background field method, which is a technique for 
quantizing gauge theories which preserves explicit gauge invariance [60, 61, 

‘For simplicity, we do not consider the renormalization of the gauge parameter and of 
the ghost fields. 



I :. 

40 Renormalization 

62, 631. In this method the renormalization of the coupling constant is 
related to that of the gauge fields by 

z, = z-p2 ) (3.5) 
so that the combination gb”Ab” = @gA is not renormalized. This guar- 
antees that the form of the covariant derivative and the gluon field strength 
tensor is preserved during renormalization, i.e. 

Gt” = WA; - PA: + peg f& A;Ac” , (3.6) 

where Gf” = Zi1’2(Gg”)b”. Th e only modification of the Feynman rules 
is the replacement of gbare b y $9. The background field method also greatly 
simplifies the renormalization of composite operators (see Sec. 3.3). It will 
be adopted throughout this work. 

Written in terms of the renormalized quantities, the QCD Lagrangian 
for a heavy and a light quark interacting with gauge fields becomes 

LQCD = -%G pv,aGkY’ + ZQ g ($ - mQ + 6mQ) Q + Zq qi@ q 

= -aG,,,.G~+Q(i4-rnq)Q+giPq 

+ counterterms. (3.7) 

The generalization to more flavors is obvious. Similarly, the effective La- 
grangian of HQET becomes 

LHQET = Zh h, iv*D h, = h, iv*D h, + counterterms. (3.8) 

If the effective theory is regulated by a dimensionful regulator (as in lattice 
gauge theory, for instance), one should in principle also allow for a mass 
term Sm h,h,, even if no mass term is present in the bare Lagrangian. As 
discussed in Sec. 2.6, however, such a residual mass can be removed by a 
field redefinition [51]. The renormalized Lagrangian as written above is thus 
a perfectly legitimate choice, but it assumes a particular definition of the 
heavy quark mass. 

The renormalization factors Zi have to be constructed in such a way 
that Green’s functions of renormalized fields stay finite in the limit c + 

‘0. But this condition does not determine the Z; completely. To define 
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them in an unambiguous way, one has to choose a subtraction scheme. The 
regularization method together with a subtraction prescription define the 
renormalization scheme. In QCD one faces the problem that quarks and 
gluons cannot be observed as free particles due to confinement. Unlike in 
QED, there is no direct way to relate their properties (such as the quark 
masses,or the gauge coupling) to observable quantities. In the absence of 
a natural physical definition of the renormalized parameters, one usually 
chooses a subtraction prescription which is most convenient. A widely used 
scheme is the so-called minimal subtraction (MS), in which the 2; factors are 
defined to subtract the l/c poles in the bare quantities [57]. In this scheme, 
and using the background field method, the renormalization of the gauge 
fields to two-loop order is accomplished by the gauge independent factor 

(3.9) 
.-- 

where2 [l, 2, 64, 65, 661 

.-,... _ PO = 11-$j, 

38 
p1 = 102 - - nj, 

3 

and nf is the number of quark flavors. Because of (3.5) this also determines 
the renormalization of the coupling constant. 

Of particular importance is the scale dependence of the renormalized 
coupling constant. From (3.3) one finds that 

In the limit E --t 0 this reduces to the usual QCD p-function p(g). In the 
MS scheme ,a very simple relation between ,0(g) and 2, can be derived [67]. 
Since 2, depends on /I only implicitly through the p-dependence of g, one 
can use the chain rule to obtain 

(3.12) 

‘Throughout this work we evaluate the QCD coefficients for N, = 3 colors, and only 
display the dependence on the number of flavors explicitly. 
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Now 2, is a sum of poles, 

2, = 1+ 2 f &k(9), 
k=l 

(3.13) 

with coefficients Zs,k(g) that have a perturbative expansion in the renor- 
malized coupling g. On the other hand, since QCD is a renormalizable 
theory the ,&function must be finite in the limit c + 0, hence ,B(g,c) = 
P(s) + CL ck Pck)(s>- But f rom (3.12) it follows that for k > 1 the coeffi- 
cients vanish, and 

.-- 

PCS, 4 = P(9) - 69 * (3.14) 

Furthermore, the coefficients zs,k must conspire such that all poles cancel 
in (3.12). From this constraint one can derive important relations between 
the zs,k [67]. Th e only finite contribution to p(g) arises when the cg term 
in (3.14) hits the l/c pole in 2,. This yields the useful relation 

.-,.- - P(9) = g2 q$, 

. L 

(3.15) 

which is true to all orders in perturbation theory. Using the background 
field relation (3.5) and the two-loop result for ZA in (3.9), one sees that the 
first two coefficients in the perturbative expansion of the p-function, 

(3.16) 

are precisely the ones given in (3.10). 
Another useful subtraction scheme is modified minimal subtraction (MS) 

[71], in which one takes into account that in dimensional regularization the 
l/c poles always appear in the combination 

’ -1-rE+ln47r ,= 7 fz 6 
_ and defines the Zi to subtract the l/i poles from the divergent quantities. 

This scheme is particularly useful for one-loop calculations, for which it is 
trivially related to the MS scheme. The coefficients /3u and pr are the same in 
both schemes. They are actually the same in all renormalization schemes in 

‘which the renormalized coupling constant is gauge independent [68, 69, 701. 
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Integrating (3.11) in the limit c t 0 one obtains the running coupling 
constant to two-loop accuracy: 

cts(p) = -$ = 47r 
PO W2/A2) 

1. _ p1 ln wJ”lA”) 1 Pi lnb21A2> ’ 
(3.18) 

The QCD scale parameter A is scheme dependent. It has become standard to 
evaluate the running coupling constant in the MS scheme, as(p) E CYST, 
and to denote the corresponding value of the scale parameter by Am In 
other schemes this parameter is different, for instance [71] 

AILls = e6AMS; S = +(yE-ln47r). (3.19) 

This scheme dependence becomes important at next-to-leading order in per- 
turbation theory: 

4%) = %(P> [1+ pas * + . . .] , (3.20) 

. . . s . -~- -i.e., only by going beyond the leading order is one sensitive to the precise 
definition of o,. 

The above discussion of the effective coupling constant ignores quark 
mass effects. It assumes the idealized situation where quarks with masses 
larger than ~1 decouple [72] and are neglected completely. Then nf is the 
number of light quarks with mass below p, and the coefficients of the /I- 
function change by discrete amounts as one crosses quark thresholds. The 
QCD scale parameter Am is adjusted accordingly such that as(p) becomes 
a continuous function of p. 

Let us now discuss the renormalization of the quark fields. In the MS 
scheme the wave function renormalization factors are gauge dependent. In 
Feynman gauge, the expressions arising at one-loop order are 

zQ=z,=l-2, 

(3.21) _ 

In the full theory, heavy and light quark fields are renormalized in the same 
‘way, since dimensional regularization with minimal subtraction provides a 
mass independent renormalization scheme. In the effective theory, the calcu- 
lation of .Zh from the self-energy diagram shown in Fig. 3.1 was performed by 
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Figure 3.1: Self-energy -iC(v.k) of a heavy quark in HQET. The 
velocity v is conserved by the strong interactions. 

Politzer and Wise [31]. The wave function renormalization factors are also 
known at two-loop order. The QCD result was derived in Ref. [73], and the 
calculation in the effective theory has been performed in Refs. [74, 75, 761. 

Although the wave function renormalization factors given in (3.21) ren- 
der the quark self-energies finite, the MS scheme is not the most convenient 
scheme for matching calculations. The reason is the following: As mentioned 
in Sec. 3.1, the short-distance coefficients are independent of the external 
states. Their calculation can be performed using whatever states are most 
convenient, for instance on-shell quarks. It is then better to perform an on- 
shell wave function renormalization, such that the renormalized propagator 
has a pole with unit residue on the mass shell. This prescription absorbs en- 
tirely the contribution of self-energy diagrams into the field renormalization. 
It is then sufficient to consider only one-particle irreducible diagrams in the 
matching calculation. In any other scheme, there would be finite self-energy 
contributions after renormalization, which could contribute to the matching. 

Since on-shell quark states are unphysical, the corresponding wave func- 
tion renormalization factors are infrared divergent. As long as no nonabelian 
vertices are encountered, the infrared singularities can be regulated by asso- 
ciating a fictitious mass X with the virtual gluons, taking the limit X --t 0 at 
the end of the calculation. The on-shell renormalization of light and heavy 
quarks in QCD is completely analogous to that of the electron in QED. In 
the effective theory, Zh is related to the heavy quark self-energy by: 

(3.22) 

* where k is the residual off-shell momentum. At one-loop order, the on-shell 
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wave function renormalization factors in Feynman gauge are [9, 771 

, 

Zh= l+$($+ln!$), (3.23) 

with l/i as defined in (3.17). The pole terms are, of course, the same as in 
the MS scheme. Notice that the p-dependent term in Zh can be obtained 
by setting rnQ = p in ZQ, and that the infrared singular pieces in Zh and 
ZQ are the same. What is relevant to matching calculations is the difference 
ZQ - Zh, in which the regulator X disappears. 

3.3 Composite Operators, Short-distance Expan- 
. .-, -_ - sion, and the Renormalization Group 

Similar to the fields and coupling constants, any composite operator built 
from quark and gluon fields may require a renormalization beyond that of its 
component fields. Such operators can be divided into three classes: Gauge 
invariant operators that do not vanish by the equations of motion (class I), 
gauge invariant operators that vanish by the equations of motion (class II), 
and operators which are not gauge invariant (class III). In general, operators 
with the same dimension and quantum numbers mix under renormalization. 
The advantage of the background field technique is, however, that a class I 
operator cannot mix with class III operators, so that only gauge invariant 
operators need to be considered [78]. Furthermore, class II operators are 
irrelevant since their matrix elements vanish by the equations of motion. It 
it thus sufficient to consider class I operators only. 

- For a set (0;) f o n class I operators that mix under renormalization, one 
defines an n x n matrix of renormalization factors Zij by (summation over 
j is understood) 

ob= t = Z;j Oj 7 (3.24) 

such that the matrix elements of the renormalized operators Oj remain 
finite as c + 0. Since the bare operators are composed of bare fields, this 
definition of Zij is independent of the renormalization of the component 
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fields. In contrast to the bare operators, the renormabzed operators depend 
on the subtraction scale via the p-dependence of Z;j: 

where 
yik = Z-l ij pd zjk 

dP 

(3.25) 

(3.26) 

are called the anomalous dimensions. It is convenient to introduce a compact 
matrix notation in which 0’ is the vector of renormalized operators, Z is the 
matrix of renormalization factors, and “, denotes the anomalous dimension 
matrix. Then 

.-- 
and the running of the renormalized operators 
malization group equation 

(p&tj)d=o. . .-, -_ 

(3.27) 

is controlled by the renor- 

(3.28) 

In the MS scheme the matrix Z obeys an expansion 

2 = 1 + 2 f if&/), 
k=l 

(3.29) 

and by requiring that the anomalous dimension matrix be finite as E t 0 one 
finds in analogy to (3.15) that 3 can be computed in terms of the coefficient 
of the l/c pole: CY.2, 

949) = -9 - * 
89 

(3.30) 

The same relation holds in the MS scheme. 
In HQET, one is mainly interested in composite operators appearing 

in the operator product expansion of a weak current J in terms of local 
operators of the effective theory. In the full theory, neither vector nor axial 
vector currents need to be renormalized. But the effective current operators 
in HQET do require renormalization. Let us for simplicity assume that there 
is a single large mass scale m in the problem. Then at leading order in l/m 
the short-distance expansion of the QCD operator J in the effective theory 
reads 

JQCD 2 Ci(/l) Ji(p) + 0(1/m) = C;(p) Z,;‘(p) Jtare + 0(1/m), (3.31) 
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where we have indicated the p-dependence of the renormalized operators. A 
similar expression appears at each successive order in l/m. This gives the 
correct generalization of (3.1) in the case of operator mixing. In general, a 
complete set of operators with the same quantum numbers appears on the 
right-hand side. Order by order in l/m, the p-dependence of the Wilson 
coefficients has to cancel against that of the renormalized operators. 

At the high energy scale p = m, the coefficients have a perturbative 
expansion in a,(m): 

44 
G(m) = Ci,O + Ci,l 7 + . . . . 

For scales below m, expressions for C;(p) to order o, can be derived from 
a comparison of one-loop matrix elements of the operators in (3.31) in the 
full and in the effective theory. For p < m such a treatment is unsatisfac- 

_ tory, however. The scale in the running coupling constant cannot be fixed 
from a one-loop calculation, but o,(p) and a,(m) can differ substantially. 
One would like to resolve the scale ambiguity problem by going beyond the 

. --‘- leading order in perturbation theory. Furthermore, the perturbative expan- . . . . sion of the Wilson coefficients is known to contain large logarithms of the 
type [PO as Wdk4n, which one should sum to all orders. Both goals can 
be achieved by using the renormalization group [71, 791. From (3.28) and 
the fact that the product Ci(p) Ji(p) must be p-independent one can derive 
the renormalization group equation satisfied by the coefficient functions. It 
reads 

(3.33) 

where we have collected the coefficients into a vector C(p). In general, the 
Wilson coefficients can depend on p both explicitly or implicitly through 
the running coupling g(p). Using3 

P-& = P$ + P(9) --f- 
a9b4 ’ 

(3.34) 

it is straightforward to obtain a formal solution of the renormalization group 
equation. It reads 

C(P) = RP, 4 G4, (3.35) 

3Recall that in HQET the heavy quark masses are fixed, p-independent parameters. 
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with the evolution matrix [71, 801 

dl4 
I ,i,T(9’> 

%vn)=T,exp/dg P(s’). 
g(m) 

(3.36) 

Here “Tg” means an ordering in the coupling constant such that the cou- 
plings increase from right to left (for p < m). This is necessary since, in 
general, the anomalous dimension matrices at different values of g do not 
commute: [j(gr), y(gz)] # 0. Eq. (3.36) can be solved perturbatively by 
expanding the p-function [cf. (3.16)] and the anomalous dimension matrix 
in the renormalized coupling constant: 

(3.37) 

_ Consider first the important case of only a single coefficient function, or 
equivalently, when there is no operator mixing. Then the matrix “, reduces 
to a number, and the evolution is described by a function U(/.L, m), for which 
the perturbative solution of (3.36) yields 

1+ Q-4 - 44 s + 
47r 

(3.38) 

where 

The terms shown explicitly in (3.38) correspond to the so-called next-to- 
leading order in renormalization-group improved perturbation theory. In 
this approximation the running coupling constant has two-loop accuracy, 
and the leading and subleading logarithms 

(a.ln t)n, u,(a,ln F)n (3.40) 

are summed correctly to all orders. To achieve this, however, it is necessary 
to calculate the two-loop coefficient yl of the anomalous dimension. When 
71 is not known, it is only possible to evaluate the evolution function in the 
so-called leading logarithmic approximation, in which 

( ) 

a 

Uo(p,m) = 3 . 
S 

(3.41) 
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This still sums the leading logarithms to all orders, but does not contain the 
nonlogarithmic terms of order a,. 

When (3.38) is combined with the initial condition (3.32) for the Wilson 
coefficients at the high energy scale p = m, one obtains the next-to-leading 
order result: 

C(P) = { l- ~S}u0(,,m){C,+~[c,s+c,]}. (3.42) 

In this equation the terms involving the high energy coupling constant as(m) 
are scheme independent [71, 791. U&L, ) m involves only the one-loop coef- 
ficients 70 and ,& and is scheme independent by itself. For the coefficient 
[CuS + Cl] in parenthesis things are more subtle, however. The one-loop 
matching coefficient Cl, the two-loop anomalous dimension 71, and the QCD 
scale parameter A in the running coupling constant are scheme dependent. 

---But they conspire to give as(m) a scheme independent coefficient. Let us 
demonstrate this for the MS and MS schemes, for which 71 and hence S in 
(3.39) are the same. Before the subtraction of the ultraviolet divergent pole, 
the expression for C(p) obtained from one-loop matching is of the form -_ - 

(3.43) 

which is clearly a solution of the renormalization group equation (3.33). 
Comparing this to (3.32) one finds that Cp = cl and Cps = cr - ye 6 CO, 
where 6 is given in (3.19). But the relation (3.20) between the coupling con- 
stants in both schemes is such that it precisely compensates this difference 
in (3.42), since 

[ctyS(m)]a= [a,(m)]“{lj-7uaq+...}. (3.44) 

In other schemes (such as the ‘t Hooft-Veltman scheme for 75 [56]), the two- 
loop anomalous dimension will in general be different from that in the MS 
and MS schemes, but it is still true that the coefficient of a,(m) in the next- 
to-leading order solution is scheme independent. On the contrary, the coef- 
ficient S of o,(p) in (3.42) d oes depend on the renormalization procedure, 
but this is not a surprise. Only when the p-dependent terms in C(p) are 
combined with the p-dependent matrix elements of the renormalized opera- 
tors in-the effective theory one’can expect to obtain a renormalization-group 
invariant result. It will therefore be useful to factorize the solution (3.42) in 
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the form C(p) z e(m)K(p), h A w ere C(m) is renormalization-group invari- 
ant and contains all dependence on the large mass scale m, whereas K(p) 
is scheme dependent but independent of m: 

C(m) = [as(m)lu {CO t F [CO S t Cl]}, 

K(p) = [as(p)] --a { 1 - $ s}. (3.45) 

In the case of operator mixing the solution of the renormalization group 
equation is more complicated [71, 801. At next-to-leading order, eq. (3.42) 
can be generalized in the form 

O&m) = { l- $3} Oo(p,m) { 1 t FS} , (3.46) 

where 

O&, m) = exp 
(2, ci2) 

JL 1 (3.47) 

. .-, -_ - 
. 

is the evolution matrix in leading logarithmic approximation, and S contains 
the next-to-leading corrections to this evolution. This matrix can be shown 
to satisfy the algebraic equation 

(3.48) 

In the case without mixing the commutator vanishes, and the result for S 
reduces to (3.39). To proceed further, suppose there exists a matrix v which 
diagonalizes the one-loop anomalous dimension matrix: 

(3.49) 

Collect the diagonal components 70,; into a vector “Jo. Then the leading-log 
evolution matrix is 

O&i, m) = V Qm> a K )I ~ 
44 

vwl. 
7 a=& 

wo ’ 
(3.50) 

diag 

and furthermore S = p ? VI-‘, where the elements of p are given by 

Tij = (vI-‘?T Q)ij 

WO + 70,; - 70,j 

_ 6,, Pl70,i . 
z3 2p,” 

(3.51) 
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3.4 Heavy-light Currents 

After this general review of the formalism, let us now follow in detail the 
matching and renormalization procedure for the case of the vector and axial 
vector currents built out of a heavy and a light quark: 

V’L = q7yj, Ap = ~7~7~4. (3.52) 

For simplicity the light quark is considered massless, m, = 0. At tree 
level the l/mQ expansion of the vector current has been given in (2.26). 
Radiative corrections modify this result. The effective current operators 
present at tree level are renormalized, and additional operators are induced. 
Since in HQET the heavy quark velocity v is not a dynamical degree of 
freedom, the effective current operators can explicitly depend on it. The 
most general short-distance expansion of the vector current in the effective 
theory contains two operators of dimension three (for simplicity we evaluate 

- --the current at z = 0): 

VP g C C;(p) Ji + O(l/mQ). (3.53) 
i=1,2 . .-, -_ - 

The renormalized operators Ji can be written as 

J. = Z-1 Jp”‘” - Z-1 Z’12 2’12 - 
t ‘3 3 - ‘3 h q qrjhv, (3.54) 

where 
l-1 = YcL, r2 = VP. (3.55) 

At tree level the coefficients are Cr = 1 and C2 = 0, and one recovers (2.26). 
The advantage of working with a regularization scheme with anticommuting 
75 is that, to all orders in l/mQ, the operator product expansion of the axial 
vector current is simply obtained from that of the vector current by replacing 
4 + -Qys [51]. The Wilson coefficients remain unchanged. The reason is 
that in any loop diagram the 7s from the current can be moved outside next 
to the light quark spinor. For m, = 0, this operation always leads to a minus 
sign. Hence we will only consider the case of the vector current in detail. 

Explicit expressions for C;(p) at order o, are obtained from the com- 
parison of the one-loop matrix elements of the currents in the full and in 
the effective theory. As discussed in Sec. 3.1, it is legitimate to perform 
the matching calculation with on-shell quark states. Then the matrix ele- 
ments can be written (VP) = U,F‘ UQ, where the heavy quark spinor sat- 
idies fyQ = UQ. At tree level the vertex function in both theories is sim- 
ply P = yp. The one-particle irreducible one-loop diagrams are shown in 
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Fig. 3.2. In Feynman gauge, the vertex corrections in QCD contributes 

(3.56) 

This has to be supplemented by the tree level result and the wave function 
renormalization of the external lines, which add Z,$‘2Z,“27p. The complete 
one-loop vertex function is 

(3.57) 

As required by the nonrenormalization theorem for partially conserved cur- 
rents, this result is gauge independent and ultraviolet finite [55]. In the 
limit of degenerate quark masses the vector is conserved. The space integral 
over its time component is the generator of a flavor symmetry. It cannot be 
renormalized. When the symmetry is softly broken by the presence of mass 
splittings, this is only relevant for small loop momenta but does not affect 
the ultraviolet region. Thus there can only be a finite renormalization. No- 
tice, however, that (3.57) does contain an infrared singularity, because the 
matrix element was calculated using unphysical states. 

P k=O P 

Figure 3.2: One-loop corrections to the matrix elements of the 
vector current in QCD and in the effective theory. The wavy line 
represents the current. The external momenta are on-shell 

In the effective theory, the vertex correction to the matrix elements of 
any of the two bare operators J;b” = fjbbare r; htwe is 

2 f t ln$ + 1 I;, 
( > 

(3.58) 
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and adding to this the renormalized tree graph contribution 2, ‘I2 Z,112ri one 
obtains 

{l+z($+ln$+i)}r;. (3.59) 

It is generally true that the dimension three operators are renormalized mul- 
tiplicatively and irrespectively of their Dirac structure [15]. Since there is no 
approximate flavor symmetry relating light and heavy quarks in the effective 
theory, it is not unexpected that the matrix elements of the bare currents 
are ultraviolet divergent. In the MS scheme, the currents are renormalized 
by a diagonal matrix 2 with components 

a.9 
Z,l = 222 = 1+ L ) 

2?rc 
212 = z21 = 0. (3.60) 

From (3.53) it then follows that the renormalized one-loop vertex function 
is 

r~i,ET={I+~(ln~+~)}[C,(a)r~+C,(p)UY]. (3.61) 

Notice that the X-dependence is the same as in (3.57). The short-distance 
. --.- -.coefficients C;(p), which follow from a comparison of the two results, are 

independent of the infrared regulator: 

Ci(P)=l+$(lny-i), 

(3.62) 

As argued in Sec. 3.1, the matching procedure ensures by construction 
that the Wilson coefficients are independent of the infrared regularization 
scheme. Nevertheless, it is worthwhile to check this by repeating the cal- 
culation of C;(p) in a different scheme. One can, for instance, regulate the 
infrared singularities by keeping the external quarks off-shell, which leads to 
the same result [74]. Here we shall take the opportunity to introduce another 
scheme, which turns out to be extremely economic for matching calculations. 
In consists in using dimensional regularization to regulate for both the ul- 
traviolet and the infrared singularities of Green’s functions [32, 811. This 
results in the great simplification that loop integrals which depend on no 
mass scale other than p vanish. For instance, in this scheme only heavy 
quark fields are renormalized in the full theory; massless quarks are not: 

ZQ=l-?.Z ( 
m?? L-In-++ , n i P2 > (3.63) 
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but Z, = 1. Using this scheme, one readily obtains for the QCD vertex 
function 

r&2D = (3.64) 

The l/i pole comes from an infrared singularity. Now for the same reason 
that there was no renormalization of the light quark field in &CD, all loop 
diagrams in the effective theory vanish in dimensional regularization. This is 
why this scheme is so superb for matching calculations. The vertex function 
in HQET is simply given by the tree level result 

(3.65) 

From the comparison of the two vertex functions after the subtraction of 
the l/i pole in (3.64), we indeed recover our previous result (3.62). 
- What remains to be done is the renormalization group improvement of 

the one-loop calculation. Since there is no operator mixing, the solution of 
the renormalization group equation proceeds as in (3.38). The anomalous 

. .-, -_ . dimension matrix is proportional to the unit matrix, and from (3.30) and :’ 
(3.60) one obtains the one-loop coefficient 

#=-4. (3.66) 

This is the so-called hybrid anomalous dimension of heavy-light currents 
derived by Voloshin and Shifman [15]. In the context of the effective theory, 
it has been calculated by Politzer and Wise [31]. For the next-to-leading 
order solution of the renormalization group equation one also needs the 
scheme dependent two-loop coefficient yl hl. In dimensional regularization 
with anticommuting y5 this coefficient is independent of the Dirac structure 
of the current. It is the same in MS and MS. The two-loop calculation has 
been performed by Ji and Musolf [74], and by Broadhurst and Grozin [75]. 
They find 

254 56 20 
#=-9-27A2+gnf. (3.67) 

The final result for the Wilson coefficients can be written in the factorized 
form 

Ci(mQ) = &(mQ) Khl(P) , (3.68) 

where the functions Ci(mQ) are renormalization-group invariant and contain 
all dependence on the heavy quark mass. All p-dependence is contained in 
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the function Ku(p), which is universal for all heavy-light current operators. 
Taking into account the initial values of the coefficients at the matching 
scale ,Y = mQ, one finds from (3.45) 

El(mQ) = [as(mg)]-2”o { 1+ o’(F) ZM}, 

C$(m*) = [as(mg)]-2’po 2a;(lTm4, , 

I‘&(p) = [as(p)]2’po { 1 - * s} . (3.69) 

The coefficient [74] 

z hl = 5 _ 4 153 - 381+ 
28~~ - 4 

= 1% 30nf - -- 
4 3 

3 
(33 - 2nf)2 36 (33 - 2nj) 3 

(3.70) 

is independent of the renormalization scheme, but S is not. 
.-- 

3.5 Leading Power Corrections to the Effective 
. .-, -_ - Lagrangian 

. . 
We have seen in Chapter 2 that at order l/m9 there appear dimension four 
operators in the effective Lagrangian which explicitly violate the spin-flavor 
symmetry. The leading corrections have been given in (2.27). They involve 
the kinetic operator Ohn and the chrome-magnetic operator Ornag. Just as 
the current operators discussed in the previous section, these are composite 
operators which, in general, have to be renormalized. But as discussed in 
Sec. 2.5, reparameterization invariance requires that the kinetic operator 
have the same coefficient as the leading term in the effective Lagrangian, so 
that Zh,., = 1 to all orders in perturbation theory.4 Then only the chromo- 
magnetic operator needs to be renormalized. As usual we define 

0 mag = z;& 0;:; = z;;, zh -& h, aap Gap h, . (3.71) 
Q 

The aim is to calculate the short-distance coefficient which multiplies the 
renormalized operator in 

&- L1 = & 6, (iD)2 h, + Cm,&) & h, aap Gap h, , (3.72) 
Q Q Q 

‘In its original form (2.17), the kinetic operator also contains a class II operator, which 
vanishes. by the equation of motion. We shall not discuss its renormalization since it is 
irrelevant. 
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which replaces the tree level expression in (2.27). Cm&) can be obtained 
from a calculation of the Green’s function of two heavy quarks and a back- 
ground gluon field, to one-loop order in the full and in the effective theory. 
The diagrams in QCD are shown in Fig. 3.3. The momentum assignments 
are such that p is the outgoing momentum of the background field, and Ic 
and (Ic - p) are the residual momenta of the heavy quarks. To order l/mQ, 
it is sufficient to keep terms linear in Ic or p. The external quarks can be 
taken on-shell, in which case v . k = v . p = 0. A subtlety which has to be 
taken into account is that, according to (2.29), the QCD spinor UQ(PQ,S) 
is related to the spinor uh(‘u,s) of the effective theory by 

uQ(pQ,s) = F 1 + 2m + . . . ‘LLh(‘u,s), 
Q > 

(3.73) 

where PQ = rnQu + k. In the matching calculation one has to use the same 
spinors in both theories. We thus define a vertex function P by writing the 
amplitude as i@gA,,,(p) tihIPT&, so that at tree level in QCD 

. .-, -_ - 
. . 

= VP + Pk - P)” + h”dl + 
2mQ 4mq -*-* 

Here the ellipses represent terms of higher order in k or p, 
that between the heavy quark spinors yp can be replaced 

(3.74) 

and we have used 
by VP. 

m,u+k m,u+k-p 

Figure 3.3: Diagrams for the calculation of the heavy quark-gluon 
vertex function in &CD. The background field is denoted by A. 

The contributions to the vertex function arising at the one-loop level are 
shown in Fig. 3.3(b) and (c). The last diagram involves the nonabelian three- 

‘gluon vertex. Its infrared divergence cannot be regulated by the introduction 
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of a gluon mass. Following Eichten and Hill, we present the calculation 
using dimensional regularization for both the ultraviolet and the infrared 
singularities [32]. One finds that in the MS scheme the one-loop contribution 
to the QCD vertex function is 

(3.75) 

As emphasized in the previous section, this scheme has the great advan- 
tage that all loop integrals in HQET vanish. Hence, in the effective theory 
the vertex function is simply given by the tree level contributions from the 
operators in the effective Lagrangian: 

l?kQET = dJ + + Cm&) p + . . . . (3.76) 
Q 

The second term, which comes from the kinetic operator in (3.72), is in fact 
_ --the same- as in the full theory, as required by reparameterization invariance. 

For the coefficient of the chrome-magnetic operator, one obtains from a 
comparison of (3.74)-(3.76) the one-loop result 

. .-, -_ - 

Cm+&) = 1 - 2 (ln mQ - y . 
P 1 

(3.77) 

From the fact that this must satisfy the renormalization group equation 
(3.33), it follows that the one-loop coefficient of the anomalous dimension is 
P4 

yrg=6. (3.78) 

Unfortunately, the two-loop coefficient rFg is not yet known. This means 
that in the next-to-leading order solution of the renormalization group equa- 
tion, 

\ I 

(3.79) 
the coefficient Smag is unknown. One can then either work with the leading 
logarithmic approximation, or with the hybrid form 

(3.80) 

in which the scale in the next-to-leading correction is not determined (except 
for p = mQ). 
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3.6 Power Corrections to Heavy-light Currents 

Let us now come back to the discussion of heavy-light currents and discuss 
their short-distance expansion at next-to-leading order in l/m~. Then there 
appears in (3.53) a set of dimension four operators, which we shall denote 
by Oj and Tk: 

(3.81) 
In the limit mp = 0, there are six independent local class I operators of 
dimension four in the effective theory. They can be chosen as [51, 52, 821 

O1 = q-/%$)h,, O4 = q(-iv.@ yh,, 

O2 = qv@ijDh,, O5 = q(-iv&) vkh,, , (3.82) 

03 = qiDph,, 0s = tj(-i%‘) h,. 

. .-, -_ - In addition to these local operators, there are power corrections resulting 

. . from a combination of one of the leading-order currents J; with a term 
of order l/m~ from the effective Lagrangian. The corresponding nonlocal 
Operators Tk are 

TI 
- = i 
2mQ J dyT{ JdWhin(y)}, 

T2 
- = i 
2mQ J dYT{ J2(0),hn(y)}, 

T3 
- = i 
2mQ J dyT{ Jl(o>,Omag(y)}, 

T4 
- = i 
2mQ J dyT{ J&WAm&)}, (3.83) 

with Okin and 0-s as given in (2.17) and (2.18). Only Or, TI, and T3 
appeared in the tree level expansion of the current given in (2.26). But since 
the operators Oj and Tk have the same dimension and quantum numbers, 
they all mix under- renormalization. This mixing is described by a 10 x 10 
anomalous dimension matrix q. 

Several of the Wilson coefficients in (3.81) can be deduced without a 
. detailed calculation [81]. The local operators Oj cannot mix into the nonlo- 

cal ones. The coefficients of the time-ordered products are thus simply the 
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products of the coefficients of their local component operators, i.e.: 

AI(P) = G(P) 7 
A2(P) = C,(P) 7 

Am = G(P) GnagW 7 

A4(d = CZ(P) Gw&) - (3.84) 

Furthermore, the operators Or to 03, which contain a covariant derivative 
acting on the heavy quark field, are not reparameterization invariant by 
themselves. According to the discussion in Sec. 2.5 they have to be combined 
with the dimension three operators Ji into a reparameterization invariant 
form. The corresponding extension of the operators J; is unique and reads 

J1 y* ,j7”j& = q7 ++$)h,+... , 

J2 3’ qv“k,, = - ,(d‘+~)(l+~)h,,+.... (3.85) 

This implies . .-, -_ - 
. ’ 

a(P) = G(P) 7 

B2(P) = ; B3(P) = C,(P) * (3.86) 

What remains to be determined, then, are the coefficients B4(p) to 
Bs(p). Their calculation at one-loop order proceeds similar to that described 
in the previous section. It is again extremely economic to use dimensional 
regularization, so that all loop integrals in the effective theory vanish. At 
order l/mQ, the current matrix element in the full theory is obtained from 
the first diagram shown in Fig. 3.1 by assigning momenta PQ = mQV + k 
and Pq = p to the external quarks and keeping terms linear in k and p. 
The matching calculation has been performed in Ref. [81]. For the coeffi- 
cients Br to B3 one indeed finds the relations given in (3.86). The one-loop 
expressions for the remaining coefficient functions are (in the MS scheme) 

B4(p) = $(3ln~-1), 

Bs(p) = -2 (2lny - 3) , 

I&(p) = -2 (In T - 1) . (3.87) 
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. .-, -_ - 

To go beyond this result is tedious, since it requires a calculation of the 
10 x 10 anomalous dimension matrix “/. To some extent the structure of 
this matrix is determined, however. Since the operators Or, 02, 03 and Tk 
renormalize multiplicatively, they can mix into 04, 05, and 06, but not vice 
versa. Therefore, the anomalous dimension rhatrix must be of the form 

where yH is the anomalous dimension of the dimension three operators J;, 
I denotes the 3 x 3 unit matrix, and 

TD = diag ( 7nr,7M,7hl + ymag, yhl + 7mas) * (3.89) 

Furthermore, the 3 x 3 submatrix 7~ can be constructed by noting that the 
equation of motion iv.Dh,, = 0 can be used to rewrite 

04 = -iv.aJ,, 
0s = -iv.dJ;!, 

OS - 03 = -iP [q h,] . (3.90) 

The total derivatives of the currents on the right-hand side renormalize 
multiplicatively and in the same way as the dimension three operators Ji. 
The additional power of the external momentum carried by the current does 
not affect the divergences of loop diagrams. It follows that 

(;/B)ij = Yhl 6ij + fii3 (?A)sj . (3.91) 

For the complete next-to-leading order solution of the renormalization group 
equation the submatrices ?A and ;/c, as well as the anomalous dimension 
7 mas of the chrome-magnetic operator, would have to be calculated at two- 
loop level. This has not yet been done. So far, only the one-loop matrices 
are known from calculations by Falk and Grinstein [82], and Neubert [81]. 
They are 
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This information is sufficient to obtain the leading-log solution of the renor- 
malization group equation (3.33). 0 ne way to proceed is to rewrite this 
equation as an inhomogeneous differential equation for the unknown coeffi- 
cients B4, Bs, and Bs [82]. In obvious notation, this yields 

(3.93) 

The coefficient functions on the right-hand side are known. An alterna- 
tive approach, which we shall discuss here, is to proceed following the gen- 
eral procedure outlined in Sec. 3.3. This has the advantage that it can 
be straightforwardly generalized to next-to-leading order, once the two-loop 
anomalous dimensions are known. The leading-log evolution matrix in (3.47) 
is trivial to obtain when the one-loop anomalous dimension matrix +u can 
be diagonalized. This is, however, not possible in the present case. In such 
a situation, one constructs the matrix I&’ which brings Tu into Jordan form  

-9811: - L--J 
Jv-1-g Jv = ?J. (3.94) 

This is convenient enough for an exponentiation in closed form . The evolu- 
-‘tion matrix is then given by 

Ijo(j.4, m ) = ti exp (t ;/J) I@-’ , (3.95) 

where 
t = & In ,(z) . (3.96) 

s 
According to (3.35), the Wilson coefficients are obtained by acting with 
oo(p,mQ) on the vector containing the initial values of the coefficients at 
the matching scale p = mQ. In leading logarithm ic approximation it is 
sufficient to work with the tree level expressions, i.e., &(mQ) = AI = 
&(mQ) = 1, and the other coefficients vanish. The result is 

For m Q  2 ~1, these expressions can be expanded using 

tZ-~lnmQ, 
P 

(3.97) 

(3.98) 
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and one readily recovers the logarithmic terms in the one-loop expressions 
in (3.87). It is possible to combine the one-loop results with the leading-log 
solution by simply adding the matching corrections arising at p = mQ, in a 
hybrid approach similar to (3.80). This leads to the final result: 

B4(/g = -2 + g &30 _ & &PO - y + $ 52/po In 2 , 

B&) = + - g zw30 + !g .-l/P0 - f , 

&(p) = 2 - 2 zw30 - f &/PO + y , (3.99) 

where z = as(p)/as(mQ). Th is concludes our discussion of the renormal- 
ization of heavy-light currents in H&ET. 

3.7 Flavor-conserving Heavy Quark Currents 

. .-, -_ - 
. 

The short-distance expansion of currents containing two heavy quark fields 
proceeds along the same lines. However, a new feature is that the Wilson 
coefficients become functions of the quark velocity transfer w = v . v’. An- 
other major complication arising for flavor-changing currents is the presence 
of two different heavy mass scales. To disentangle these difficulties, we first 
discuss the case of flavor-conserving currents. Such currents are also of some 
phenomenological importance. For instance, they mediate the pair creation 
of heavy quarks in e+e- collisions [83]. 

Consider then the vector current VP = Q7”Q composed of two identical 
heavy quark fields. In analogy to (3.53), its expansion in terms of operators 
of the effective theory reads 

VP g  2  Ci(wy p) J; i- O(l/mQ) , (3.100) 
i=l 

but now there are three independent renormalized operators: 

J.=z:’ Jke-ZxlZ t ij 3 - tj h r.h h ~‘3 v, 

with 
Tl = 7P) r2 = VP, r3 = 2P . 

(3.101) 

(3.102) 

At order o, the short-distance coefficients are obtained from a comparison 
of the diagrams depicted in Fig. 3.4, supplemented by wave function renor- 
malization. We write the amplitudes as (VP) = tiQr’UQ, so that rP = yP at 
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tree level. After a somewhat tedious calculation, one finds that the one-loop 
vertex function in the full theory is free of ultraviolet divergences [84]: 

rGcD = {l+z[-(wr(w)-l)ln$+P(w)])r’-$r(w)(v~+v”). 

(3.103) 
As previously we have introduced a fictitious gluon mass X to regulated the 
infrared divergences, which arise since the calculation is performed with on- 
shell quark states. The function T(W) will play a very significant role in the 
further course of this review. It is defined as 

r(w) = & ln(w+&Ki), (3.104) 

and satisfies r( 1) = 1, and r’( 1) = - $. The function F(w) is more compli- 
cated. It reads 

JYW) = & 
[ 

w2 - 1 
2L2(-w4 t g t --y--- r”(w) 1 . .-, -_ - - w r(w) In [2(w + l)] + $w t 1) r(w) - 2, (3.105) 

where w- = w - da, and 

(3.106) 

is the dilogarithm. The normalization is such that F( 1) = 1 for w = 1. 
Using this and the fact that t iQ(V)V’uQ(V) = tiQ(v)y’uQ(V), one finds 
that the radiative corrections vanish at zero recoil: 

r&-J” = 2)‘) = 7’1. (3.107) 

This is a consequence of the fact that the flavor-conserving vector current 
is exactly conserved. 

Since in the effective theory the coupling of a heavy quark to a gluon does 
not involve a y-matrix, it is easy to see that to all orders in perturbation 
theory the dimension three operators J; renormalize multiplicatively and 
irrespective of their Dirac structure. The one-loop matrix element of any of 
the bare current operators is given by [84] 

(3.108) 
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%U 
mqu’ k=O Ii=0 

Figure 3.4: Vertex correction diagrams arising in the matching cal- 
culation for flavor-conserving heavy quark currents. The current 
changes the heavy quark velocity. 

. .-, -. - 

The matrix 2 which defines the renormalized operators is proportional to 
the unit matrix, hence we shah simply denote it by 2. In the MS scheme it 
reads - 

Z=l-Z[wr(w)-11. (3.109) 

The renormahzed vertex function in HQET becomes 

rhQET = {I - $[wr(w)- 11 in;} $Ci(W,p)Ti. (3.110) 

The dependence on X matches with that in (3.103), so that the resulting 
one-loop expressions for the short-distance coefficients are independent of 
the infrared regulator. It follows that 

C,(w,p) = 1- ~ yr3 [(w r(w) - 1) In 9 - F(w)] , 

(3.111) 

The matching calculation for the axial vector current proceeds similarly. 
In this case, the dimension three operators are obtained from (3.101) by 
setting 

rl = Y~~LY~, r2 = e5, r3 = ~‘fi7~ . (3.112) 

Using dimensional regularization with anticommuting 75, one finds [83, 841 

Cf(w,p) = 1 - 2 [ (wr(w) - 1) In Zj - F(w) + 2r(w)] , 

c$(w,p) = -c;(w,p) = -2 [r(W, + 2 wFJ; ‘1 . (3.113) 
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We use a superscript “5” to distinguish these from the coefficients of the 
vector current. 

For the renormalization group improvement of the one-loop results one 
needs the anomalous dimension matrix of the bilinear heavy quark currents. 
It is proportional to the unit matrix, with a velocity dependent coefficient 
rhh(w). In the zero recoil limit the vector currents Ji are conserved in the 
effective theory, since id . Ji = 0 by the equation of motion. This implies 
that 

7hh(l) = 0 (3.114) 

to all orders in perturbation theory. This constraint is satisfied by the one- 
loop coefficient 

7,“(w) = y [w r(w) - 11, (3.115) 

which is derived from (3.109) by means of (3.30). This famous velocity 
.-dependent anomalous dimension was obtained by Falk et al. [7]. 

Since-in the effective theory the velocity of a heavy quark is conserved by 
the strong interactions, the heavy quark can be described by a Wilson line 
[8].‘ An external current can instantaneously change the velocity, resulting . .-, -_ - 
in a kink of that line. It is well-known that such cusps lead to infrared 
singular behavior. The renormalization of cusp singularities of Wilson lines 
was investigated in detail by Korchemsky and Radyushkin in 1987 [85], prior 
to the development of HQET. In particular, they calculated the one- and 
two-loop coefficients of the so-called cusp anomalous dimension ,ycUsP((p), as 
a function of the cusp angle cp. But this anomalous dimension is precisely 
that of the bilinear heavy quark currents, with the identification cash cp = w. 
This equivalence was pointed out in Ref. [86]. The two-loop coefficient is 
the same in the MS and MS schemes, namely 

7p(w) = [; - ; - ; nj - 6f(w)] 7p(w) - 641(w), (3.116) 

where (w- = w - dm) 

f(w) = wr(w) - 2 - / y _ [Lz(l - w”-) t (w” - l)P(w)] ) (3.117) 

and 

t/WA-lL 

I(w) = Id+ (II,coth$ - l){+coth2v t si.sp;-c;;;h;+ 
. 0 

(3.118) 
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in terms of the cusp angle cp = cash-’ w. This function satisfies 1(l) = 0, 
so that indeed the two-loop coefficient vanishes at zero recoil. Recently, the 
result for 7p(w) has been confirmed by Kilian, Manakos, and Mannel in 
the framework of HQET [87]. 

Using these expressions, the coefficients a and S in (3.39) can be com- 
puted as a function of the velocity transfer w. For nf = 3 light quark flavors, 
one finds [84] 

@h(w) = ; [ww - l] , 
(3.119) 

2&(w) f So -=-q[;+;t,(,)] -iI 

= $!p) (w-1)-&(~-2)(w-1)2+.... 

Both vanish at zero recoil. The next-to-leading order result for the Wil- 
szn coefficients is obtained from (3.45) in the factorized form C;(w,p) = 
%;(mQ, 20) K&w, /.J). The p-dependent function 

Kfi(w,p) = [a,(p)] --ahh(w) { 1 - *z&(w)) > (3.120) 

is normalized at zero recoil: K( 1, p) = 1. It is the same for any Dirac 
structure of the heavy quark current. The renormalization-group invariant 
coefficients ZIi, on the other hand, do depend on the structure of the current. 
For the vector current, for instance, they are 

el(mQ,w) = [a3(mQ)]ahh(w) { 1 t a.(xms) [Zhh(W) -t- iF(w)]}, 

c2(mQ7 W) = (?3(mQ, W) = - [a3(mQ)]ahh(W) a3gQ) r(w). (3.121) 

Similar expressions follow for the axial vector current. 

3.8 Flavor-changing Heavy Quark Currents 

The operator product expansion of currents in the effective theory becomes 
considerably more complicated in the case of flavor-changing currents. The 
charged weak current Cyp( 1 - 7s) b is of this form, however, so it is necessary 

. to consider this case in detail. The complications arise due to the fact that 
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there are two different heavy quark masses, mb and m,. Thus the calculation 
of the Wilson coefficients becomes a two scale problem. 

There are two obvious possibilities how to perform the transition from 
QCD to an effective low energy theory in which both the bottom and the 
charm quark are treated as heavy quarks in the sense of HQET: The tran- 
sition can either be done in a single step, or by considering first an inter- 
mediate theory with a static bottom quark, but a dynamical charm quark. 
The latter becomes heavy in a second step. If one could solve perturbation 
theory to all orders, both treatments would lead to the same results for the 
Wilson coefficients. The calculation differs in both cases, however, and the 
results also differ if the perturbation series is truncated. 

To see what the differences are, suppose first the two heavy quarks have 
similar masses, i.e. m, N mb N m, with m being some average mass. It is 
then natural to remove at the same time the dynamical degrees of freedom 
of both heavy quarks. This approach is completely equivalent to the case 

‘--of flavorzconserving- currents discussed in the previous section. Although 
our discussion will be completely general, let us consider the cases of the 
vector current VP = ~7% and of the axial vector current Ap = Eyp75b 

‘-‘explicitly and denote them collectively by J@. Each of these currents obeys 
an expansion analogous to (3.100): 

J’“(mb, mc) z 5 Cj(mb, 7% W, p, m> Jj(p) -I 0(1/m>, 
j=l 

(3.122) 

where Jj = h$ Ij hk. For the vector and axial vector current the matrices Ij 
have been given in (3.102) and (3.112), respectively. In the above expression 
we have indicated that matrix elements of the original current Jfi between 
states of the full theory depend on m, and mb, whereas matrix elements of 
the operators Jj between states of the effective theory are mass indepen- 
dent, but do depend on the renormalization scale ~1. The short-distance 
coefficients are functions of the heavy quark masses, the renormalization 
scale, and the matching scale m. The dependence on m would disappear if 
one could sum the perturbative series to all orders. The advantage of this 
first approach is its simplicity. At leading order in the l/m expansion only 
three current operators contribute. Matrix elements of higher dimension 
operators are suppressed by powers of &CD/m. The short-distance coeffi- 
cients contain the dependence on mb and m, correctly to a given order in o,, 
via matching at p = m. The only disadvantage is the residual dependence 
on the-matching scale m, which arises when one calculates to finite order 
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in perturbation theory. Although in a next-to-leading order calculation the 
scale in the leading anomalous scaling factor is determined, one has no con- 
trol over the scale in the next-to-leading corrections proportional to as(m). 
This introduces an uncertainty of order c$ ln(mb/m,). 

The alternative approach is to consider first, as an intermediate step 
for mb > p > m,, an effective theory with only a heavy bottom quark. 
Denoting the effective current operators of dimension (3 + Ic) in this theory 
by J7k)(mc, p), indicating that their matrix elements will depend both on the 
charm quark mass and the renormalization scale, we write the short-distance 
expansion as an expansion in l/mb: 

(3.123) 

.-- 
Since the velocity of the charm quark is still a dynamical degree of freedom, 
in this inteimediate effective theory there are only two dimension three op- 
erators, namely 

3”’ = ,yhb 
1 ?J? Jy’ = +‘hb Il. (3.124) 

These are actually the same operators that appear in the expansion of the 
heavy-light current, and it will turn out that the coefficients D; are identical 
to the ones given in (3.69). A major complication arises from the fact that 
the charm quark is still a dynamical particle in the intermediate effective 
theory. Matrix elements of the higher dimension operators 4”’ will, in 
general, scale like rnh as compared to matrix elements of .$“I. Consequently, 
these operators cannot be neglected even at leading order in the heavy quark 
expansion. One would thus have to deal with an infinite number of operators 
in order to keep track of the full dependence on the heavy quark masses. 
Ignoring this difficulty for the moment, we may use (3.123) to scale the 
currents from p = mb down to /J = m,, where we match onto the final 
effective theory with two heavy quarks. In performing this step, the operator 
basis collapses considerably. When terms of order AQcD/rnQ (we use mQ 

generically for m, or mb) are neglected on the level of matrix elements, 
only the three operators Jj(p) in (3.122) remain. Each of the operators of 
the intermediate theory has an expansion in terms of these operators, with 
coefficients E;j: 

. 

. mt J$t)(m,, 20, P) J&) + ~(llm) . (3.125) 
j=l 
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Combining this with (3.123), we obtain 

(3.126) 
j=l 

with evolution coefficients 

In this expression the matching scale m of the first approach does not ap- 
pear. The coefficients depend either on a,(mb) or a,(m,), i.e., the scaling 
in the intermediate region rnb > p > m, is properly taken into account. To 
achieve this, however, it would be necessary to consider an infinite num- 
ber of operators in the intermediate effective theory. This is, of course, not 
manageable. It is important to realize, however, that the short-distance 

- _ --coefficients in (3.122) and (3.126) must agree, and this equality must hold 
order by order in an expansion in the mass ratio mc/mb. 

Following Ref. [84], let us now discuss the calculation of the Wilson 
. ._,. .-.coefficients for the flavor-changing vector and axial vector currents following 

the first approach described above. As in the previous section, we will denote 
quantities referring to the axial vector current by a superscript “5”. The only 
difference with respect to the calculation for the flavor-conserving currents 
is that the QCD vertex function depends now on two (instead of a single) 
heavy quark masses. Accordingly, eq. (3.103) is replaced by 

r&D = 7’ 

- 2 [2r(w) T 1+ @)(*, w)] 2% (5) up q= 3n h, (z, w) I+‘, (3.128) 

where we use a short-hand notation meaning that upper signs and no super- 
scripts refer to the vector current, whereas lower signs and superscripts “5” 
refer to the axial vector current. 7p(w) is the one-loop anomalous dimen- 
sion of the flavor-conserving current given in (3.115), z = m,/mb denotes 
the ratio of the heavy quark masses, and the functions r(w) and f(w) have 
been defined in (3.104) and. (3.117). The new functions g(z, w) and h;(z, w) 
are such that they vanish in the limit z + 0, the leading terms being of 
order aln z. Their analytic expressions are rather lengthy [83, 841: 

sew) = & 1 Lz(l - zw-) - L2( 1 - 2w+)] 



I 

: 

z- 
- - r, - .- 

70 Renormalization 

z - 
l-2wz+z2 [(w2 - 1) r(w) + (w - Z) In z] , 

(3.129) 

h?)(z~ W I = (1 _ 2wl + ,2j2 -I 2(w F l)z( 1 f z) In 2 

- 1 (w f 1) - 2w(2w f 1)” + (5w f 2w2 T  1)22 - 2*3] T(W)} 
z - 

1-2wz+,Z2 
[lnz-lf*], 

where w* = w f &??i. The function h, (5) is related to hf) by 

hy)(z, w) = hf)(t-‘, w) - 2 T(W) f 1. (3.130) 

From now on we will simplify the notation further by omitting the argument 
w; i.e., we will write r(w) = r, g(t, w) = g(z) etc. 

Since matrix elements in the effective theory are independent of the 
heavy quark masses, the one-loop vertex functions in HQET are the same 
as in the case of the flavor-conserving currents. Also the solution of the 
renormalization group equation proceeds exactly as in Sec. 3.7. We first 
display the next-to-leading order solution for the Wilson coefficient Ci’): 

c!5’(p) = (#)ahh{l- 5+} (3.131) 

{ 44 x 1+- 
T  [ 

In 2 + F  In i + Zhh + f (f f r + g(z))]}. 

The velocity dependent coefficients aa and 2~ are the same as in (3.119). 
The result seems to depend strongly on the arbitrary matching scale m . 
However, changes of m  in the leading anomalous scaling factor are compen- 
sated by changes in the logarithm ic term  in parenthesis. This shows that, 
in fact, the choice of m  is irrelevant in a next-to-leading order calculation. 
We are free to set m  = m ,, which removes the ln(m /m,) term . Adopting 
this choice, one obtains for the coefficient functions [84] 

c{5’(p) = (5w)““h{l - !5$Zhh} 

I 44 x 1+- 
x 

[In 2 + &h + i (f f r + g(z))]} 

[27- -$: 1 + @ )(z)] , 
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cp(p) = -+ 44 ahh 244 (5) 

( 1 M4 
Th2 w (3.132) 

The scale in the next-to-leading corrections is not determined at this order, 
however. Here m could be any combination of rnb and m, (but not CL). For 
the actual values of the heavy quark masses this scale ambiguity is some- 
what of a problem, since (Y,(mb) M 0.20 and cx,(m,) x 0.32 are quite differ- 
ent. A related problem is the appearance of a so-called “hybrid” logarithm 
a,(m) ln(mb/m,) in Ci’). Asymptotically, at high orders in perturbation 
theory, such logarithms enter in the form 

( PO +4 
n 

In5 M 
7-7 m, > ( 

ln(mb/m,) n 
> ln(m/A) ’ 

(3.133) 

They can be important even for large n. 
Both. problems can be solved by summing the leading and subleading 

logarithms (a,ln z)~ and (~,(o,ln~)~, where z = m,/mb, to all orders in 
perturbation theory. This requires to follow the second approach, in which 

. ._,. _.one introduces an intermediate effective theory with a static bottom quark 
and a dynamical charm quark. By means of the renormalization group 
equation in this theory one can sum logarithms of mb/p in the intermediate 
regiOnmb>p>mc, which is precisely what one needs. Unfortunately, 
as we have seen, it becomes increasingly difficult to keep track of higher- 
order terms in the mass ratio Z. The following observation helps [84]: For 
any value of t, the product ]zln z] 5 e-l M 0.37, such that i/30 zln t is a 
number of order unity, but can never become large. This implies that for a 
term of order zk in (3.127) the first k powers of the large hybrid logarithms 
appearing at n-loop order in perturbation theory are effectively compensated 
by the prefactor zk: 

P(F:ln*)“= (~~ln~)“(~)“(~~ln*)~-‘. (3.134) 

Consequently, a leading-log summation for the terms of order z leads to the 
same accuracy than a next-to-leading-log summation for the terms of order 
z’. Similarly, a next-to-leading-log summation for the terms of order z, or 
a leading-log summation for the terms of order z2, would lead to the same 
accuracy as a next-to-next-to-leading-log summation for the terms of order 
z”. Based on this discussion, the strategy for a consistent next-to-leading 
order calculation is as follows [84]: At /J = m,, the Wilson coefficients C; 
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in (3.132) are expanded in powers of z: Ci = CpZo zk Cik). The expansion 
coefficients can be related to the Wilson coefficients of the intermediate 
effective theory by means of (3.127): 

C,(k)(mb, p = m,) = C Dik)(rnb, m,) E$)(p = m,) ; k 2 0. (3.135) 
i 

The coefficients Di(k)(mb, m,) obey a renormalization group equation in the 
intermediate theory. For k = 0 this equation has to be solved to next-to- 
leading order, whereas for k = 1 a leading-log solution is sufficient. No 
renormalization group improvement is necessary for k 2 2. 

. .-, -_ - 

Let us outline the various steps in this program. As mentioned above, 
for k = 0 the coefficients D; are equal to the coefficients appearing in the 
expansion of the heavy-light currents discussed in Sec. 3.4. This is plausible 
since in the intermediate theory the charm quark is a light quark, although 
it is not a niassless quark. But the matching is independent of the external 
states, so the quark mass does not play any role. Evaluating (3.69) for 
rnQ = mb and j.~ = m,, one obtains at next-to-leading order (for simplicity 
we omit the superscript “(0)“) 

where we have taken into account that the number of light quarks in the 
intermediate effective theory is nf = 4. From (3.70) it follows that 

2, = Z&tf = 4) = -z - g M -1.5608. (3.137) 

The coefficients Eij(p = m,) follow from a one-loop comparison of the dia- 
grams shown in Fig. 3.5. One obtains [84] 

E!T)(p = m,) = 1 + 2a$;c’ (2 + f f r) ) 

Eiz)(p = m,) = -4as(mc) T 
3A ’ 

EiTj’(p = m,) = 0. (3.138) 
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Since Dz in (3.136) is already of order a,, we only need Ezj at tree level: 

E$T’(p = TTI,) = 6j2 + O(a,) e (3.139) 

Combining these results, we obtain the renormalization-group improved ver- 
sion of the terms of order z” contained in the Wilson coefficients in (3.132), 
at p = m,. For C,(‘) the replacement is 

(3.140) 

and for CF) one has 

- y(2Tr 1) ----t -(s)-““” [ 4rr$;c)TF 2a$;b)]. (3.141) 

. .-, -_ - 
There are no terms of order z” in Cg). 

k=O mou’ k=O k=o 

Figure 3.5: Diagrams arising in the matching calculation of the 
Wilson coefficients E;j and E$. 

Consider now the terms of order z in (3.132). The aim is to sum the 
“subleading” logarithms zln z contained in the functions g(z) and h$“(z) to 
all orders in perturbation theory. This is accomplished by calculating the co- 
efficients D(l) in (3.123) in leading logarithmic approximation. Once again, 
there is a cl&e analogy to the calculation of the coefficients of the dimension 
four operators Oj for heavy-light currents, which was discussed in Sec. 3.6. 
This time, however, we need to consider only those operators in (3.82) which 
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lead to matrix elements proportional to the charm quark mass (substitute C 
for ij). The operators 04 to 0s are of this type, since a derivative acting on 
the charm quark field gives m,tP + . . . . But in addition there are two op- 
erators not considered in Sec. 3.6, where we have set mp = 0 for simplicity. 
They are Or = m, J1 and 0s = m, J2. Falk and Grinstein have calculated 
the coefficients of these operators in leading logarithmic approximation, as 
well as the coefficients Ejj) and E:(l) from tree level matching [82]. Their re- 
sults can be used to replace the terms of order z In z in (3.132) by leading-log 
improved functions z S;(z), where z = o,(m,)/o,(mb). Putting everything 
together, we obtain the short-distance coefficients in the factorized form 

Cj’)(mb, m,, w, p) = ej’)(mb, m,, w) Khh(w, p> , (3.142) 

where Ka( w, p) is the universal p-dependent function defined in (3.120). 
The renormalization-group invariant coefficients ci”’ are given by [84] 

. .-, -_ - 

where 

A = a 6’25 [as(mc)Iahh 
( ) 

(3.144) 

is the leading logarithmic scaling factor. The subleading logarithms are 
taken into account by the functions [82] 

s;~‘(~) = w l7 5  e-s-5 -G/25 2 ---z -9/25 slnz 
27 9 27 + 25 > 

( 
f f - !&-6/25+ $-g/25 _ &-12/25), 

s;5'(z) = 'Fw 
( 

8 + +-6125 _ 44 -&W 
> 

-6125 + ix-9125 _ +-12125) , 
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SF’(~) = 1 - ; y-‘3/25 + 5 cy9/25. 

75 

(3.145) 

Finally, in (3.143) we have introduced new functions 

G(z,w) = g(r,w)+3wzlnz, 

H,(‘)(z, w) = hy)(*, w) - (3 ‘f 2w) 2 In 2, 

Hj’)(z, w) = hf)(z, w) + 2 In 2, (3.146) 

the leading terms of which (for small Z) are of order z or t2 In z, but not of 
order z In z. 

Eq. (3.143) is the final result for the Wilson coefficients at next-to-leading 
order in renormalization-group improved perturbation theory. The residual 
scale ambiguity arising from the next-to-leading terms proportional to a,(m) 

.--is of order oz (zln Z) or a: (zln z) 2. This is of the same order as next-to- 
next-to-leading corrections of order oi, which would require a three-loop 
calculation. 

3.9 Power Corrections to Heavy Quark Currents 

Let us finally discuss the operator product expansion of bilinear heavy quark 
currents at order l/mQ. At this order one has to include a complete set of 
dimension four operators 0; in (3.126): 

J/‘g cCi(w) J;+c !$$+%!i$ oj 

i j 
b C 1 

+ nonlocal operators + O( l/m:). (3.147) 

For simplicity we only display the dependence of the Wilson coefficients 
on w = T.J . o’ explicitly, since this will become important in what follows. 
We also do not show the nonlocal operators, which contain time-ordered 
products of one of the dimension three currents J; with a I/mb or l/m, 
operator from the effective Lagrangian. As in the case of the heavy-light 
currents discussed in Sec. 3.6, the coefficients of these nonlocal terms are 
simply the products of the coefficients of the component operators. It thus 
suffices to focus on the local operators 0;. For the vector and axial vector 
currents, there are fourteen independent class I operators of dimension four. 
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A convenient basis for the vector current operators is [88] 

01 = &/‘%@h;, 

02 = h;,vfii@h$, 

03 = &,v”Q$h;, 

O4 = h;, iDp hb UY 

OS = h;,y%?.Dh;, 

06 = h;, vp iv’. D hi , 
o7 = EC v’fi iv’.D hb v’ u7 

OS = -h;, i g,p h; , 

Og = -h;, i&P h;, 

Olo = -hv, i$iv@ hi, 

011 = --Kc .Ep hb u’ 2 U7 

01~ = -&;,iv&@hf,, 

013 = -h;, iv* &I” h; , 

014 = -h;,iv.Dv + ‘P hb v. 

(3.148) 

A similar set of operators can be constructed for the expansion of the axial 
vector current Afi = Cypy5 b. 

. .-, -_ - 

- As in the case of heavy-light currents, reparameterization invariance im- 
poses restrictive relations between the coefficients of the dimension three and 
four operators in (3.147) [53]. S ince in the case of bilinear heavy quark cur- 
rents any local dimension four operator in HQET must contain a covariant 
derivative acting on one of the heavy quark fields, none of the operators 0; 
is reparameterization invariant by itself. There exists a unique combination 
of the 0; with the dimension three operators J; which is reparameteriza- 
tion invariant. It is, in fact, possible to relate all coefficients Bj to the 
leading-order coefficients C;. 

Let us recall that reparameterization invariance requires that the heavy 
quark velocity v always appear in a certain combination with the covariant 
derivative, which was denoted by V in (2.40). Furthermore, the heavy quark 
spinor fields must appear in the form of x, given in (2.44). A subtlety specific 
for heavy quark currents is that not only the effective current operators, but 
also the velocity dependent coefficient functions have to be written in a 
reparameterization invariant way. This means that the variable w = v . v’ 
which these functions depend on has to be replaced by the reparametrization 
invariant operator [88] 

(3.149) 

where it is understood that iD acts on ht, whereas iz acts on hl,. Hence 
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the correct extension of the leading-order vector current is5 

V’” E? c, [Cl(G) y -I- C,(C) v’” + C3@) v’q “h: * 

77 

(3.150) 

Rewriting this in terms of the local operators J; and Oj, and using the 
expansion 

C;(G) = C;(w) + !!p 
( 
i$! _ c 

) 
+ 0(1/m;), (3.151) 

one can relate the coefficients Bj to the leading-order coefficients C;. The 
result is [88]: 

h(w) = B;(w) = C,(w), 
1 .-- Bz(w) = - B4(w) = B;(w) = C2(w), 
2 

B3(w) = B;,(w) = ; B;,(w) = C3(w), 
. .-, -_ - 

m(w) B5(w) = Bi2(w) = 2 ~ 
aw ’ 

ac2(4 
J%(w) = &3(w) = 2 au,, 

B,(w) = Bi4(w) = 2 y , 

Bj(w) = 0; j = 8,...,14, 
B;(w) = 0; j = 1,...,7. (3.152) 

These relations are valid to all orders in perturbation theory. Of course, 
similar relations can be derived for any other current built of two heavy 
quark fields. 

At order l/mQ, the effect of the operator G in the short-distance co- 
efficients can be explicitly evaluated at the level of matrix elements. The 
equation of motion allows one to replace the covariant derivatives in (3.151) 
by total derivatives acting on the currents. By means of (2.31) their matrix 
elements can be expressed in terms of the mass parameter A. The total 

5For $he axial vector current one inserts 75 between the parenthesis and xg, and replaces 
the coefficients Ci(w^) by C,“(G). 
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effect is that the reparameterization invariant operator i2 can be replaced 
by a new variable [88] 

(3.153) 

which is different from the velocity transfer w of the hadrons. This vari- 
able can be interpreted as the velocity transfer of free quarks. Consider the 
weak transition Hb + H, + W, where HQ are hadrons containing the heavy 
quarks. Before the decay, the bottom quark in the initial state Hb moves 
on average with the hadron’s velocity. When the W boson is emitted, the 
outgoing charm quark has in general some different velocity. Let us denote 
the product of these velocities by ti. Over short time scales the quark veloc- 
ities remain unchanged. This is what is “seen” by hard gluons. After the W 
emission, however, the light degrees of freedom still have the initial hadron’s 
velocity. But they have to combine with the outgoing heavy quark to form 
the final state H,. Thus, a rearrangement is necessary, which happens over 
much larger, hadronic time scales by the exchange of soft gluons. In this pro- 
cess the velocity of the charm quark is changed by an amount of order l/mQ 

(its momentum is changed by an amount of order &CD). Hence the final 
hadron velocity transfer w will differ from the “short-distance” quark veloc- 
ity transfer Zu by an amount of order l/mQ. The precise relation between w 
and ti is determined by momentum conservation and is given in (3.153). In 
fact, this relation is nothing but the condition (pi, -p~,)~ = (pb -P~)~, i.e., 
that the momentum transfer to the hadrons equals the momentum transfer 
to free heavy quarks. At zero recoil, no rearrangement is needed, and indeed 
w = W = 1 in this limit. 

When the variable w is used as the argument in the coefficient functions, 
the operators 0s to Or and 0 12 to 014 no longer appear in the expansion 
(3.147) since, for instance, 

cl(w) Jlt2y (2 t $) g Cl(W) J1 + Q(l/m$). (3.154) 
b C 

This leads us to the final result for the vector current [88]: 

VP E Cl(G) J1 + 2”,’ 
~+~)+C2(“)(J2+02;m~04t~) 

+ C3(4 J3 + 03 2m + 010 + 2011 

b 
2m 

C > 
t..., (3.155) 

- 
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where the ellipsis represents nonlocal operators and terms of order l/m;. 
The generalization to other currents is straightforward. By means of this 
remarkable relation the operator product expansion at order l/mQ is known 
with the same accuracy as the expansion to leading order. 

3.10 Summary and Numerical Results 

At the end of this lengthy chapter let us briefly summarize the main results. 
The inclusion of short-distance corrections completes the construction of the 
effective Lagrangian of HQET and the operator product expansion of cur- 
rents in the effective theory. We have given a comprehensive description of 
the results known so far at leading and subleading order in the l/mQ ex- 
pansion, and at next-to-leading order in perturbation theory. These results 
build the basis for the applications of heavy quark symmetry to be discussed 

---in the following chapters. 
The flavor-changing weak current C yfi( 1 - 75) b will play a most impor- 

tant role, since it mediates trartsitions between B and D(*) mesons, which 
-, can be used to measure the element Vcb of the Cabibbo-Kobayashi-Maskawa 

matrix. Since the analytical expressions for the corresponding Wilson co- 
efficients in (3.143) are rather complicated, we present in Table 3.1 the 
numerical values of these coefficients as a function of W. The maximum 
quark velocity transfer is w,,, M 1.8. It can be related to the hadron ve- 
locity transfer w by means of (3.153). Throughout this work we shall use 
mb = 4.80 GeV and m, = 1.45 GeV for the heavy quark masses. These are 
obtained by taking the spin-averaged meson masses EM = $(3mv + mp) 
and subtracting 0.5 GeV, which we assume as a reasonable estimate for A. 
For the scale m in the subleading corrections we take the geometric average 
m M 2.23 GeV. More uncertain is the value of the QCD scale parameter. 
Whereas high energy data, in particular the measurements of as(mz) at 
LEP, are best fit by using a large value Am M 0.22 GeV for nf = 5 quark 
flavors (corresponding to Am M 0.32 GeV for nf = 4), low energy data 
seem to favor a smaller scale parameter [89]. They are not incompatible 
with a recent study of the mass splitting between the 1s and lp states in 
charmonium using lattice gauge theory, which predicts that Am M 160 MeV 
for nj = 4 [go]. 0 ne has to keep in mind, however, that the running cou- 
pling constant depends only logarithmically on the scale parameter, so that 
a large uncertainty in Am does not imply a large uncertainty in the physical 
couplings. In the numerical analysis we use Am = 0.25 GeV for the scale 
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parameter in the two-loop expression (3.18) for a,(p) in the region between 
the bottom and the charm quark masses, where nf = 4. The corresponding 
coupling constants are 

(Y,(mb) z 0.20, 

a,(m,) x 0.32, 
o,(m) M 0.26. (3.156) 

They agree weII with directs measurements of as(p) at low energies, which 
have an experimental uncertainty of about 10% [89]. More extensive tables 
of the coefficient functions obtained for various sets of input parameters can 
be found in Ref. [84]. 

.-- 2 
1.0 
1.1 
1.2 . .-, -_ - 
1.3 
1.4 
1.5 
1.6 
1.7 
1.8 

Cl c2 c3 

1.136 -0.085 -0.021 
1.107 -0.080 -0.021 
1.081 -0.077 -0.020 
1.056 -0.073 -0.019 
1.033 -0.070 -0.018 
1.011 -0.067 -0.018 
0.991 -0.064 -0.017 
0.972 -0.062 -0.017 
0.953 -0.059 -0.016 

e1” 
0.985 
0.965 
0.946 
0.927 
0.910 
0.894 
0.878 
0.864 
0.850 

6; i?; 
-0.122 0.042 
-0.115 0.040 
-0.109 0.038 
-0.103 0.036 
-0.098 0.035 
-0.094 0.033 
-0.089 0.032 
-0.086 0.031 
-0.082 0.030 

Table 3.1: Short-distance coefficients for b + c transitions. 

Of particular interest are the values of the short-distance coefficients at 
zero recoil, since they determine the radiative corrections to the normaliza- 
tion of the Isgur-Wise function. The analytic expressions resulting in the 
limit w = 1 can be found in Ref. [84]. H ere we shall focus on two quantities 
which wiII play an important role in the further course of this review. We 
define 

qv = ?C;(w= l), 
i=l 

VA = c;(W = 1)) (3.157) 

and use the next-to-leading order expressions for the Wilson coefficients to 
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obtain 

VV = qA 1+ 
2%(mb) 14 -- _ 3n 27 1 4 x-9/25 + 3 ,y12/25 , 

(3.158) 

VA = 2 
6125 l + as(mb) - dmC> z4 _ f%(%) 

7r 3r 
i 

%i” 
42125 + & ln x 

> 

2a,(m) .z2 
--Glnz , 

7r > 

where x = o,(m,)/o,(mb), and 24 M -1.561 from (3.137). These quantities 
are very stable under changes of the input parameters. For Am = 0.25f0.05 
GeV and z = 0.30 f 0.05 one finds 

qv = 1.025 f 0.006, 
VA = 0.986 f 0.006. (3.159) 

. .-, -_ - 
It is instructive to compare this, in retrospective, to different approximations 
for the short-distance coefficients often used in the literature. A very fash- 
ionable one is the leading logarithmic approximation [5, 71. It predicts that 
71, = VA = x6l25 M 1.12, far off the next-to-leading results shown above. 
This failure is not unexpected, of course, since ln(mb/mc) x 1.2 is not a 
particularly large number. When one tries to improve this by including the 
subleading logarithms of order z In B [82], one obtains 77~ M 7,~ M 1.19, which 
is even worse. This clearly demonstrates the necessity to include all next-to- 
leading order corrections. On the other hand, a simple one-loop calculation 
which takes into account all corrections of order as(m), but without a renor- 
malization group improvement, gives 77~ x 1.02 and 77~ x 0.96 [29, 771, in 
fairly good agreement with (3.159). 

For later purpose it will be necessary to know the coefficients Q in the 
limit of equal heavy quark masses. They are 

In this limit the vector current is not renormalized. 



Chapter 4 

Hadronic Matrix Elements 

4.1 Covariant Representation of States 

The purpose of the operator product expansion of currents discussed in the 
previous chapters was to disentangle the short-distance physics related to 
length scales set by the Compton wave lengths of the heavy quarks from 
confinement effects relevant at large distances. This procedure makes ex- 
plicit the mQ-dependence of any Green’s function of the full theory which 
contains one or more heavy quark fields. Hadronic matrix elements of heavy 
quark currents have a l/mQ expansion as shown in (3.1). The coefficients in 
this expansion contain the long-distance physics associated with the inter- 
actions of the cloud of light degrees of freedom among themselves and with 
the background color field provided by the heavy quarks. These hadronic 
quantities depend in a most complicated way on the “brown muck” quan- 
tum numbers of the external states, the quantum numbers of the current, 
and on the heavy quark velocities. They are related to matrix elements of 
effective current operators in HQET. Recall from Sec. 2.3 that these ma- 
trix elements are independent of the heavy quark masses, since the states 
of the effective theory are taken to be the eigenstates of the leading-order 
Lagrangian LHQET in (2.22). Matrix elements evaluated using these states 
have a well-defined behavior under spin-flavor symmetry transformations. 
When combined with the requirements of Lorentz covariance, severe con- 
straints on their structure can be derived. We have already encountered an 
example of this in Chapter 1, where heavy quark symmetry and Lorentz 
covariance could be used to reduce a large set of hadronic form factors to a 
single universal Isgur-Wise function. The way these relations were derived 
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was somewhat cumbersome, however. We will now introduce a much more 
elegant formalism, which allows one to derive the general form of matrix 
elements in a straightforward manner. The clue is to work with a covariant 
tensor representation of states with definite transformation properties under 
the Lorentz group and the heavy quark spin-flavor symmetry [7,91, 921. 

The eigenstates of HQET can be thought of as the “would-be hadrons” 
build from an infinitely heavy quark dressed with light quarks, antiquarks 
and gluons. In such a state both the heavy quark and the cloud of light 
degrees of freedom have well-defined transformation properties under the 
Lorentz group. The heavy quark can be represented by a spinor uh(‘u,s) 
satisfying 

f wL(? s) = w&J, 4, (44 
and we identify the velocity v with that of the hadron. Because of heavy 
quark symmetry the wave function of the state (when properly normalized) 

.--is independent of the flavor and spin of the heavy quark, and the states can 
be characterized by the quantum numbers of the “brown muck”. In partic- 
ular, for each configuration of light degrees of freedom with total angular 

_.momentum j 2 0 and parity P there is a degenerate doublet of states with 
spin-parity Jp = (j f f)‘. Following Falk [92], we discuss the cases of inte- 
gral and half integral j separately. Hadronic states with integral j have odd 
fermion number and correspond to the baryons; states with half-integral j 
have even fermion number and correspond to mesons. 

First consider the baryons. In this case the “brown muck” is an object 
with spin-parity jp that can be represented by a totally symmetric, traceless 
tensor Apl-pj subject to the transversality condition 

vp AfiL’-k = 0 . (4.2) 

States are said to have “natural” parity if P = (-l)j, and “unnatural” 
parity otherwise. The composite heavy baryon can be represented by the 
tensor wave function 

II, Crl..Gj = uh APl..Gj . (4.3) 
Under a connected Lorentz transformation A, this object transforms as a 
spinor-tensor field 

ti Al.+.-+ A;; . . .A;; D(A) +‘l-.“~ , (4.4) 
where D(A) = exp( -$WPuoj‘v ) is the usual spinor representation of A. A 
heavy quark spin rotation i, on the other hand, acts only on uh; hence 

$,‘“‘..+J + D(;i) $,P’.+ . (4.5) 
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Here i is restricted to spatial rotations (in the rest frame). The infinitesimal 
form of D(x) was considered in (1.15). 

a’ The simplest but important case j = O+ corresponds to the ground- 
state AQ baryon with total spin-parity Jp = f’. It can be represented 
by a spinor UA, on which we impose the mass independent normalization 
condition 

c&J, r) UA(% s> = 6s * (4.6) 
Since the light degrees of freedom are in a configuration of total spin zero, 
the spin of the baryon is carried by the heavy quark, and the spinor UA 
coincides with the heavy quark spinor. Hence: 

.-- 

. .-, -_ - 

$‘A = uA(%s) = uh(%~) - (4.7) 

For j 2 0, the object 11, pl.+ does not transform irreducibly under the 
Lorentz group, but is a linear combination of two components with total 
spin j f 3. _ These correspond to a degenerate doublet of physical states, 
which only differ in the orientation of the heavy quark spin relative to the 
angular momentum of the light degrees of freedom. The nonrelativistic 
quark model sug ests that one should identify the states with jp = l+ with 
the CQ (Jp = i -3 ) and C;2 (Jp = 2’) baryons. In the quark model these 
states contain a heavy quark and a light vector diquark with no orbital 
angular momentum. Unlike the AQ baryons they have unnatural parity. 
This implies that decays between AQ and C$’ must be described by parity- 
odd form factors [93, 941. 

Next consider the heavy mesons. We shall only discuss the case jp = i- 
in detail, and refer to Ref. [92] for the treatment of higher spins. Since quarks 
and antiquarks have opposite intrinsic parity, the corresponding physical 
states with “natural” parity are the ground-state pseudoscalar (Jp = O-) 
and vector (Jp = l-) mesons. As before, the heavy quark is represented by 
a spinor uh(v, s) subject to the condition (4.1). The light degrees of freedom 
as a whole transform under the Lorentz group as an antiquark moving at 
velocity V. They are described by an antifermion spinor @e(v, s’) satisfying 

v&J, s’) f = -v&l, s’) . (4.8) 

The ground-state mesons can. be represented by the composite object $ = 
uh tip, which is a 4.x 4 Dirac matrix with two spinor indices, one for the 
heavy quark and one for the “brown muck”. Under a connected Lorentz 
transformation A, the meson wave function II, transforms as 

II, --f D(A) G)-‘(A), (4.9) 
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whereas under a heavy quark spin rotation h 

$-+ D(%II- (4.10) 

The composite T/J represents a linear combination of the physical pseu- 
doscalar and vector meson states. It is easiest to identify these states in 
the rest frame, where uh has only upper components, whereas Ve has only 
lower components. The nonvanishing components of T/J are thus contained in 
a 2 x 2 matrix, which can be written as a linear combination of the identity I 
and the Pauli matrices 0’. Let us choose the quantization axis in S-direction 
and work with the rest frame spinor basis 

.-- (4.11) 
- Then a basis of states is: 

(4.12) 

Let us furthermore define two transverse polarization vectors cf and a lon- 
gitudinal polarization vector ~3 by 

6: = ~(O,l,fi,O), 

E; = (O,O,O,l). (4.13) 

We are then lead to identify the pseudoscalar (P) and vector (V) meson 
states as [7, 921 

fyv’=O) = -Ll+yo5, Jz 2 

V(C= 0,E) = -y+. 
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The second state in (4.12) has longitudinal polarization, whereas the last 
two states have transverse polarization. 

To get familiar with this representation, consider the action of the spin 
operator 5 on $J. A matrix representation of the components X=i in the rest 
frame is C’ =,$rsy”yi, and the action of the operator C’ on the meson wave 
function is C’ $ = [Xi, $1. Using this, we compute 

lc2P= C3P=0, 
Iz2 V(c) = 2 V(c), 

c3 V(Q) = fV(Ef) ) 
c3 V(E3) = 0, (4.15) 

which shows that P has spin zero, and V has spin one. Next consider 
the action of the heavy quark spin operator !?. It has the same matrix 
representation as g:, but only acts on the heavy quark spinor in $J: Si + = 
S’ T/J, with S’ = C”. It follows that 

. ._, __ _ S3P = iV(r,), 

S3V(c3) = ; p, 

1 
s3 V(c*) = f- V(c*) ) 2 

(4.16) 

in accordance with the spin assignments in (4.12). 
In a general frame, the tensor wave functions in (4.14) c&r be readily 

generalized in a Lorentz covariant way by replacing y” by #. The polarization 
vector of a vector meson with velocity u satisfies E. v = 0 and E. E* = - 1, as 
well as 

c p c*” = VucL u” - (-yJ. (4.17) 
pd. 

It can be written as a combination of three orthonormal vector ei that are 
orthogonal to u: 6” = a’. e’p. The generators of the spin symmetry are 
S’ = ;ys#p+ [cf. (1.13)]. Th’ 1s can be used to derive the general relation 
between pseudoscalar and vector meson states in HQET: 

(4.18) 

. This is the correct generalization of (1.41). 
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The covariant representation of states can be used to determine in a 
very efficient way the structure of hadronic matrix elements in the effective 
theory [7,91]. The goal is to find a minimal form factor decomposition con- 
sistent with Lorentz covariance, parity invariance of the strong interactions, 
and heavy quark symmetry. The flavor symmetry is manifest when one uses 
mass independent wave functions to represent hadron states which obey a 
mass independent normalization as in (1.25) or (4.6). The correct trans- 
formation properties under the spin symmetry are guaranteed when one 
collects the spin doublet into a single object. Let us discuss this in detail for 
the ground-state pseudoscalar and vector mesons, although the method is 
completely general. One introduces a combined meson wave function M(v) 
that represents both P(v) and V(v,c) by 

M(v) = T { iey5 
; pseudoscalar meson, 

7 vector meson, (4.19) 

where we-have omitted the factor l/a from (4.14) for later convenience. We 
note that when one prefers to work with meson states obeying the relativistic 
norinalization (1.26), . .-, -_ - one has to multiply M(v) by JmM, where mM is the 
physical meson mass. The covariant tensor wave function has the important 
property 

M(v) = P+ M(v) Pm, (4.20) 

where Pk = $(lf$). Th is will often be used below to simplify expressions. 
Consider now a transition between two heavy mesons, M(v) + M’(d), 
mediated by a renormalized effective current operator h’ r h, which changes 
a heavy quark Q into another heavy quark Q’. Throughout this chapter we 
will use the short-hand notation h = h$ and h’ f h$. According to the 
Feynman rules of HQET, the “heavy quark part” of the decay amplitude is 
simply proportional to tii r uh; interactions of the heavy quarks with gluons 
do not modify the Dirac structure of T. ’ Since the heavy quark spinors 
are part of the tensor wave functions associated with the hadron states, it 
follows that the amplitude must be proportional to M’(v’) I’M(v). This is 
a Dirac matrix with two indices representing the light degrees of freedom. 
Since the total matrix element is a scalar, these indices must be contracted 
with those of a matrix E. Hence we may write 

(M’(d)1 h’I’hpi(v)) = Tr{ E(IJ,~JL);GT’(v’)I’M(~)}. (4.21) 

‘Recall that these gluons are soft. Hard gluon effects are factorized into the Wilson 
coefficients. 
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The matrix Z contains all long-distance dynamics. It is a most complicated 
object, only constrained by the symmetries of the effective theory. Heavy 
quark symmetry requires that it be independent of the spins and masses of 
the heavy quarks, as well as of the Dirac structure of the current. Hence 
Z can only be a function of the meson velocities2 and of the renormaliza- 
tion scale ~1. Lorentz covariance and parity invariance imply that Z must 
transform as a scalar with even parity. This allows the decomposition 

2(2),d,p) = E:1 +z2Ij+2&+2‘&‘, (4.22) 

with coefficients Z; = Z:;(TJ,~). B u using the projection property (4.20) of t 
the tensor wave functions, one finds that under the trace 

Z(v, o’, p) --f E:1 - z2 - E:3 + z4 e -+I, p) . (4.23) 

Therefore [7], 

(M’(d)1 h’I’h IM(v)) = -t(tu,p) Tr{ M’(v’) I’M(v)}. (4.24) 

. .-, -_ - 

The sign is chosen such that the universal form factor [(w, p) coincides with 
the Isgur-Wise function, which emerged in Chapter 1 as the single form fac- 
tor that describes semileptonic weak decay processes of heavy mesons in the 
infinite quark mass limit. Equation (4.24) summarizes in a compact way 
the results derived in Sec. 1.4. Using the explicit form of the meson wave 
functions one can readily recover the relations (1.28), (1.29), and (1.45). 
The only new feature is that the Isgur-Wise function depends on the renor- 
malization scale p. This is necessary to compensate the scale dependence of 
the Wilson coefficients, which multiply the renormalized current operators 
in the short-distance expansion. 

Using the tensor methods described above, it is completely straightfor- 
ward and systematic to find a minimal decomposition in terms of universal 
form factors for any matrix element in HQET. In particular, it is possible 
to evaluate matrix elements of higher dimension operators. By combining 
the results of this section with the explicit expressions for the renormalized 
currents derived in Chapter 3, we now have the tools at hand to construct 
the l/m~ expansion of any hadronic matrix element of the full theory at 
leading and next-to-leading order. In the following sections we will apply 
these methods to the weak decay form factors of heavy mesons. We shall 
come back to the discussion of baryons in Sec. 4.5. 

‘For this to be true it is essential that one identifies the velocities of the heavy quarks 
. with the hadron velocities. This is a legitimate choice because of the reparameterization 

invariance of the effective theory. 
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4.2 Meson Decay Form Factors 

The most important application of heavy quark symmetry is to derive re- 
lations between the form factors parameterizing the exclusive weak decays 
B + o.!y and B + D*eY. A detailed theoretical understanding of these 
processes is a necessary prerequisite for a reliable determination of the el- 
ements F/cb of the Cabibbo-Kobayashi-Maskawa matrix. In the limit of an 
exact spin-flavor symmetry, the meson form factors have been discussed in 
Sec. 1.4. We will now refine this analysis considerably by including the 
first-order power corrections in l/m, and I/mb, as well as renormalization 
effects at next-to-leading order in perturbation theory. The original analysis 
of power corrections is due to Luke [30]. Radiative corrections at leading and 
subleading order have been included in a systematic way in Refs. [84, 881. 

We start by introducing a convenient set of six hadronic form factors 
h;(w), which parameterize the relevant meson matrix elements of the flavor- 

_ --changing -vector and axial vector currents VP = cypb and AC” = C rp”ys b: 

.(D(v’)I VP [B(v)) = h+(w) (TJ + v’)” + h-(w) (v - v’)“, 
. .-, -_ - 

(D*(w’, E)[ V” [B(v)) = i hv(w) d‘uap E:, v& up, (4.25) 

(o*(d, E)( AH /B(v)) = hAl (w) (w + 1) c*‘- [hAz(w)vp+ hA3(w)dp]t**v. 

Here w = w. V’ is the velocity transfer of the mesons. The results (1.29) and 
(1.45) obtained in Sec. 1.4 from the consideration of the naive symmetry 
limit would correspond to 

h+(w) = Ww) = hd”) = hAs(w) = t(w), 
h-(w) = hAz(w) = 0. (4.26) 

But even at leading order in the l/m~ expansion there are corrections to 
these relations from renormalization group effects. They can be taken into 
account by combining the operator product expansion of the flavor-changing 
currents Jp = VP or A’1 in (3.126) with the general form (4.24) of matrix 
elements of the dimension three operators in the effective theory. According 
to (3.142), the p-dependence of the Wilson coefficients of any bilinear heavy 
quark current can be factorized into a universal function lihh( w, p), which is 
-normalized at zero recoil. The p-dependence of this function has to cancel 
against that of the Isgur-Wise function. We can use this fact to define a 
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renormalization-group invariant, renormalized Isgur-Wise form factor by 

&en(w) = th P> Ghh P> 7 Ll( 1) = 1 - (4.27) 

Neglecting terms of order l/m~, we then obtain [84] 

(M’(d)/ J” [M(v)) = -t&(w) 2 ei5’(w) Tr{ g(u’) I; M(v)}. (4.28) 
i=l 

For Jp = Vg and Afi, the matrices I’; are given in (3.102) and (3.112), 
respectively. It is now straightforward to evaluate the traces to find 

h+(w) = G(w) t [- 
h-(w) = F [E2(w)- G(w)] &en(w), 

b(w) = @w) &en(w), 

. .-, __ _ h-h (w) = e:(W) &en(W) , 
hA&“) = &W) &en(W), 
h&(W) = [(?(W, + e:“(W)] &en(W). (4.29) 

This is the correct generalization of (4.26) at leading order in the ~/ULQ 

expansion. It is still true that the meson form factors are all proportional 
to a single universal function &(w). Th e relations between them are not 
as simple as shown in (4.26), however, since radiative corrections violate 
the spin-flavor symmetry. Their effects are contained in the various com- 
binations of short-distance coefficients, which can be evaluated using the 
numerical results given in Table 3.1. 

At this point it is instructive to reconsider the implications of current 
conservation. As discussed in Sec. 1.4, the fact that the vector current op- 
erators of dimension three are conserved in the effective theory can be used 
to derive the normalization of the Isgur-Wise function at zero recoil. Fol- 
lowing eqs. (1.30)-( 1.33) one finds that t( 1, p) = 1, and by definition the 
renormalized form factor &,(w) obeys the same normalization. An obser- 
vation which will turn out to be important later is that this normalization 
also follows from the conservation of the flavor-conserving vector current in 
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the full theory, which implies that h+(l) = 1 in the limit of equal meson 
masses. From the above expressions we find that h+( 1) = 77~ &&l), where 
the QCD coefficient is defined in (3.157). The fact that qv = 1 in the limit 
of equal masses leads to the normalization of the Isgur-Wise function. The 
important point is that current conservation in the full theory is a more pow- 
erful constraint than current conservation in the effective theory. Whereas 
the latter leads to a relation for the Isgur-Wise function only, the condition 
h+(l) = 1 can be used to derive separate constraints at every order in the 
l/mQ eXpanSiOn. 

Following Ref. [30], let us now discuss the structure of the leading power 
corrections to the results given above. We will present the discussion for 
a general transition between two heavy mesons, and later specialize it to 
B + D(*) decays. At order l/m~ there appears in the operator product 
expansion of the currents in (3.147) a set of local and nonlocal effective cur- 
rent operators of dimension four. The local operators Oj contain a covariant 
derivative acting on-one of the heavy quark fields and thus have the generic 
form h’ I iD,h or h’ (-iza) I’h. The D’ irac matrices r carry two Lorentz 

indices; for instance I = y@yO for 0 1. Because of heavy quark symmetry the 
structure of I is irrelevant, however. In generalization of (4.21), hadronic 
matrix elements of these operators can be written as traces over the meson 
wave functions in the following form: 

(M’(d)lh’I’iD, hIM(v)) = -Tr{ Sa(21r~‘,~)~‘(li’)rM(21)}, 

(M’(v’)lh’(-izm)I’hlM(v)) = -Tr{ &(d,~,p);Ci((d)rM(~)}. 

(4.30) 

These matrix elements are related to each other by Dirac conjugation com- 
bined with an interchange of the velocity variables. The tensor form factor 
&(v, v’, p) carries the Lorentz index of the covariant derivative. Taking into 
account the projection properties of the tensor wave functions, one finds that 
the most general decomposition of this object involves three scalar functions: 

&&v',p) = <+(w,p)(~t v'), t t-(w,p)(- QY - t33(wh. ww 
T-invariance of the strong interactions requires that these functions be real. 
This, in turn, implies that the conjugate &(D’, w,~) is given by the same 
expression but for a change of the sign of the second term. 

The. three new functions &(w,p) are not all independent. The equation 
of motion iw.Dh = 0 implies that V” &(v, v’, p) A 0, where the symbol “A” 
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is used to indicate that this relation holds under the traces in (4.30), i.e., 
between the projection operators provided by the meson wave functions. In 
terms of the scalar functions, this constraint is equivalent to 

(w -I- 1) t+b4 4 - (w - 1) I44 4 t t33(w, P> = 0 - (4.32) 

A second relation can be derived by noting that iacl[ &‘I’ h] = h’i%,I’ h + 
6’ I? iD,h. Using (2.31) to evaluate the matrix element of the total derivative 
of the current, one obtains 

I&, 4 4 - SC4 4 21, p) = n (u - J)a I(% P) , (4.33) 

which can be used to relate I-(w,~) to the Isgur-Wise function. The two 
constraints can be combined to give 

(4.34) 

These relations suggest a close relation between these functions and the 
leading-order Isgur- Wise function. The origin of this relation is the repa- 
rameterization invariance of the effective theory. In fact, we have seen in 
Sec. 3.9 that the local dimension four operators Oj are renormalized by the 
same Wilson coefficients ,as the dimension three operators J;. For their ma- 
trix elements this implies that the p-dependence of the functions &(w,p) 
must be the same as the p-dependence of the Isgur-Wise function e(w,p). 
This leads us to introduce a new, renormalization-group invariant function 
rlw bY 

I3h /-4 - x C(w, P> v(w) - (4.35) 

We expect that q(w) will be a slowly varying function of order unity, and 
this is in fact confirmed by QCD sum rule calculations (see Chapter 5). To 
summarize, meson matrix elements of any of the local operators Oj can be 
parameterized in terms of the product A[( w, p) and a single new function 
q(w). A graphical representation of this first type of power corrections is 
shown in Fig. 4.1(a); 

An important consequence of the relations (4.34) is that at zero recoil 
the tensor form factor reduces to 
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Figure 4.1: Diagrams representing the first-order power correc- 
tions (black squares) to decay form factors: (a) corrections from 
local dimension four current operators; (b) corrections from inser- 
tions of higher dimension operators from the effective Lagrangian. 

_ ~ The gray areas represent the light degrees of freedom. 

_ --which vanishes between the (equal velocity) projection operators provided 
by the meson wave functions. Consequently, in the limit v = V’ there are 
no contributions of the local dimension four operators Oj to meson matrix 

. --.- -elements. This statement, which is true to all orders in perturbation theory, 
is the first part of the so-called Luke’s theorem [30, 46, 951. 

A second class of l/m~ corrections comes from the presence of higher 
dimension operators in the effective Lagrangian. Insertions of fZi in (3.72) 
into matrix elements of the leading-order currents J; = &‘I; h represent 
corrections to the meson wave functions, which appear since the states of 
the effective theory are different from the physical states of the full theory. 
For the heavy-light currents the corresponding operators Tk have been dis- 
cussed in detail in Sec. 3.6. For bilinear heavy quark currents one has to 
distinguish insertions of lr on the incoming heavy quark line from inser- 
tions of Li (the prime indicates that this is part of the effective Lagrangian 
for the heavy quark Q’) on the outgoing heavy quark line, as depicted in 
Fig. 4.1(b). The corresponding matrix elements are related to each other by 
Dirac conjugation and an exchange of variables. We only display the first 
one: 

(M’(v’)l $0 -t A(O), L(z) > lM(v)) (4.37) 

= -21ixl(w,p) tr{ M’(v’) Ii M(V)} 

- 2~~ma,(p)tr{ ~ao(~,~‘,~)~(~‘)rjP+~~~M(v)}. 

-- 
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Note that we have factored out A in order for the form factors to be di- 
mensionless. The kinetic operator contained in ,Cr transforms as a Lorentz 
scalar. An insertion of it does not affect the Dirac structure of the matrix 
element. Hence, the corresponding function xr(w,p) effectively corrects the 
Isgur-Wise function. The chrome-magnetic operator, on the other hand, car- 
ries a nontrivial Dirac structure. An insertion of it on the incoming heavy 
quark line brings a matrix crap next to the meson wave function M(v), see 
Fig. 4.1(b). In addition, a propagator separates this insertion from the heavy 
quark current, resulting in a projection operator P+ on the right-hand side 
of I’;. This explains the structure of the second trace in (4.37). Noting that 
D, P+ c@M(v) = 0, we write the general decomposition of the tensor form 
factor x-&V, v’, p) as 
* 

Xc&, 6 4 = i G2h PI dYP t X3(% 4 asp * (4.38) 

.-- 
The terms proportional to xa(w,p) in (4.37) can be simplified, irrespective 
of the structure of the current, by means of the identity [52] 

. .-, __ _ 
P+ aapM(v) aap = 2dM M(v), (4.39) 

where dp = 3 and dv = -1 for pseudoscalar and vector mesons. We have 
already encountered these coefficients in (2.36). It follows that the function 
xs(w, p) always appears in combination with the Isgur-Wise function, but in 
a way that is different for pseudoscalar and vector mesons. It thus represents 
a spin-symmetry violating correction to the meson wave functions. 

Given the above definitions and the expansion of the currents in (3.155), 
it is straightforward, if tedious, to calculate the first-order power correc- 
tions to the hadronic form factors h;(w). Of course, these physical form fac- 
tors should be written in terms of renormalized universal functions xyn(w), 
rather than the p-dependent functions that parameterize the matrix ele- 
ments in the effective theory. For the renormalization of x1 (w, p-I>, which 
always appears in the same combination with the Isgur-Wise form factor, 
it is important to recall from Sec. 3.9 that the Wilson coefficients depend 
on the velocity transfer variable W, which according to (3.153) differs from 
the hadron velocity. transfer by terms of order l/m~. Their p-dependence 
is determined by the function [cf. (3.120)] 
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The first term renormalizes the Isgur-Wise function, whereas the second one 
contributes to the renormalization of xr(w,p). We define 

Khh(ti,P) [m4 t (-& t &) XlW] 

= &en(w) t (-& -I- +-) XY+4 7 (4.41) 

where 

xt;e"(w) = kh(w, p> x&4 P> t ken(w) (w - 1) & ln fhh(w7 4. (4.42) 
The renormalizatiop of the other two functions is straightforward. Factor- 
izing the coefficient of the chrome-magnetic operator as in (3.45), i.e. 

. Cm&) = Cmag(mQ) Icmag(p) 7 (4.43) 

we define 
. .- -_ - 

xl”(w) = Knag(P) hh(w, CL) Xi(W, p) ; i = 2,3. (4.44) 

So far K mag(p) is known in leading logarithmic approximation only, but this 
will turn out to be sufficient for our purposes. 

For the presentation of the exact results for the meson form factors at 
order l /m~ we define functions N;(w), which contain the corrections to the 
limit of an exact spin-flavor symmetry, by 

hi(w) = N(w) &-en(w) - (4.45) 

It is furthermore convenient to introduce the dimensionless ratios 

(4.46) 

as well as three new functions Lp,v(w) and L?(w): 

&en(w) LP(W) = 2X;en(w) - Jemag(mQ) [(W - 1) XTn(W) - 3J”n(W)] , 

&en(W) Lb’(W) = 2Xyn(w) - 4c1mg(mQ) X?“(W), 

&n(W) C?(W) = 4 cm& mQ ) XTn(W) . (4.47) 
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One can show that Lp and Lv are corrections to the Isgur-Wise function 
which always appear for pseudoscalar and vector mesons, respectively, irre- 
spective of the structure of the current [46]. We first present the results for 
N+ and NAI, which will play a special role in the analysis below. They are: 

N+(w)= C,(w)+ 
[^ 

F @72(c) t 63(@‘))] { 1 t &,LD(w) t &b&3(W)} 

t EC 9 {[l - 27(4]62(4 t [3 - 2q(w)]&(*)} 

t&b 9 {[3 - 217(4]~2($ t [l - 2V(W)@3(*)}, 

(4.48) 

NAl(w) = e;(w) (1 +&&l*(W) t &3(w)} 

.-- 

. .-, -_ - 

t EC s {e:@, t 2q(w)E3w)} 

t Eb s {[1 - 217(w)](?@) t 2q(w)&w)}. 

Notice that the Wilson coefficients are functions of the variable W, whereas 
the universal form factors depend on the meson velocity transfer w. The 
expressions for the remaining four form factors are more lengthy. To display 
them we omit the dependence on G and w. We find: 

N- = F (62 - 63) (1 t &cLD t&b&?} 

-Ee{(l-2+ y @‘2 - a,] t (w t 1)4} 

+Ea((l-2~)~1+ v (e2 - a,] t (w t l)C2} , 

NV = El { 1 t E,LD’ t &bLB} 

+&,{~1-2~~3}t&b{[l-211]~~-2~~2}, 

(4.49) 

NAP = L$ { 1 + E~LD* t EbLB) t [Ef t (W - l)ez] &CL: 

- -$ ((1 t q)(e: t e;, - F(l t 2@} 

2&b 
t- 

w-k1 
e; q+wt2)qj, 
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NAP = (6: + Ez) { 1 + E~LD* + EbLB) - [Ef - (W - 1) Ei] E,L~ 

t 

These expressions are the main result of this chapter. 
As discussed above, vector current conservation in the full theory implies 

that h+(l) = 1 in the limit of equal heavy quark masses. Given the above 
expressions, this is equivalent to_Lp(l) = 0, which must hold for any value 
of mQ in the Wilson coefficient Cmag(m~). It follows that3 

x’l”“( 1) = xF”( 1) = 0. (4.50) 

This also implies the vanishing of the p-dependent functions xr(w,p) and 
- _ --;ys(w, p) -at w = 1. It then follows that the matrix elements in (4.37) vanish 

at zero recoil, which is the second part of Luke’s theorem. We shall discuss 
the phenomenological implications of this theorem in the next section. 

. .-, -_ - ‘It is difficult to extract much information from the complicated expres- 
sions for Ni without a prediction for the subleading universal functions 17 
and xf”“. For this reason a detailed numerical discussion is postponed until 
Chapter 5, where these form factors are calculated using the QCD sum rule 
approach. Some important, general observations can be made without such 
an analysis, however. Using (4.50), one finds that the ~/UZQ corrections in 
N+ and NAP vanish at zero recoil. The normalization of the correspond- 
ing meson form factors is predicted by HQET up to second-order power 
corrections: 

h+(l) = rlv + Wm;), 

hA,(l) = +‘A t O(l/m;). (4.51) 

The perturbative coefficients have been given in (3.159). Notice that there 
is no such result for the remaining form factors. 

Further predictions can be made for ratios of meson form factors in which 
some of the universal functions drop out [54]. An important example is the 
ratio 

hv(4 
R1(w) = hi,(w) 9 (4.52) 

30riginally, this was derived by considering in addition the vector current matrix ele- 
ment between two vector mesons, which gives the second condition L”(l) = 1 [30]. 
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which is readily seen to be independent of xrn(w). In fact, at order l/m~ 

the following simple expression can be derived [54]: 

h(w) = J-l(W) { 1 t s t -$+ [l - 2F2(w) q(w)]}, (4.53) 

where 

fi(w)= l-t- 
4h(m,) 

3n e4 7 (4.54) 

and the second short-distance coefficient F2(w) is almost independent of w 
over the kinematic range accessible in semileptonic decays: Fz(w) M 0.9. 
Note that the unknown function q(w) enters in the l/mb corrections only. 
Unless this function were anomalously large,4 we conclude that the ratio 
RI(W) can be predicted in an essentially model independent way. Note that 
both the QCD and the l/m, corrections are positive. As a consequence, 
the deviations from the symmetry limit R1 = 1 are rather substantial. For 
instance, assuming A = 0.5 f 0.2 GeV and neglecting the l/mb corrections 
we obtain Ri = 1.33 f 0.08 at zero recoil. In Chapter 6 we will discuss an 
experimental test of this prediction. 

4.3 Implications of Luke’s Theorem 

The analysis of the previous section showed that the matrix elements which 
describe the leading l/mQ corrections to meson decay amplitudes vanish at 
zero recoil. As a consequence, in the limit u = v’ there are no terms of order 
l/mQ in the hadronic matrix elements in (4.25). This is Luke’s theorem 
[30]. It is independent of the structure of the Wilson coefficients and thus 
valid to all order in perturbation theory [46, 951. 

There is considerable confusion in the literature about the implications 
of this result. It is often claimed that the theorem would protect any meson 
decay rate, or even all form factors that are normalized in the spin-flavor 
symmetry limit, from first-order power corrections at zero recoil. As pointed 
out in Ref. [18] this is not correct. The reason is simple but somewhat 
subtle. We have seen above that the form factors h+ and hAl in (4.25) are 
the only ones protected by Luke’s theorem; the others are multiplied by 
kinematic factors which vanish for w = w’. In fact, from (4.49) is apparent 
that the l/mQ corrections to h-, hv, h&, and hA3 do not vanish at zero 

. ‘We will see in Chapter 5 that o(w) M 0.6, so that the corrections proportional to Eb 
in (4.53) are indeed very small. 

-- 
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recoil. What is often overlooked is that the fact that these functions are 
kinematically suppressed does not imply that they could not contribute to 
physical decay rates. Consider, as an example, the process B + De ti in 
the limit of vanishing lepton mass. By angular momentum conservation the 
two pseudoscalar mesons must be in a relative p-wave in order to match the 
helicities of the lepton pair. The amplitude is proportional to the velocity 
I&] of the D meson in the B rest frame, which leads to a factor (w2 - 1) 
in the decay rate. In such a situation, form factors which are kinematically 
suppressed can contribute. Indeed, an explicit calculation shows that the 
B + De V decay rate is proportional to 

(ID2 - 1) lh+@) - ;; ; ;I /+)12. (4.55) 

The two form factors contribute equally to the rate, although h- is kinemat- 
ically suppressed. Consequently, the decay rate at zero recoil does receive 

.-corrections of order‘l/m~. 5 As emphasized by Neubert [102], the situation 
is different for B ---f D*4!F transitions. Because the vector meson has spin 
one the decay can proceed in an s-wave, and there is no helicity suppression 

near zero recoil. One finds that close to w = 1 the decay rate is proportional 
to lhA1(W)(2- s ince this form factor is protected by Luke’s theorem, these 
transitions are ideally suited for a precision measurement of V& This will 
be discussed in detail in Sec. 6.2. 

To some extent the subtleties with Luke’s theorem arise as an artifact of 
the form factor basis in (4.25), which is however the basis most convenient 
for calculations in HQET. When discussing physics it is better to go back to 
the form factors introduced in (1.35) and (1.46). Recall that in the limit of 
vanishing lepton mass terms proportional to the momentum transfer ~fi do 
not contribute to semileptonic decay amplitudes, since the lepton current is 
conserved. Then only the form factors 8’1, V, Al and A2 are relevant. They 
correspond to the following combinations of heavy quark form factors: 

R* V(q”> = h(w), 
R*-’ A1(q2) = F hAl (W) , 

5As is generally the case because of phase space, the rate vanishes at zero recoil. Strictly 
speaking, it is only possible to measure close to zero recoil and to extrapolate the spectrum 
to w = 1. 
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R* A2(q2) = h&(W) + z hA2(W). (4.56) 

The definition of R(*) as well as the relation between w and q2 are given 
in (1.39). Only A1(q2) is protected against l/m9 corrections at zero recoil, 
corresponding to maximum momentum transfer qk,, = (mg - mp)2 to 
the lepton pair. This means that in practice Luke’s theorem reduces to the 
single but important result that 

(4.57) 

where VA M 0.99 f 0.01 from (3.159), and S+Z represents higher-order 
power corrections. 

4.4 Second-order Power Corrections and the Ana- 
tomy of Sljm2 

The above result offers the possibility for a model independent determination 
of V& from a measurement of the semileptonic decay rate B + D*! 0 near 
zero recoil [16, 1021. In this region the rate is proportional to /hAI ( 1)12, 
which is known theoretically up to corrections of order l/m;. One naively 
expects these higher-order power corrections to be of order E: M 3%, but 
such an estimate could well be too optimistic. For a precision measurement 
of I& it is important to know the structure of l/m; corrections in more 
detail. 

Although in principle straightforward, the analysis of higher-order power 
corrections in HQET is a tremendous enterprise. As shown in Fig. 4.2, three 
classes of corrections have to be distinguished: matrix elements of local di- 
mension five current operators, “mixed” corrections resulting from the com- 
bination of corrections to the current and to the Lagrangian, and corrections 
from one or two insertions of operators from the effective Lagrangian into 
matrix elements of the leading-order currents. Within these classes, one 
can distinguish corrections proportional to l/m:, l/m:, or l/m,mb. Falk 
and Neubert took the challenge and analyzed these corrections for both me- 
son and baryon decay form factors [46]. We shall only briefly discuss the 
main results and iniplications of their analysis. A total of thirty-four new 
universal functions is necessary to parameterize the second-order power cor- 
rections to meson form factors .6 When radiative corrections are neglected, 

6h~ baryon decays are simpler. In this case one has to introduce ten new functions. 

- 
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eleven combinations of these functions contribute to the hadronic form fac- 
tors h;(w). The general results greatly simplify at zero recoil, however. 
There the equation of motion and the Ward identities of the effective theory 
can be used to prove that (i) the matrix element of any local dimension 
five current operator can be expressed in terms of the parameters Xr and 
X2 which describe the l/mQ corrections to the physical meson masses in 
(2.36), and (ii) the “mixed” second-order corrections from the current and 
the effective Lagrangian vanish. These results are the generalization of the 
first part of Luke’s theorem. In addition, the conservation of the flavor- 
conserving vector current in the full theory forces certain combinations of 
the thirty-four universal functions to vanish at zero recoil, in analogy to the 
second part of Luke’s theorem. The consequence is that whenever a form 
factor is protected by Luke’s theorem, the structure of second-order power 
corrections at zero recoil becomes rather simple. 

Figure 4.2: Diagrams representing the second-order power cor- 
rections to meson form factors in HQET: (a) corrections to the 
current; (b) mixed corrections to the current and to the effective 
Lagrangian; (c) corrections to the effective Lagrangian. The black 
squares represent operators of order l/mb or l/m,, the open ones 
denote operators of order l/m;, l/m:, or l/m,mb. 

In particular, the coefficient 6,,,,, 2 in (4.57) is found to have the following 
structure [46]: 

611 
> 

A 
t 4m,mb’ 

(4.58) 

The coefficients !p,v are related to the zero recoil matrix elements of the 

- 
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vector current between two pseudoscalar or vector mesons: 

(D(v)lEy’LbIB(v))=2rlvv~ l-ep $&-J2t...}, 
{ ( c 

$&- - +-)2 + . . .} . 
c b 

(4.59) 

._- 

The terms in parenthesis describe the deviations from the flavor symmetry 
limit, in which the “brown muck” configurations in the initial and final me- 
son are exactly the same. Due to the fact that the heavy quark masses are 
different, the light degrees of freedom undergo some rearrangement, lead- 
ing to a small form factor suppression. In the nonrelativistic constituent 
quark model, the deficit in the wave function overlap results from an mQ- 

dependence-of the reduced mass of the light constituent quark. An estimate 
df this effect in the ISGW model [19] gives7 

!p = ev = 3rnz M 0.37 GeV2, (4.60) 
. .- -. - I 

where we have used the constituent quark mass mp M 0.35 GeV. This gives 
M -2% for the first term in (4.58). The important observation is that this 
contribution is parameterically suppressed and vanishes in the limit of an 
exact flavor symmetry. 

The second term in (4.58) is suppressed by the bottom quark mass and 
is therefore expected to be small. The coefficient A can be written [46] 

\ A=:(&-m~)+~X1+..., (4.61) 

where the ellipsis represents corrections resulting from a double insertion of 
the chrome-magnetic operator. There are good reasons to expect that such 
“second-order” hyperfine effects are strongly suppressed (see Chapter 5). 
We shall neglect them. The contribution to A proportional to the vector- 
pseudoscalar mass splitting is small and positive. It can be extracted from 
the mass difference of the B and B* mesons. The main uncertainty, then, 
resides in the parameter X1. Estimates for this quantity range from Xr M 
-0.30 f 0.15 GeV2 in Ref. [104] to Xr M 0.5 f 0.5 GeV2 in Ref. [52]. Taking 
this uncertainty into account, we estimate 2 f 3% for the second term in 

‘A very similar result is obtained from lattice gauge theory [103]. 
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(4.58). It shows a tendency to compensate the first contribution. The final 
result is 

- 3% < Sljm2 < 3%. (4.62) 

We can combine this with (4.57) to obtain one of the most important, and 
certainly most precise predictions of HQET: 

h& (1) = 0.99 f 0.04, 
A&;,,) = 0.88 f 0.04. (4.63) 

In estimating the theoretical uncertainty we have taken into account that 
corrections which have been neglected are of order (cx~(vz,)/~~)~ M 1% and 
E: x 0.5%, and are thus expected to be very small. 

4.5 Baryon Decay Form Factors .-- 
After the discovery of the Ab baryon at CERN [96, 971, the prospects are 
good that weak decays of heavy baryons can soon be studied in detail. 

. --‘- -.Eventually, such a program could lead to an independent measurement of the 
elements Vcb and VUb of the Cabibbo-Kobayashi-Maskawa matrix. Heavy AQ 
baryons are particularly simple in that they are composed of a heavy quark 
and light degrees of freedom with total angular momentum zero. For this 
reason the theoretical description is rather simpler, and the predictive power 
of HQET is large. It is, therefore, worthwhile to study the semileptonic 
process Ab --f A,eii in detail. 

According to (4.7), in the effective theory a AQ baryon is represented by 
a spinor UA(V, s) that can be identified with the spinor of the heavy quark. 
For simplicity, we shall from now on omit the spin labels and write U(V) - 
UA(W,S). The baryon matrix elements of the weak currents VP = cypb and 
Ap = ~ypys b can be parameterized by six hadronic form factors, which we 
write as functions of the baryon velocity transfer w = v -0’: 

(A,(v’)l VP I&(v)) = U(w’) [4(w) y’ + F2(w) d’ t F3(74 ~‘“1 u(v), 

(A,(v’)l Ap I&(v)) = +‘) [GI(w) yp t G2(4 wp + G3(w) v’+s u(v). 

(4.64) 

The aim is to construct an expansion of the hadronic form factors F;(w) and 
G;(w) in powers of l/m~, and to relate the coefficients in this expansion 
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to universal, mass independent functions of the velocity transfer. This is 
achieved by constructing the operator product expansion of the weak cur- 
rents and evaluating the matrix elements of the effective current operators 
using the tensor methods of Sec. 4.1. The analysis at leading order was 
done by several authors [98, 99, 100, 1011. It was extended to order l/m~ 
by Georgi, Grinstein, and Wise [45]. The next-to-leading order QCD correc- 
tions have been included in Refs. [84, 881. Second-order power corrections, 
which we shall not discuss in detail, have been analyzed by Falk and Neu- 
bert [46]. One proceeds in complete analogy to the meson case, but things 
are much simpler due to the fact that the light degrees of freedom have spin 
zero, whereas they have spin i in the meson case. Accordingly, there will 
be no Lorentz index for the “brown muck”. 

.-- 

Let us then repeat, step by step, the analysis of Sec. 4.2. The baryon 
matrix elements of the dimension three current operators are described by a 
universal form factor C(r.u, p), which is the analog of the Isgur-Wise function 
in the baryon case. It is defined by 

(A’(v’)]&‘I%]A(v)) = ~(w,~)~L(w’)I’u(w). (4.65) 
. .-, -_ - For simplicity we will refer to this function as the Isgur-Wise function, too, 

but we emphasize that it is not at all related to the function ((w,~) which 
arises in the analysis of meson decays. Combining (4.65) with the short- 
distance expansion of the currents in (3.126), one can immediately derive 
expressions for the baryon form factors to leading order in l/m~. They are 

F;(w) = Ci(%P) @-J, P) = C(4 L&J) , 

G(‘w) = C;~(WJ) @w) = &J) (;-en(w), (4.66) 

where we have defined the renormalized Isgur-Wise function in analogy to 
(4.27) by 

As in the meson case, this function is normalized at zero recoil: 

Gen(1) = C(LP> = 1 - (4.68) 

The power corrections of order l/m~ involve again contributions of two 
types. The first come from the local dimension four operators Oj in the 
expansion of the current. Their matrix elements can be parameterized in a 
way similareto (4.30), e.g. 

(A’(w’)]h’I’iD,h]A(w)) = [Q(w,w’,~)~(~‘)I’~(~). (4.69) 
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But now the general structure of the tensor form factor is simpler: 

In the baryon case there is no analog of the function &(20,~). The two 
constraints following from the equation of motion are then sufficient to relate 
&(w,p) to the Isgur-Wise function. One finds [45] 

In the baryon case, matrix elements of the local dimension four operators 
are completely determined in terms of A and the leading-order Isgur-Wise 
function. Of course, A = rn~ - rn~ will have a different value than the 
corresponding parameter for heavy mesons. 

The form factors also receive corrections from insertions of higher di- 
mension operators in the effective Lagrangian into matrix elements of the 
leading-order currents Ji = &‘I’; h. However, baryon matrix elements with 
an insertion of the chrome-magnetic operator vanish, since X&W, w’, p) in 
(4.38) necessarily contains Dirac matrices. This is not allowed in the baryon 
case. Insertions of the kinetic operator preserve the Dirac structure of the 
current, hence effectively correcting the Isgur-Wise function [(w,~). The 
total effect is 

WWI J i dyT { Ji(O)y Ll(Z) } IA(w)) = 2A X(W, P) a(~‘) I; U(W). (4.72) 

We define the renormalized function xren(w) in analogy to (4.42). 
It is now straightforward to work out the power corrections to the hadronic 

form factors F;(w) and Gi(w) at subleading order in the l/m~ expansion. 
We find it convenient to collect certain l/m~ corrections that always ap- 
pear in combination with the Isgur-Wise function into a new, renormalized 
function 

&c(‘$ - &n(W) + (EC + &b) [2Xre&) + 5 &m(W)] , (4.73) 

with EQ as defined in (4.46). Because of the dependence on the heavy 
quark masses this is no longer a universal form factor. The important thing, 
however, is that &(W) is still normalized at zero recoil (see below). Its 
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flavor dependence is irrelevant as long as one considers Ab --f A, transitions 
only. Let us then factorize the hadronic form factors in the form 

E(w) = Ni(w) Cbc(w) 7 G;(w) = N,;(w) <b’bc(w) . (4.74) 

The exact next-to-leading order expressions for the correction factors are: 

h(w) = cl(G) [I t ---+c+ Eb)] , 

Aqw) = G(s) (1+ S) - [C&Z) + E3@)] s, 

N3(w) = @2u) (1 t Z) - [El(W) + C2(ti)] -$ ) 

(4.75) 

.-- 

. -, -, - 

N:(w) = &E)) 

N;(w) =‘6;(‘@) (1 + -$ + &,) - [ef(fij) + e;(ti)] &, 

N3(w) = egtiJ> (1+ 2&, + -$) + [6,5(*) - &iJ)] s. 

These results are completely determined in terms of Ei and the short-distance 
coefficient functions. 

It is easy to show that Luke’s theorem applies to baryon matrix elements, 
too. From (4.71) it follows that &a( w, w, p) = 0. Furthermore, vector current 
conservation in the full theory implies that F(1) = C; F;(l) = 1 in the 
limit of equal baryon masses. From (4.75) one finds that F(1) = &(l) + 
4&Q xren(l) in this limit. In addition to the normalization of the Isgur-Wise 
function, this requires that 

Xren(1) = x(U) = cl * (4.76) 

This in turn implies that &(I) = 1, which justifies the definition of this 
function in the first place. 

The numerical values of the correction factors N/5’(w) depend on the 
value of A, which is not precisely known. For the purpose of illustration 
we take A = 0.7 GeV, corresponding to roughly twice a constituent quark 
mass. Then using mb = 4.8 GeV and m, = 1.45 GeV as in Chapter 3 we 

. have Ed x 0.24 and &b M 0.07. This leads to the numbers shown in Table 4.1, 
which are given in dependence of the baryon velocity transfer w over the 

-- 
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region accessible in At, t A,!fi decays. Recall that the Wilson coefficients 
have to be evaluated at the quark velocity transfer W, which according to 
(3.153) differs from the velocity transfer of the baryons. 

20 Nl N2 N3 N,5 N25 N35 

1.00 1.49 -0.36 -0.10 0.99 -0.42 0.15 
1.11 1.40 -0.32 -0.09 0.94 -0.37 0.13 
1.22 1.32 -0.30 -0.09 0.91 -0.34 0.12 
1.33 1.26 -0.27 -0.08 0.88 -0.31 0.11 
1.44 1.20 -0.25 -0.07 0.85 -0.28 0.10 

Table 4.1: Correction factors for the Ab ---f A, decay form factors. 

The numerical analysis shows that symmetry breaking corrections can be 
.--quite sizable in heavy baryon decays. This is not too surprising, since ec M 

- 25% sets- the natural scale of power corrections, and the QCD corrections 
are typically of order a,(m,)/n x 10%. However, Luke’s theorem protects 
the-quantities Ci F’(w) . .-, -_ - and Gr(w) from l/mQ corrections at zero recoil: 

i=l 

GlW = VA t 0(1/m;). (4.77) 

Because of the second relation it should eventually be possible to extract an 
accurate value of Vcb from the measurement of semileptonic Ab decays near 
zero recoil, where the decay rate is governed by the form factor Gr: 

I!% &&- dw 

dr(Ab + A,ffi) = G; 1 Kb12 

4n3 mic (w, - md2 I&( l>12. 
(4.78) 

The deviations from the symmetry limit Gr(1) = 1 are expected to be small. 
The reason is that, as in the meson case, the second-order power corrections 
to Luke’s theorem are parameterically suppressed. One finds an expression 
similar to (4.58), namely [46] 

2 

Gdl)=rl~-h 
> 

t&. 
c 

(4.79) 

The first term accounts for the deficit in the overlap of the AC and Ab wave 
functions at rest. The second term is of order l/m,mb and expected to be 
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small. A rough estimate gives Gr( 1) M 0.93 with an accuracy of approxi- 
mately f7%. 

Besides a measurement of V/b near zero recoil, there are several applica- 
tions of the form factor relations derived in this section. When combined 
with a prediction for the baryon Isgur-Wise function, the results compiled 
in Table 4.1 determine the semileptonic decay rate completely. Of partic- 
ular importance are predictions that are independent of the form of the 
Isgur-Wise function, such as various differential (in q2 or w. w’) asymmetries 
observable in the cascade Ab + A, e V + A X e V. They depend on ratios 
of form factors, which are predicted in HQET up to corrections of order 
l/,6. As discussed in detail by Kijrner and Kramer, very simple results 
are obtained at q2 = 0 [105]. Th ere several asymmetries are related to the 
parameter 

E = 9V - 9A 

9V + $‘A ’ 
(4.80) 

where gv and gA denote the vector and axial vector couplings at zero mo- 
mentum transfer (not zero recoil). The asymmetry parameter c can be 
shown to vanish both at leading and subleading order in the l/mQ expan- 
sion, when next-to-leading logarithmic radiative corrections are neglected 
[46, 1051. This explains the small value 

c M 2.4% + 0(1/m;) (4.81) 

obtained from the numbers in Table 4.1.’ A contribution of order a few 
percent is expected from l/m6 corrections. Since the prediction (4.81) is 
basically free of theoretical uncertainties, a precise measurement of e would 
yield important information about the size of second-order power correc- 
tions. 

The analysis presented in this section can be readily extended to the case 
of excited baryons. Generally, the derivations become more cumbersome as 
the spin of the light degrees of freedom increases, and the number of universal 
form factors increases accordingly. But there are no fundamental problems. 
We note that from the phenomenological point of view only decays of the 
ground-state Ab decays into excited baryons are likely to be of interest; 
excited bottom baryons will decay strongly or electromagnetically into the 
ground-state. The transitions hb + C?) are interesting from the theoretical 
point of view, since they are forbidden in the infinite quark mass limit due 

. ‘The relation between 6 and the baryon form factors can be found in Ref. [46]. We 
note that there is a sign error in eq. (5.13) of this reference. 
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to the change in the spin of the “brown muck”. The leading terms in the 
decay rate are of order l/m,. For the discussion of such processes the reader 
is referred to Refs. [94, 1061. 

4.6 Meson Decay Constants 

In this section we will discuss an example of the heavy quark expansion 
for matrix elements of heavy-light currents. Although the methods are the 
same as in the case of transitions between two heavy quarks, the description 
of heavy-to-light matrix elements suffers from a proliferation of the number 
of universal form factors, in particular when one goes beyond the leading 
order in l/mQ. The reason is that the light state has to be represented by a 
tensor wave function which is more complicated than that for heavy hadrons. 
An exception are matrix elements which describe the amplitude for a weak 

.-current to pr0duce.a meson out of the vacuum. They are conventionally 
parameterized in terms of decay constants f~ defined by 

( 0 I QYY5 Q P(w)) = VPJmp@ , -_ - 
( 0 I v/@ Q w, 4) = ifVJmvE@ ) (4.82) 

where we use the mass independent normalization of meson states as in 
(1.25). Decay constants are hadronic parameters of primary interest, which 
play a fundamental role in the phenomenology of weak decays. In principle, 
they can be measured in leptonic decays such as K+ + p+vP. The values of 
ffl and fK are in fact quite precisely known from such processes. A direct 
measurement of heavy meson decay constants is difficult, however. The 
vector mesons D* and B* decay by the strong or electromagnetic interactions 
into pseudoscalar mesons, so that it will not be possible to observe their weak 
decays. The leptonic decay rates of pseudoscalar mesons, on the other hand, 
are helicity suppressed and very small. By angular momentum conservation 
a spin zero particle cannot decay into a pair of massless, left-handed leptons. 
Hence the decay amplitude must be proportional to the lepton mass mp. 
Indeed, one finds that 

G; IV&l2 r(P+eu)= 
81r 

fj$mprni (I- $)‘, (4.83) 

where Y;j is the element of the Cabibbo-Kobayashi-Maskawa matrix associ- 
ated with the flavor quantum numbers of the meson P. For light particles, 
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the muonic decay mode gives the dominant branching fraction: 

Br(n- + ~-0~) M 99.99%) 
-- Br(K- + p v~) M 63.51%. (4.84) 

For heavy mesons, on the other hand, the total decay width scales like rn;, 

whereas fs mp approaches a constant in the mp t co limit (see below). 
Thus the leptonic branching fraction becomes increasingly smaller as mp 
become8 larger. For the Ds meson, decays into muons and r-leptons have 
similar probability (up to a factor 2), but muons are much easier to detect 
experimentally. For B mesons, decays into r-leptons are the only ones for 
which there is a chance of discovery in the foreseeable future. The branching 
fractions are tiny, however. One expects: 

~ -- 
I_ .-- Br(D- + p z+) M 3.6 x 1O-4 

(200?IeV)2’ 

Br(B- + r-VT) M 1.3 x 10S4 
( 190?IeV)2(&)2’ (4’85) 

. .-, -_ - 
Presently there is no evidence for any such decays. For the decay constant 
of the D meson an upper limit has been derived [107], which is not too far 
off the expected value of about 200 MeV: 

fD < 290 MeV . (90% CL) (4.86) 

Meson decay constants crucially appear in the theoretical description of 
many important phenomena such as B - B mixing or nonleptonic weak de- 
cays (see, for instance, Refs. [108, 1091). The present ignorance about them 
puts important limitations on the precision to which one knows the param- 
eters of the Cabibbo-Kobayashi-Maskawa matrix, or on various tests of the 
standard model [llO]. In the absence of detailed experimental information, 
a reliable theoretical estimate of heavy meson decay constants is therefore 
most desirable. Any such estimate has to rely on nonperturbative methods, 
which will be discussed in Chapter 5. Currently these methods still have 
considerable uncertainties. An alternative strategy is to relate fD*, fB, and 
fp to the decay constant fD of, the D meson, which will presumably be 
measured in the near future. Heavy quark symmetry predicts such relations 
in the limit mb,m, > AQCD [16, 31, 521. 

The starting point is again the short-distance expansion of the vector and 
axial vector currents in the effective theory. To order l/mQ, the result for the 
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vector current is given in (3.81). The expansion of the axial vector current 
is obtained by replacing q by -q~s. The tensor methods of Sec. 4.1 can be 
used to parameterize the matrix elements of the effective current operators in 
terms of universal, mQ-independent hadronic parameters. Matrix elements 
of the dimension three operators Ji have the following form: 

(Olql?hlM(~)) = iF(p)Tr{I’M(v)}. (4.87) 

The factor 3 is inserted for later convenience. The parameter F(p) depends 
on the scale at which the effective current operators are renormalized, but 
it does not depend on the heavy quark mass mQ. Since the physical de- 
cay constants are observable parameters, they must be independent of the 
renormalization procedure. This means that the p-dependence of F(p) must 
cancel against that of the Wilson coefficients C’;(p) in (3.69). This leads us 
to define a renormalization-group invariant, renormalized parameter Fr,, by .-- 

F,en = &l(P) F(P) * (4.88) 

. -- --U-sing the explicit form of the expansion of the heavy-light currents one finds 
that 

fiM* = CM(mQ) Ken + O(l/mQ) , (4.89) 

where 

eP(mQ) = [%(mQ)]-2’ilo { 1 + “‘(rQ) (.& + a)}, 

&(m.Q) = [as(mQ)]-2’Clo { 1 + as(rQ) &} . (4.90) 

Eq. (4.89) expresses the well-known asymptotic scaling law that fMfi 
approaches a constant (modulo logarithms of mQ) as mM + co. HQET 
provides a rigorous derivation of this result. It also allows for a systematic 
study of the symmetry breaking corrections. Neglecting terms of order l/mQ 

one finds that (recall that mp = mv to leading order in the l/mQ expansion) 
[16, 31, 52, 741 
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This is the asymptotic form of the relations we are looking for. 
Following the analysis of Neubert [52], let us now discuss the l/mQ 

corrections to these relations. They come from matrix elements of the local 
dimension four operators Oj in (3.82), as web as the nonlocal operators Tk 
in (3.83). Consider first the local operators. According to (2.31), meson-to- 
vacuum matrix elements in the effective theory carry the momentum A w. 
Therefore, 

(Oli&(fjI’h)IM(w)) = ~AF(~)Tr{w,I’M(w)}. (4.92) 

This relation can be used to evaluate matrix elements of the operators 04, 
Os, and 0s - 03. Matrix elements of the remaining local operators contain a 
covariant derivative acting on the heavy quark field. They have the general 
structure 

.-- 

. .-, -_ - 

’ (Ol~ri~,hlM(w))= ~Tr{[f’&)v, +F2(p)ya]rM(w)}. (4.93) 

The parameters Fi(p) are constrained by the equations of motion iv-Dh = 0 
and ipq = m, q, where we consider the general case m, # 0 for a moment. 
Contracting the matrix element in (4.93) with v0 one finds that J’r(p) = 
Fz(p). Furthermore, we are free to consider the special case T = y” I”, for 
which the equation of motion for the light quark implies 

qyLl I” iD, h = iF [qya I” h] + mp qr’ h . (4.94) 

Evaluating the matrix elements of these operators, one readily obtains 

F&i) = F&L) = -+ F(p). (4.95) 

From now on we shall set, as previously, mp = 0. The equations of motion 
for the heavy and light quark fields imply that matrix elements of the local 
dimension four operators between a heavy meson and the vacuum are all 
determined in terms of the product AI+). 

Next one has to evaluate the matrix elements of the nonlocal opera- 
tors Tk. They represent the l /U&Q corrections to the hadronic wave func- 
tion arising from the presence of higher dimension operators in the effective 
Lagrangian. Two additional parameters Gr(p) and G&) are needed to 
parameterize these corrections. They are defined by 

( 0 I iJdy T { Jdo), -WC> 1 IWd) (4.96) 

= i J’(P) [G(P) + 2dMCrnag(P> G(P)] Tr{ I’M(v) 1. 
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Once again we encounter the coefficients dp = 3 and dv = -1. 
It is now straightforward to derive the expressions for fp and fv at order 

l/m9 in the heavy quark expansion. One obtains 

.f~k = edmg) F,en { 1 + $ [G(p) + 2d,&n,(p) G2(p)] 

- -ii- [b(P) + mw]} * 
6mQ 

(4.97) 

The short-distance coefficients b(p) and B(p) are combinations of the Wilson 
coefficients Bj(p) of the local dimension four operators [52]. They are given 
by 

(4.98) 

As previously, the coefficients are given here in a hybrid approach, in which 
_.the‘scale in the next-to-leading corrections is ambiguous. At tree level, one 
has B = 1 and b = 0. 

Since (4.97) must be p-independent both for pseudoscalar and vector 
mesons, it follows that the combinations 

- 

(%(mQ) = G(P) - $ b(p), 

e2(mQ) - G&P) G(P) - h [B(P) - 11 (4.99) 

must separately be renormalization-group invariant. Notice that, unlike the 
individual coefficients Bi(p) in (3.99), the expressions for B(p) and b(p) are 
just of the right form for this to be possible. At leading logarithmic order, 
one can define renormalized universal parameters by 

G 7, = Gl(p) - 2 Ina&), 

GT” = ,[@)]-3’100 [Gz(p) - $1 , 

.so that 
- 

(%(mQ) = G’,“” + $ [g Ina, - :] , (4.101) 

(4.100) 
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In terms of these quantities, the final result has the same form as at tree 
level: 

he = e&V?) &en { 1 -I- ‘cQ) + 2 [212(mQ) - 61). (4.102) 

The virtue of this expression is that it relates the l/mQ corrections to meson 
decay constants to the matrix elements of particular operators in the effective 
theory. The spin-symmetry breaking corrections are those proportional to 
dM. They determine the ratio of vector to pseudoscalar decay constants. 
Using that mv/mp = 1 + 0(1/m;), one obtains 

(4.103) 

. .-, -_ - 
For a numerical estimate of the power corrections it is necessary to calculate 
the hadronic parameters 6;li using some nonperturbative approach. We will 
discuss such a calculation in Sec. 5.4. 



Chapter 5 

QCD S urn Rules 

5.1 Nonperturbative Techniques .-- 
In the previous chapters we have presented the state of the art in the theo- 
retical understanding of the weak decay form factors of hadrons containing 

. -~- -‘a-heavy quark. The establishment of heavy quark symmetry as an exact 
limit of the strong interactions enables one to derive approximate relations 
between decay amplitudes, and normalization conditions for certain form 
factors, which are similar to the relations and normalization conditions that 
can be derived for goldstone boson scattering amplitudes from the low energy 
theorems of current algebra. HQET provides the framework for a systematic 
investigation of the corrections to the limit of an exact spin-flavor symmetry. 
The result of such a model independent analysis is a short-distance expansion 
of decay amplitudes, in which the dependence on the heavy quark masses 
is explicit. At each order in the l/mQ expansion the long-distance physics 
is parameterized by a minimal set of universal form factors, which are in- 
dependent of the heavy quark masses. To next-to-leading order in l/mQ 

we have presented these expansions for the weak decay form factors of the 
ground-state heavy mesons and baryons, and for the meson decay constants. 
The results fully incorporate the relations between form factors imposed by 
heavy quark symmetry, which are often nontrivial and unexpected. An im- 
portant example is that the first-order power corrections to the axial vector 
form factor h& in (4.25) can be related to those to the vector form factor 
h+ and can be shown to vanish at zero recoil. Similar relations exist at order 
l/m& . and eventually lead to the very precise estimate in (4.63). Another 
virtue of the analysis in HQET is that it relates the universal form factors to 
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matrix elements of particular quark-&ion operators, making the connection 
between measurable decay amplitudes and the underlying theory of strong 
interactions more transparent. A good example is provided by the functions 
xz and ~3 in (4.38), which relate hyperfine corrections arising from the in- 
teraction of the heavy quark spin with the light degrees of freedom to matrix 
elements of the chrome-magnetic operator. 

.-- 

As presented so far the analysis is completely model independent. Since 
hadronic decay processes are of genuine nonperturbative nature, however, 
it is clear that predictions that can be made based on symmetries only are 
limited. In particular, very little can be said on general grounds about the 
properties of the form factors of the effective theory. But there is a lot of 
information contained in these functions. Much like the hadron structure 
functions probed in deep inelastic scattering, the Isgur-Wise functions’ are 
fundamental, nonperturbative quantities in &CD. They describe the prop- 
erties of the light degrees of freedom in the background of the static color 
field provided by the heavy quarks. Since, in a way, a static color source is 
the most direct way to probe the strong interactions of quarks and gluons 
at large distances, a theoretical understanding of the Isgur-Wise functions 
would not only enlarge the predictive power of HQET significantly, but 
would also teach us in a very direct way about the nonperturbative nature 
of the strong interactions. This is, of course, a very challenging task, and it 
must be emphasized that dealing with the universal form factors one leaves 
the safe grounds of symmetries. 2 Such investigations can nevertheless be 
rewarding, however. Ultimately, they are necessary for a comprehensive 
understanding of the physics of heavy mesons and baryons. 

Several nonperturbative approaches have been proposed to address the 
complicated problem of calculating hadronic matrix elements. Were it not 
for its technical limitations, the method of choice would probably be lattice 
gauge theory [ill], which allows to perform numerical simulations of QCD 
on a discretized space-time lattice. This is an approach from first principles, 
which has the potential to reproduce all features of the theory to arbitrary 
accuracy. In practice, however, the technical limitations are tremendous. It 
is beyond the scope of this review to give a detailed description of the current 
status of lattice gauge theory and its applications to weak interaction phe- 
nomenology. The reader is referred to the recent reviews Refs. [112,113,114] 

‘In this chapter we shall generally refer to the universal form factors of HQET as the 
. Isgur-Wise functions. 

2To put it in a concise way: This is where the brown muck hits the fan. 
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and references therein. We will instead point out some difficulties specific 
for the study of hadrons containing a single heavy quark. For a reliable 
simulation of hadronic interactions one needs lattices much larger than the 
confinement S&e, i.e. Ne >> Rhd N ~/&CD, where N is the number of 
lattice sites in each dimension, and a is the lattice spacing. In order for the 
lattice not to be too coarse to simulate the interactions of a heavy quark, 
on the other hand, one has to require that a < l/mQ, so that the Compton 
wave length of the heavy quark is large compared to the lattice spacing. 
Clearly, these two requirements are in conflict as mQ/AQcD becomes large. 
Presently it is possible to achieve lattice spacings a M (2 GeV)-l, which is 
not small enough to simulate the strong interactions of quarks heavier than 
the charm quark. This problem initiated many of the developments which 
eventually lead to the modern formulation of HQET. Eichten [27], and Lep- 
age and Thacker [28], pointed out the utility of the static approximation: 
In the effective theory the length scale for fluctuations of the effective ‘heavy .-- 

- quark field h, is set by the residual momentum, and is thus of order of the 
confinement scale. It is then sufficient to require that Na >> Rhad >> a, 
which is the same condition as for light hadronic systems. Still, the calcu- 

. -~- lation of heavy meson or heavy baryon form factors is a very complicated 
task. The Green’s functions of interest receive a large contamination from 
excited states, and sophisticated “smeared” operators must be constructed 
to enhance the overlap with the ground-state. Present calculations are lim- 
ited to the so-called “quenched” or “valence” approximation, in which the 
effects of sea quarks are neglected [115, 1161. So far, results in the effective 
theory have only been obtained for the decay constants of heavy mesons, 
but not for their weak decay form factors. 

In this chapter we discuss the alternative approach provided by QCD 
sum rules. Several forms of sum rules are discussed in the literature. They 
all rely, in one way or another, on quark-hadron duality to relate hadronic 
matrix elements to transition amplitudes of quarks and gluons in the under- 
lying theory. In Sec. 5.2 we discuss two inclusive sum rules, which lead to a 
lower and an upper bound for the slope of the Isgur-Wise function at zero re- 
coil. They were derived by Bjorken [91] and Voloshin [117] by imposing that 
the inclusive sum of the probabilities of heavy meson decays into hadronic 
states should be the same as the probability for the free quark transition. 
In the following four sections we introduce the QCD sum rule approach of 
Shifman, Vainshtein, and Zakharov (SVZ) [118], and discuss its applications 
to the c$culation of the decay constants and form factors of heavy mesons. 
These sum rules are on less certain grounds in that they attempt to describe 
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exclusive processes, thus relying on local duality of the quark and hadron 
pictures. Yet the SVZ approach is closely related to the underlying theory. 
A large number of hadronic parameters and form factors have been studied 
using this method, often with great success (for an overview see Ref. [119]). 
Since the first QCD sum rule analysis of heavy quark systems by Shuryak 
[26], meson decay constants and weak form factors have been extensively 
studied. Recently, important improvements have been obtained by com- 
bining the SVZ technique with the effective theory for heavy quarks. The 
QCD sum rules for heavy mesons are now among the most elaborate sum 
rules ever derived. In Sec. 5.7, we combine the results obtained so far into 
a prediction for the meson decay form factors that incorporates correctly 
the symmetry relations and QCD corrections discussed in Chapters 3 and 
4. These results build the basis for a comprehensive analysis of semileptonic 
B decays, which is the subject of Chapter 6. 

We shall not discuss in detail several other approaches that have been 
used to calculate the universal form factors of the effective theory, although 
they are interesting in their own rights. We briefly mention two of them. 
Neubert and Rieckert have proposed a method to extract the Isgur-Wise 
functions for heavy mesons and baryons from overlap integrals of light-cone 
wave functions, or more generally from any model that predicts the hadronic 
form factors at q2 = 0 [18]. The idea is that at fixed, momentum transfer the 
recoil 2, . v’ is a function of the hadron masses ml and m2. It can be varied 
over the entire kinematic range u.w’ 2 1 by adjusting the mass ratio mr/m2. 
This allows one to extract the velocity dependent form factors of HQET, at 
leading and next-to-leading order in the l/mQ expansion, from a knowledge 
of the hadronic form factors at the single point q2 = 0. In Ref. [18] this 
approach has been applied to the BSW model [17], and explicit expressions 
for the Isgur-Wise functions for heavy mesons have been obtained. A similar 
analysis for baryon decays was performed in Ref. [120]. Another interesting 
approach is to study the properties of hadrons containing a heavy quark in 
the context of an exactly solvable toy model of the strong interactions, such 
as the ‘t Hooft model, i.e., two-dimensional Yang-Mills theory in the large 
N, limit [?21]. Burkardt and Swanson [122], as well as Grinstein and Mende 
[123], have investigated heavy meson decay constants and weak decay form 
factors in this model. Some of their results are similar to those obtained 
from detailed studies in the full theory; however, it must be emphasized 
that there is no simple way to extrapolate from two to four dimensions (for 
instance, there is no analog of the spin symmetry in the ‘t Hooft model), or 

*from an infinite number of colors to N, = 3. 
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5.2 Properties of the Isgur-Wise Function 

The leading-order Isgur-Wise function t(w) plays a central role in the de- 
scription of the weak decays of heavy mesons. It contains the long-distance 
physics associated with the strong interactions of the light degrees of free- 
dom and cannot be calculated from first principles. Nevertheless, some 
important properties of this function can be derived on general grounds, 
such as its normalization at zero recoil, which is a consequence of current 
conservation. According to (1.36) the Isgur-Wise function is the elastic form 
factor of a ground-state heavy meson in the limit where short-distance and 
power corrections are negligible. As such, t(w) must be a monotonically 
decreasing function of the velocity transfer w = v . v’, which is analytic 
in the cut w-plane with a branch point at w = -1, corresponding to the 
threshold q2 = 4mi for heavy quark pair production [cf. (1.37)]. However, 
being obtained from a limiting procedure, the Isgur-Wise function can have 

- ‘--much stronger singularities than the physical elastic form factor. In fact, 
the short-distance corrections contained in the function Kw(w,p) lead to 
an essential singularity at 20 = -1 in the renormalized Isgur-Wise function 

. --‘- defined in (4.27). 
When using a phenomenological parameterization of the universal form 

factor one should incorporate the above properties. Some legitimate forms 
suggested in the literature are: 

2 
tBsSW(w> = - 

w+l exp - Pe2 - 1) $} 7 

tISGW(w) = exP { -e2(W-l)}, 

!&01&) = (&)2ez. 61) 
The first function is the form factor derived in Ref. [X3] from an analysis 
of the BSW model [17], the second one corresponds to the ISGW model 
[19], and the third one is a pole-type ansatz. Of particular interest is the 
behavior of the Isgur-Wise function close to zero recoil, which is determined 
by the slope parameter e2 > 0 defined by t’( 1) = -e2, so that 

((w) = 1 - e2 (w - 1) + 0[(w - 1)2]. (5.2) 

It is important to realize that the kinematic region accessible in semilep- 
tonic decays is small (1 < 20 < 1.6). As long as Q is the same, different 
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functional forms of t(w) will g ive very similar results inside this region, al- 
though they can differ substantially outside. For instance, for e2 = 0.8 one 
finds t~~w(l.6) M 0.67, &~~(1.6) M 0.62, and &,,,re(l.6) M 0.66. The con- 
clusion is that a precise knowledge of the slope parameter would basically 
determine the Isgur-Wise function in the physical region. 

Bjorken has shown that e2 is related to the form factors of transitions 
of a ground-state heavy meson into excited states in which the light degrees 
of freedom carry quantum numbers j *P = 1+ or 5 , 3+ by a sum rule which 
is an expression of quark-hadron duality: 21n the infinite mass limit, the 
inclusive sum of the probabilities for decays into hadronic states is equal to 
the probability for the free quark transition. If one normalizes this latter 
probability to unity, the sum rule has the form [91, 1241 

-I- NW - l)“] , (54 
where 1, m, n label the radial excitations of states with the same spin-parity 
quantum numbers. The sums are understood in a generalized sense as sums 
over discrete states and integrals over continuum states. The terms in the 
first line on the right-hand side of the sum rule correspond to transitions into 
states with “brown muck” quantum numbers jp = $-. The ground-state 
gives a contribution proportional to the Isgur-Wise function, and excited 
states contribute proportional to analogous functions t(‘)(w). Because at 
zero recoil these states must be orthogonal to the ground-state, it follows 
that [(‘l(l) = 0, and one can conclude that the corresponding contributions 
to (5.3) are of order (~-1)~. The contributions in the second line correspond 
to transitions into states with jp = i’ 3+ Because or 5 . of the change in 
parity these are p-wave transitions. The amplitudes are proportional to the 
velocity ]Gj] = (w” - 1)li2 of the final state in the rest frame of the initial 
state, which explains the suppression factor (w- 1) in the decay probabilities. 
The functions rj(w.) are the analogs of the Isgur-Wise function for these 
transitions. Their precise definition is given in Ref. [124]; it is not important 
for the following discussion, however. Transitions into excited states with 
quantum numbers other th2n the above proceed via higher partial waves 

‘and are suppressed by at least a factor (w - 1)2. 
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For 20 = 1, eq. (5.3) reduces to the normalization condition for the Isgur- 
Wise function. The Bjorken sum rule is obtained by expanding in powers of 
(w - 1) and keeping terms of first order. Taking into account the definition 
of the slope parameter e2 in (5.2), one finds that [91] 

Notice that the lower bound is due to the prefactor $(‘w + 1) of the first term 
in (5.3) and is of purely kinematic origin. In the analogous sum rule for AQ 
baryons this factor is absent, and consequently the slope parameter of the 
baryon Isgur-Wise function C(w) is only subject to the trivial constraint 
eLyon > 0 [125]. 

Based on various model calculations there is a general belief that the 
contributions of the excited states in the Bjorken sum rule are sizable, and 
that e2 is substantially larger than l/4. For instance, Blok and Shifman have 

---estimated the contributions of the lowest lying excited states to (5.4) using 
QCD sum rules and find that 0.35 < e2 < 1.15 [126]. The experimental 
observation that semileptonic B decays into excited D** meson have a large 

-.branching ratio of M 4% gives further support to the importance of such 
contributions [127]. 

Voloshin has derived another, less well-known sum rule involving the 
form factors for transitions into excited states, which is the analog of the 
“optical” sum rule for the dipole scattering of light in atomic physics. It 
reads [117] 

where Ej are the excitation energies relative to the mass mM of the ground- 
state heavy meson. The important point is that one can combine this re- 
lation with the Bjorken sum rule to obtain an upper bound for the slope 
parameter e2: 

mM-mQ 
2E , 

min 
(5.6) 

. where Eh, denotes the minimum excitation energy. In the quark model 
one expects3 that Ed, x mM - mQ, and one may use this as an estimate 
to obtain e2 < 0.75. 

3Strictly speaking the lowest excited “state” contributing to the sum rule is D + r, 
which has an excitation energy spectrum with a threshold at mrr. However, one expects 
that this spectrum is broad, so that this contribution will not invalidate the upper bound 
for e2 derived here. 

I 
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In the above discussion of the sum rules we have ignored renormalization 
effects. However, both the slope parameter e in (5.4) and the heavy quark 
mass mQ in (5.5) are renormalization-scheme dependent quantities. The 
question arises how the sum rules can be written in a renormalization-group 
invariant way. Although there exist some qualitative ideas how to account 
for the p-dependence of the various parameters [117,124], it is currently not 
known how to include renormalization effects in a quantitative way. One 
should therefore consider the bounds on e2 as somewhat uncertain. We 
account for this by relaxing the upper bound derived from the Voloshin sum 
rule. Tentatively, then, we conclude that 

0.25 < e2 < 1.0, (5.7) 

where it is expected that the actual value is close to the upper bound. 

. .-, -_ - 

Recently, de Rafael and Taron claimed to have derived an upper bound 
e.” < 0.48 from general analyticity arguments [128]. If true, this had severely 
constrained the form of the Isgur-Wise function near zero recoil. It took 
quite some time until it became clear what went wrong with the derivation 
in Ref. [128]: The effects of resonances below the threshold for heavy meson 
pair production invalidate the argument [129, 130, 131, 1321. It is now clear 
that the de Rafael-Taron bound is not valid, so that one is left with the sum 
rule result (5.7). 

5.3 The Sum Rules of SVZ 

In 1979, Shifman, Vainshtein, and Zakharov (SVZ) proposed a new tech- 
nique for dynamical, QCD-based calculations of hadron properties [118]. 
Their idea was to study the correlators of certain currents at small (but not 
too small) euclidean distances, where asymptotic freedom allows for pertur- 
bative calculations, wh?le nonperturbative effects can be included as power 
corrections in an operator product expansion. In QCD these nonperturba- 
tive effects are related to the nontrivial vacuum structure. Their inclusion in 
the form of vacuum expectation values of local quark-gluon operators is the 
most important ingredient of the SVZ approach. The sum rules are obtained 
by using dispersion relations to relate the current correlators to spectral den- 
sities, which have an interpretation in terms of physical intermediate states 
because of quark-hadron duality. 

Since their proposal, the SVZ sum rules have been applied very success- 
-fully to many hadronic systems. The decay constants of heavy mesons have 
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been first investigated in Refs. [26, 1331. Meson decay form factors’ were 
considered in Refs. [134, 135, 136, 1371. Recently, the SVZ sum rules have 
been reformulated in the context of HQET, both at leading [138, 139, 1401 
and next-to-leading order [52, 541 in the l/mQ expansion. This approach 
offers many advantages over the conventional one. First, by construction it 
implements the Ward identities of the effective theory, which lead to nor- 
malization conditions at zero recoil. Second, and not less important, it 
enables one to perform a systematic renormalization group improvement of 
the current correlators. Finally, the simple form of the Feynman rules of 
HQET facilitates the analytical calculations. As a consequence, it has be- 
come standard to include two-loop radiative corrections in the analysis of 
both the two- and three-current correlation functions, a task which would 
require a tremendous effort in the full theory. In the following sections we 
review the existing calculations for the decay constants and weak decay form 
factors of heavy mesons, both at leading and next-to-leading order in the 

---l/mQ expanSiOn. Similar studies of baryon form factors can be found in 
Ref. [141]. 

In the remainder of this section we shall illustrate the procedure for 
the parameter F,,, in (4.88), which gives the leading term in the l/mQ 

expansion of heavy meson decay constants. We shall present the formalism 
as developed in Refs. [52, 541, which makes use of the tensor methods of 
Sec. 4.1. One starts by defining interpolating currents JM = h,rMq for the 
ground-state pseudoscalar and vector mesons, with 

rM = -75 
1 

; pseudoscalar meson, 
YP - VP ; vector meson. (5.8) 

These currents can create the ground-state meson M(v), as well as any 
excited state with the right quantum numbers as long as it contains a heavy 
quark Q with velocity v. Consider then the two-current correlator 

II(w) = i/d4s eikez* (~IT{J~(~),JM(O)}IO), (5.9) 
where w = 2~. Ic, in the effective theory. In the rest frame, where v = (1, G), 
it describes the generation and later annihilation of a system containing a 
static heavy quark and some light degrees of freedom. There is no spatial 
propagation of the heavy quark. The energy levels of the system can be 
excited by injecting some energy k” into the two-point function. The imag- 
inary part of II(w) g ives the spectrum of these excitations. In a general 
frame the two-current correlator is an analytic function in w = 2v . k, with 
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discontinuities on the positive real axis. 4 To see this, recall that the corre- 
sponding correlator in the full theory with h, replaced by Q is analytic in 
the external momentum p2 with discontinuities for p2 > rnt, where we set 
again the mass of the light quark to zero. Because of the redefinition of the 
phase of the heavy quark field in the effective theory, the relation between 
k and p is p = mQV -I- k. Then, in the infinite mass limit, 

p2-rn$ 
+2vak=w. 

mQ 
(5.10) 

. .-, -_ - 

In the deep euclidean region w < 0, asymptotic freedom allows for a per- 
turbative calculation of the correlator in an expansion in powers of a,(-~). 
However, since we are interested in the properties of the ground-state mesons 
we would like to get closer to the resonance region, where nonperturbative 
effects become increasingly important. The‘ idea of the SVZ approach is 
to work in the transition region, where nonperturbative effects are already 
important, but they are still small and local enough to be described as 
power corrections in an operator product expansion. The coefficients in this 
expansion are related to vacuum expectation values of local quark-gluon op- 
erators, the so-called vacuum condensates K~ [118]. In perturbation theory 
these condensates would vanish by definition, but in the SVZ approach they 
arejncluded as a simple way to parameterize the nontrivial vacuum struc- 
ture of &CD. Hence, in this transition region the correlator is approximated 
as 

where 
HI(W) z ITpert t %ond(W) 7 (5.11) 

IIpert(w) = J dv ppert(V) 
U-W-k 

+ subtractions, 

bmd(W) = c cn,& * 
n 

. 

The perturbative contribution is written as a dispersion integral, which may 
require a local subtraction polynomial in w to be well-defined. Both the 
spectral density Ppert and the Wilson coefficients C, have a perturbative 
expansion in o, ( -w). 

The approximation (5.11) is useful as long as only the first few terms 
in the series of power corrections are important. Then the number of con- 
densates is small, since only operators with the quantum numbers of the 

“The factor 2 is inserted for convenience. 
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vacuum (i.e., no spin, color, flavor etc.) can have a nonzero expectation 
value. For our purposes the relevant condensates have dimension lower than 
six. They are the quark condensate, the gluon condensate, and the mixed 
quark-gluon condensate [118]: 

(a?> x -(0.23 GeV)3, 
(a,GG) M 0.04 GeV4, 

(g@+Gp”“d - mi? (t?d , 4 M 0.8 GeV2. (5.13) 

The numerical values refer to a, renormalization scale p = 1 GeV. These 
numbers have emerged from the phenomenological analysis of many hadronic 
systems using the sum rule approach. They are believed to have an accuracy 
of typically 30%. 

The idea of QCD sum rules is to relate the theoretical approximation of 
J(w) to a hadronic.representation of the correlator, which is obtained by 

- saturating it. with a complete set of physical intermediate states. In HQET 
these are states X(v) containing a single heavy quark with velocity v: 

. .-, -_ - 

nhad&> = c 
I (X~v)l JM I 0 > I2 + subtractions (5.14) 

X wx-w-k 
, 

The sum is understood as a sum over discrete states and an integral over 
continuum states, and wx is twice the effective “mass” of the state in H&ET, 
i.e., the mass of the physical state minus the heavy quark mass. Let us eval- 
uate the contribution of the ground-state meson M(v) to the sum. Inserting 
p2 = rn& into (5.10) we find that WM = 2(mM - mQ) = 21i. The hadronic 
matrix elements are readily evaluated using (4.87) and the trace identity 

( > c Tr{i?MM(v)}Tr{M(V)I’M} = -‘i?Tr{FMP+rM} 7 (5.15) 
PO1 

, 
where .F’+ = f(1 + $), and a sum over polarizations is understood if M is a 
vector meson. One obtains 

l- - F2(PU) nh~~(w)=-ZTr{rMP+rM}2h-w-ict.... 

It can be readily seen from the Feynman rules of the effective theory that 
any contribution to the correlator must be proportional to the same trace 
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over Dirac matrices. This is how the spin symmetry is incorporated into the 
formalism. It is then convenient to define a function r(w) by 

n(W) = -i Tr{ FM p+ rM } r(W). (5.17) 

Equating the theoretical and the hadronic representation of the correlator 
K(W), one obtains the sum rule 

F2b> 
ali- w - ic = J &, b&) 

v-w-k -c Fi (4 
X#M wx-w-k 

+ subtractions + ?Tcond(W), (5.18) 

where we have written the contributions of excited states in terms of reduced 
.-- matrix elements F&L), which are defined in analogy to F(p) in (5.16). For 

simplicity we use the same symbol for the perturbative spectral density after 
L \ the trace has been factored out. 

. .-, -_ - Now comes an important assumption of the SVZ approach: In order to 
be able to evaluate the right-hand side of the sum rule without a detailed 
knowledge of the spectrum and the matrix elements of excited states, one 
employs local (in w) quark-hadron duality. The picture is that the nonper- 
turbative QCD interactions, which are responsible for the differences in the 
perturbative and the hadronic spectral densities, distort the spectrum in 
such a way that when one “smears” the physical spectrum over a few levels 
by integration with some smooth weight function, one obtains locally the 
same spectral density as in perturbation theory. This allows one to replace 
the sum over excited states by the integral over the perturbative spectral 
density above the so-called continuum threshold wn: 

(5.19) 

Effectively, this absorbs the ignorance about the structure of higher res- 
onance contributions into a single parameter. A more refined description 
would be to retain a sum over the lowest lying states, and to approximate 
only very high and broad resonances by the perturbative continuum. How- 
ever, this would introduce a set of unknown parameters Fx and wx, and 

*the approach would lose much of its simplicity and predictive power. 
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Under the assumption (5.19) the sum rule simplifies to 

F2(d “‘dy b&) 
2A-w-i~=o J u-w-k 

+ subtractions + R,,,~(w) . 
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(5.20) 

This is still not very useful. In order to extract information about the 
ground-state one has to go to small values of (-w), so that the weight 
function in the dispersion integral enhances the low energy contributions 
relative to the high energy ones. But on the other hand the theoretical 
calculation is reliable only when (-w) is large. The observation of SVZ was 
that an “optimal balance” between these contradictory requirements can be 
achieved by means of a Bore1 improvement of the sum rule. The idea is the 
following: An alternative way to extrapolate the function T(W) from large 
values of (-w) to smaller ones is by taking derivatives. When (-w) tends to 
infinity, an arbitrary number n of derivatives can be calculated in a reliable 

“way. By. considering the simultaneous limits -w + 00 and n + 00, with 
T = -w/n fixed, one can explore the behavior of the function at scales T. 
This procedure defines the Bore1 transformation: 

-_ - 

i$) f(w) = lim 
(-w)n+l 

n+oa I’(n+l) 
T = G fixed. (5.21) 

-w+oo 

T > 0 is called the Bore1 parameter. The application of this transformation 
improves the sum rule (5.20) in a threefold way. To see this, note that 

jjy 1 
u-w-k 

= exp - v 
( > T ’ 

@J) 1 - 1 

(-4” l?(n) P-l ’ 
(5.22) 

The first relation shows that the weight factor in the dispersion integral 
becomes an exponential, increasing the sensitivity to the ground-state. Ac- 
cording to the second relation, the nonperturbative power corrections get 
multiplied by factors l/n!, which improves the convergence of the series by 
suppressing the contributions from higher dimension condensates. Finally, 
taking an infinite number of derivatives eliminates the unwanted subtraction 
polynomials in the dispersion relations. This leads to the final form of the 
sum rule: 

WO 

F2(p) F2’IT = 
I 

dw ,opert(w) e-“‘I* + @’ ?Tcon&) E K(wu, T, p) . (5.23) 
0 
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We have replaced the integration variable u by w. Note that, as a result of 
the theoretical calculation, the right-hand side of the sum rule will depend 
on the renormalization scale p. This dependence must match that of the 
hadronic parameter F2(~) on the left-hand side. The renormalization-group 
invariant form of the sum rule is obtained by introducing the renormalized 
parameter F,,, defined in (4.88). One obtains 

F2 ren e-liijT = K&(p) K(wo, T, p) . (5.24) 

The p-dependence on the right-hand side must cancel to all orders in per- 
turbation theory. A second sum rule, which is independent of F,,,, can be 
obtained by taking the logarithmic derivative with respect to the inverse 
Bore1 parameter: 

1 a ;i=-- 2 d~-l ln WO, T, 1.4. (5.25) 

Note that this is p-independent. By virtue of the Bore1 improvement it is 
possible to explore these relations in the region of relatively small values of 
-T, which was not accessible before. 

The rest of the program is as follows: One derives the theoretical expres- 
sion for the function K(wo,T,p) by calculating the perturbative spectral 
density and the first few power corrections using the Feynman rules of the 
effective theory. One then tries to find a sensible choice of the continuum 
threshold wu such that the right-hand side of the sum rule (5.25) becomes 
approximately independent of the arbitrary Bore1 parameter T. In a last 
step one uses the so-determined values of wu and A as input parameters for 
the sum rule (5.24) to obtain F,,,. The existence of a set of parameters for 
which both sum rules become simultaneously stable (i.e., independent of T) 
is not always guaranteed. The SVZ approach is a self-consistent one: The 
existence of a stability region justifies a posteriori the assumption of local 
duality. Very important in this context is the notion of the so-called “sum 
rule window”, which determines the region in T for which the assumptions 
and approximations inherent in the method are justified. When the Bore1 
parameter becomes too small, the nonperturbative corrections blow up, lead- 
ing to a break-down of the operator product expansion. On the other hand, 
since T plays the role of a temperature5 in the integral over the spectral 
density, one has to keep it small enough so that only low lying excitations 

5An alternative way to interpret the Bore1 parameter is to identify TV = l/T with a 

. euclidean time [140]. This exhibits the relation between QCD sum rules and lattice gauge 
theory. 
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close to the ground-state give a sizable contribution. Hence the aim is to 
obtain optimal stability inside a window roughly given by hQcD < T < 2x, 
where 2;i is the “mass” of the ground-state. 

Results obtained from a QCD sum rule analysis are meaningless without 
a careful discussion of the theoretical uncertainties. This is a somewhat 
subtle issue, which often receives too little attention. One should distinguish 
two classes of uncertainties: First, there are well-defined approximations 
made in the theoretical calculation of the correlator, such as the truncation 
of the perturbative expansion, or of the series of power corrections. The 
corresponding errors can often be estimated on dimensional grounds and by 
considering the convergence of the terms that are included in the calculation. 
Similarly, there will be uncertainties arising from the fact that the QCD 
parameters such as the vacuum condensates are not very accurately known. 
They can be estimated by varying these parameters within reasonable limits. 
Much harder to obtain is an estimate of the systematic uncertainties inherent 

- ---in the method, which are related to the assumption of local duality. One 
should keep in mind that these systematic errors can sometimes be larger 
than the theoretical uncertainties of the first type. It is imperative that one 

. -~- -, must carefully determine the sum rule window and check whether or not a 
satisfactory stability can be obtained. 

5.4 Meson Masses and Decay Constants 

Let us now analyze the sum rules (5.24) and (5.25) in detail. The the- 
oretical calculation of the function K(wu, T,p) involves the evaluation of 
the diagrams shown in Fig. 5.1. The perturbative contributions consist of 
the bare quark loop and the complete set of two-loop diagrams, which give 
the corrections of order o,. The leading nonperturbative contributions are 
proportional to the quark condensate (dimension three) and to the mixed 
quark-gluon condensate (dimension five). The contribution from the gluon 
condensate is found to vanish. For a consistent calculation at order os one 
should include the one-loop radiative corrections to the quark condensate, 
whereas it is sufficient to compute the Wilson coefficients of higher dimension 
condensates at tree level. The ultraviolet divergences of the loop diagrams 
are removed upon the renormalization of the heavy-light currents JM by the 
Z-factor given in (3.60). One finds that the renormalized correlator has in- 
deed the same p-dependence as F2(p), so that the right-hand side of (5.24) 
is p-independent. One is free to evaluate it for any choice p = A, where A is 
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a characteristic scale of the low energy effective theory. Let us then define 
a renormalization-group invariant function z(wu, T) by 

F’e,e-2;ilT = [a,(A)]4”o { 1 - y (& + ;)} @wo,T) . (5.26) 

The perturbative factor is chosen to match the Wilson coefficient Ed 
in (4.90). From the calculation of the Feynman diagrams one obtains the 
result [138, 139, 1421 

&JO,T) = & 

WO 

J 

dw w2 PIT 
a,(A) 13 

1 + - 
7r ( 

47r2 
T+ T -2lnX 

>I 
0 

1 + F} + w. 

. .-, -_ - 

Note that changes in A in the prefactor in (5.26) are compensated by changes 
in the logarithmic term in the dispersion integral, and by the running of the 
quark condensate. By virtue of the next-to-leading order renormalization 
group improvement the result is independent of the choice of A. Following 
Ref. [138] we set A = 1.15 GeV, which will turn out to be approximately 
equal to ZA, i.e., twice the mass of the ground-state in the effective theory. 
This has several advantages over the other popular choice A = T: First, A 
is a fundamental mass parameter of HQET, whereas T is a mathematical 
parameter introduced by the Bore1 transformation. Second, at the lower end 
of the sum rule window the Bore1 parameter is too small for a perturbative 
expansion in a,(T). Finally, keeping the coupling constant as(A) indepen- 
dent of T simplifies the analysis of the sum rules, for instance when taking 
derivatives with respect to T as in (5.25). However, it must be emphasized 
that from the theoretical point of view A = T is as valid a choice as any 
other. 

As emphasized in the previous section, the first step in the analysis of 
the sum rules is to find the “sum rule window”. The lower value of T 
for which the calculation is reliable is determined by the requirement that 
the nonperturbative power corrections not be too large. To be specific, we 
would like these terms to be at most 30% of the perturbative contribution. 
This yields the lower bound T 2 0.6 GeV. We should also not consider 
too large values of T, for which the integral over the perturbative spectral 

. density becomes dominated by excited states. Since the spectral density 
ppert(w) grows fik e w2, it is unavoidable that higher resonance contributions 

- 
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Figure 5.1: Feynman diagrams contributing to the sum rule for 
meson decay constants in the effective theory. The interpolating 
currents are represented by dashed lines. 

are substantial even after the Bore1 improvement. In order to reduce the 
- --sensitivity to how well these contributions are approximated by duality, we 

require that the pole contribution of the heavy meson M give at least 30% 
of the quark loop. For typical threshold values wu M 2 GeV this implies 

. --- -‘T 5 1 GeV. In Fig. 5.2( ) a we show the numerical evaluation of the sum 
rule (5.25) for three different values of the continuum threshold. It supports 
the self-consistency of the procedure that the resulting value of A is indeed 
almost independent of the Bore1 parameter over the region where one can 
hope for stability. One obtains6 

wo = 2.0 f 0.3 GeV, 
ii = 0.57410.07 GeV. (5.28) 

The results are very stable under variations of the vacuum condensates 
within reasonable limits. For instance, using values in the ranges (-(@J))‘/” = 
0.23 f 0.02 GeV and rni = 0.8 f 0.2 GeV changes the result for A by no 
more than f0.03 GeV. Note that wu/2 M 2A, which is a very reasonable 
result meaning that the (effective) continuum starts at twice the mass of 
the ground-state. 

In the next step the numerical results in (5.28) are used as an input for 
the sum rule (5.26), f rom which one extracts the hadronic parameter F,,,. 
The result is shown in Fig..5.2(b). 0 ne observes excellent stability over the 
entire “sum rule window”. Again the main uncertainty is due to the choice 

6We sorrect the value for A quoted in Ref. [52], which is 15% too small due to an 
unfortunate error in the numerical evaluation program. 
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of the continuum threshold. We find 

F ren = 0.40 f 0.06 GeV312. (5.29) 

Very similar results for A and F,,, have been obtained by Bagan et al. [139]. 
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Figure 5.2: Numerical evaluation of the sum rules (5.25) and (5.26) 
for different values of the continuum threshold. We show A and 
F,,, as functions of the Bore1 parameter. From top to bottom, the 
curves correspond to wu = 2.3,2.0, 1.7 GeV. The dashed lines are 
obtained by neglecting radiative corrections in the sum rule. 

At this point several remarks are in order. The first concerns the trun- 
cation of the series of power corrections. Taking T M 0.8 GeV as a typical 
value, one finds that the contribution of the mixed condensate is three times 
smaller than that of the quark condensate. Also the contributions of the 
dimension six condensates to the sum rules are known [138], and they are 
suppressed by three orders of magnitude relative to the quark condensate. 
We conclude that the series of nonperturbative corrections converges rapidly 
and can safely be truncated after the mixed condensate. Unfortunately, 
the perturbative expansion is not on such safe grounds. The coefficient of 
the order-as correction to the perturbative spectral density is very large: 
9 + T x 8.7. In.Feynman gauge, most of the effect (z 80%) comes from 
the gluon exchange between the heavy and the light quark, i.e., from their 
Coulomb attraction [139]. Prior to the development of the sum rules in the 
effective theory it was assumed that a,(mQ) would be the coupling associ- 
ated with these large radiative corrections [133]. The important new result 
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is that this is not correct. By virtue of the next-to-leading order renor- 
malization group improvement of the currents in HQET we now know that 
the relevant coupling as(A) is much larger. To illustrate the effect of the 
next-to-leading corrections we show in Fig. 5.2 as dashed lines the numer- 
ical results obtained by setting o, = 0 in the function K(wo,T). While 
this has very little effect on A, basically because the large correction is the 
same in the numerator and the denominator in (5.25), the prediction for 
Fren changes by 30%. One might argue that such a radiative correction is 
too large to be trustworthy, and that it might even indicate a break-down 
of the perturbative expansion. Indeed it would be interesting to know if 
a similar effect occurs at two-loop order. In any case, the effect is purely 
perturbative and not specific to QCD sum rules. It is a general property of 
the correlator of two heavy-light currents in the mQ --f 00 limit. 

The sum rule prediction for the renormalized parameter Fren can be 
related to the so-called static limit of the decay constant of the B meson, 

- -‘which is a somewhat artificial quantity often used in the literature on lattice 
gauge theory. It is defined as 

. .-, -_ - f&at = ‘drnb) F 
B - 

e 
ren , (5.30) 

and is the decay constant of the B meson in the fictitious limit where power 
corrections in l/mb are absent. The short-distance coefficient cp(rnb) rel- 
evant for a pseudoscalar meson has been given in (4.90). Successively de- 
creasing the number of light flavors when scaling down from mb to scales 
below m,, one finds that 

-6125 

[c+-k)]-2’g 

l _ o 894 drnb) - as(mc) _ O.855 drnc) N 1.37. 
7r lr 

When combined with the sum rule prediction (5.29) this leads to 

fB stat = 240 f 40 MeV . (5.32) 

Let us compare this prediction to some recent computations of fgat in lattice 
gauge theory, which use the static approximation of the heavy quark prop- 
agator [27]. In these analyses one “measures” the parameter F(p = u-‘) in 
units of aT3j2, with a being the lattice spacing. Two steps are necessary to 
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convert this into a meaningful physical prediction. First, the lattice spacing 
has to be eliminated by normalizing the result to some other physical quan- 
tity. For this purpose the various groups use the decay constant of the pion 
[143, 1441, the string tension and the mass of the p-meson [145], or the mass 
splitting between the 1s and lp states in charmonium [146]. Second, a renor- 
malization factor is required to relate the lattice result to the renormalized 
parameter Fr,,. As in the case of QCD sum rules, this perturbative part of 
the analysis suffers from the fact that the coefficient of the next-to-leading 
correction of order o, is rather large [147, 1481. After going through these 
steps, the different groups present the following results:7 

I 231 f 44 MeV ; Ref. [143], 

gat = 260 f 47 MeV ; Ref. [144], 

230 f 34 MeV ; Ref. [145], 

319f 11 MeV ; Ref. [146]. 

(5.33) 

What we said before about sum rules is equally true in this case: The 
quoted errors reflect only part of the systematic uncertainties, which arise 
from finite volume effects, nonzero lattice spacings, and using the quenched 
approximation. Clearly, there are substantial differences between the results 
of the different groups, which to some extent may be due to the different 
scale setting methods employed. On the other hand, there seems to be an 
overall agreement between lattice gauge theory and QCD sum rules that the 
static limit of the B meson decay constant is large, probably well above 200 
MeV. 

This result is surprising. Recall that the experimental upper limit for 
fD is 290 MeV, so that taking (4.91) as a guideline one would expect that 
fB should be smaller than 200 MeV. Furthermore, both QCD sum rule 
and lattice gauge calculations in the full theory, i.e. with dynamical quarks, 
predict that fD is smaller than the upper limit: fD x 200 MeV [133, 138, 
139, 1431. This indicates that l/m~ corrections to the asymptotic relations 
(4.91) must be substantial. In HQET these corrections are parameterized 
by the coefficients Gr and Gx in (4.96). By including insertions of the 
higher dimension operators from the effective Lagrangian into the current 
correlator (5.9), it is possible to derive sum rules for these parameters [52]. 
In the same way that the analysis of F was closely related to that of A, 

. ‘The result of Ref. [144] increases to 310 f 56 MeV when the lattice spacing is deter- 
mined without using fir. 
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it turns out that the analysis of G; involves the mass parameters X;, which 
describe the l/mg corrections to the physical meson masses [cf. (2.36)]. The 
sum rules for the spin-symmetry violating parameters G2 and X2 show very 
good stability [52]. We first d iscuss the result for the mass parameter, which 
is 

X2 = 0.12 f 0.02 GeV . (5.34) 

According to (2.38) this is one quarter of the vector-pseudoscalar mass split- 
ting in the effective theory. In order to compare this to the mass splittings of 
the physical mesons, one ,has to include the Wilson coefficient Cma&) of the 
chrome-magnetic operator. We evaluate it at p = 2x, and use a,/n = 0.1 
in the next-to-leading correction in (3.80). This yields 

m& - rnk = 0.45f 0.08 GeV2, 

4 . - rn& = 0.54 f 0.09 GeV2, (5.35) 

, 
- ‘in excellent agreement with the experimental numbers given in (1.22). Next 

we discuss the spin-symmetry breaking corrections to the meson decay con- 
stants. According to (4.103) they are determined by A and the renormalized 

. -~- -‘parameter (!&(rnQ). For the bottom and charm systems one finds [52] 

&t(m) M -26f4 MeV, 

e2(m) x -44f7MeV. (5.36) 

This can be combined with the result for A in (5.28) to predict the ratios of 
vector and pseudoscalar meson decay constants: 

fB* - = 1.07 f 0.02, 
fB 

1.35 f 0.05. 

These results compare well with a recent calculation of fv/fp in lattice 
gauge theory, which gives 1.12 f 0.05 and 1.30 f 0.06 for the two ratios [149]. 
We take this as an indication that hyperfine corrections are well accounted 
for by including the leading power corrections in the heavy quark expansion. 

Things are considerably more uncertain for the spin-symmetry conserv- 
ing parameters Gr and Xr. The radiative corrections to the corresponding 
sum rules have not yet been computed. It turns out that the main con- 
tributions are proportional to the mixed quark-gluon condensate, which is 
the highest dimension condensate included in the analysis. It is thus not 
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unexpected that the stability of these sum rules turns out to be rather poor. 
One finds that Gr is negative and very large. For the slope parameter A 
defined by 

f&G = cp(mg) F,,, { 1 + & + . . .} , (5.38) 

where A = Gr + 6G2 - iA modulo radiative corrections [cf. (4.102)], the 
prediction is A x -2 GeV with very large uncertainties [52]. This direct 
calculation of l/mQ corrections in the effective theory may be confronted 
with indirect determinations of the parameter A, obtained by fitting the 
mass dependence of the decay constant as calculated from QCD sum rules 
in the full theory to (5.38). This yields A x -(0.7- 1.2) GeV [104, 138, 1391. 
However, in obtaining this result one makes the ad hoc assumption that the 
difference (mp - mQ) does not receive l/mQ corrections. Since the value 
of fp depends exponentially on this difference, small corrections can have a 
big effect. A more precise estimate of A in the effective theory is therefore 
most desirable. An estimate of A can also be obtained from lattice gauge 
theory, by matching results obtained in the full theory (for mp < 2.6 GeV) 
with the predictions of the static limit (mp = oo). Depending on whether a 
linear or a quadratic fit (in l/mp) is used for the extrapolation, the authors 
of Ref. [149] find A M -0.8 GeV or A x -1.6 GeV from such an analysis. 

Whatever the precise value of A is, it is clear that there are very sub- 
stantial l/mQ corrections to the first relation in (4.91). Even for the decay 
constant of the B meson a value A x -1 GeV would correspond to a 20% 
correction and would reduce fitat in (5.32) to fB M 190 MeV. Fortunately, 
we will see below that such a situation is not generic, but rather an anomaly 
specific for heavy meson decay constants. The l/mQ corrections to the weak 
decay form factors will turn out to be much smaller. 

5.5 The Isgur-Wise Function 

So far the discussion has focused on the simplest case of correlators of two 
heavy-light currents containing a heavy quark with the same velocity. For 
the investigation of the weak decay form factors one has to extend the anal- 
ysis to the case of different velocities 2, and u’. One has to consider three- 
current correlators, which contain two interpolating currents JM and JM~ 

. for the heavy mesons M(u) and M’(d), as well as a heavy quark current 
Jr = h:,I’h,, that changes the velocities. For the analysis of the Isgur-Wise 
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function the correlator of interest is 

= - 
- J 
-- dz dy ei(k’+-k*y) ( 0 ] T{ JL,(z), Jr(O), J&y) } IO ) . (5.39) 

Because of heavy quark symmetry the flavor of the heavy quarks is com- 
pletely irrelevant. What matters are the velocities v and v’. In fact, the 
Feynman rules of the effective theory allow one to write 

(5.40) 

where P+ and Pi are the usual projection operators. All information about 
the Dirac quantum numbers of the states and of the heavy quark current are 
contained in the trace. The coefficient function Z is analytic in the external 
variables w = 2~. b and w’ = 2~‘. k’. It furthermore depends on the velocity 
transfer w = v . v’. 

.-- The evaluation of the correlator follows the standard lines discussed in 
Sec. 5.3.. In the “not so deep” euclidean region, Z is approximated by a 
perturbative calculation supplemented by nonperturbative power corrections 
proportional to the vacuum condensates. The perturbative contribution is 

-‘written in form of a double dispersion integral in w and w’ plus subtraction 
terms, which in this case can contain single dispersion integrals: 

= -thee = J Ppert(4 6 f-4 dv dv’ (V _ w _ ;c) (V, _ w, _ ic) + subtractions + %ond. (5.41) 

On the other hand, the correlator can be written as a dispersion integral 
over physical intermediate states. We explicitly separate the double-pole 
contribution associated with the ground-state mesons from higher resonance 
contributions, which we describe by a physical spectral density pres: 

=phen = Zpole + 
I 

du dv’ Pre*( v, 4 20) 
(u _ w _ q @, _ w, _ + + su~tJa~~~~ns* (5.42) 

Using the trace relation (5.15) twice, one finds that 

0% cl> F2(P) %e = (2;i _ w - ic) (2;i - WI - ic) - (5.43) 

Notice that the decay constant F(p) appears in this equation. There is, in 
fact, a close relationship between the sum rule for the Isgur-Wise function 
and that for the meson decay constant. This connection will eventually lead 
to the correct normalization of [(w,~) at zero recoil [log, 138, 1401. 
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The QCD sum rule is obtained by equating the phenomenological and 
theoretical representation of the correlator. This step is a little more subtle 
than in the case of the two-current sum rules. As pointed out by Blok and 
Shifman [126], there is no reason to expect that the perturbative and the 
hadronic spectral densities are locally dual to each other. A detailed analysis 
of the exactly solvable toy model of the harmonic oscillator shows that the 
physical spectral density is in fact very different from the perturbative one 
(at least to lowest order in perturbation theory). Whereas the latter is 
restricted to a small area in the first quadrant of the v - Y’ plane, the 
physical states populate a much larger region. In addition, as one departs 
from the diagonal v = u’ these states contribute with alternating signs, 
whereas the perturbative spectral density is always positive. One can argue 
that such a situation is in fact quite general. In order to restore duality is it 
necessary to integrate the spectral densities over the “off-diagonal” variable 
w- = u - u’, keeping the “diagonal” variable w+ = f(u + u’) fixed. This 
procedure was in fact suggested in the original calculation of the sum rule 
for the Isgur-Wise function in Ref. [138]. Let us then rewrite the spectral 
functions in terms of w* and define 

I dw- p(w+,w-;w) = p(w+,w). (5.44) 

Only for the integrated spectral densities pPert and P,,, is it justified to 
assume local (in w+) duality. 

The rest is straightforward. One performs a double Bore1 transformation 
of the correlator in w and w’, which introduces two Bore1 parameters 7 and 
r’. Because of heavy quark symmetry they appear in a completely symmetric 
way, and it is natural to set 

T=T’E~T. (5.45) 

The reason for the factor 2 will become clear below. After Bore1 trans- 
formation the weight function in the dispersion integrals is exp(-w+/T), 
i.e. independent of w-, so that the “effective” spectral densities introduced 
above arise in a natural way by performing the integrals over w- . Assuming 
local duality in w+, one equates the theoretical and the phenomenological 
expressions to obtain the sum rule 

WO 

((VI, p) F2(p) ~7~“~ = 
I 

dw+ I?“+‘~ &ert(W+, w) + %ond(T, w> 

0 
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- K(wo, T, P; 4, 

where $,,,,d denotes the Bore1 transformed contributions from the vacuum 
condensates. 

Compare this sum rule to that for the parameter F(p) in (5.23). For the 
Isgur-Wise function to be normalized at zero recoil, it is necessary that for 
w = 1 the function K(wu, T, ~1; w) reduce to K(wu, T, p). In particular, this 
implies that the continuum threshold and the Bore1 parameter must be the 
same in both sum rules.8 This explains the factor 2 in the definition of T in 
(5.45). On an empirical basis it has been observed for a long time that the 
Bore1 parameter in a three-current sum rule should be chosen approximately 
twice as large as in the corresponding two-current sum rule [150]. HQET 
shows that in the infinite quark mass limit this relation becomes exact. 

To lowest order in perturbation theory, the correlator K(wu, T, p; w) was 
‘-first calculated in Refs. [log, 1401. Later, radiative corrections, in particular 

the two-loop corrections to the perturbative spectral density, have been in- 
cluded by Neubert [138, 1511. In view of the large perturbative corrections 

to the two-current correlator encountered above, it is imperative to include 
such effects in the analysis of the Isgur-Wise function. However, prior to 
the development of HQET nobody succeeded in calculating the two-loop 
perturbative corrections to a correlator of three currents that contain heavy 
quark fields. In the effective theory things are simpler because the Feynman 
rules contain no Dirac matrices, but still the calculation is quite involved and 
requires elaborate techniques such as Kotikov’s method of differential equa- 
tions [152]. Altogether, the Feynman diagrams shown in Fig. 5.3 need to be 
calculated. After the renormalization group improvement, the sum rule for 
the renormalized Isgur-Wise function defined in (4.27) can be written in a 
form similar to (5.26), namely 

tren(w) = [as(A)]-ahh(w)( 1 - + Z&W)} F..;T;J ) (5.47) 
W, 

with K^(wo,T) as given in (5.27). The perturbative coefficients u&(w) and 
Z&(w) have been introduced in (3.119). They both vanish at zero recoil. 

s Actually, we know of no compelling reason why after integration over w- the threshold 
in the three-current sum rule should not depend on the recoil, in which case the condition 
would only be that at zero recoil it must agree with that of the two-current sum rule. We 
shall not pursue this possibility any further, but refer to Ref. [138] for a critical discussion. 
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Figure 5.3: Feynman diagrams contributing to the sum rule .for the 
Isgur-Wise furiction. The velocity-changing heavy quark current 
is represented by a wavy line. 
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At next-to-leading order in perturbation theory, the exact expression for the 
renormalization-group invariant correlator in the numerator of the sum rule 
is [151]: 

i?(T ,wo;w)= &(-&)2jPdWCw;e-W+jT 
0 

where 
.-. y(w) = g [w T(W) - l] (5.49) 

is proportional to the one-loop anomalous dimension of the heavy quark 
current given in (3.115). The hard work in obtaining this result is hidden . .-, -_ _ 
in the functions c;(w), both of which vanish at w = 1. Their analytical 
expression8 are: 

cpert(w) = ?[41n2-3+111?] - i[wh(w)- l] 

+ In 
w+l 2 
y--- t 3 (w2 - 1) r2(w) 

(5.50) 
Y(W) f+)(w) = 2 4ln2 +ln 

[ 
wtl 4 
- 1 2 -3 [ wh(w)-l] -i(w-l)r(w) 

where 

h(w) = d-&q [ Lz(1 i w”) - L2(1 - w-)] t pit’, (5.51) 

- with w- = w - da. The first two terms in the expansion of cpert(w) 
around. zero recoil have been obtained independently by Bagan et al. [153]. 
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Noting that 7(l) = c;(l) = 0, one readily sees that the functions in (5.27) 
and (5.48) become identical at zero recoil. Hence the sum rule for the Isgur- 
Wise function has incorporated the correct normalization at 20 = 1. This is 
one of the advantages of working in the effective theory. 

Before proceeding we note that the analysis needs to be modified when 
one considers very large values of 20. In this case higher dimension con- 
densates become enhanced by powers of w and cannot be neglected. The 
effect can be simulated by using the so-called “soft” or “nonlocal” conden- 
sates, such as (Q(z)q(O)) = (ijq) f(z2), where f(z”) is some function that 
vanishes at large euclidean distances. Such an ansatz amounts to a par- 
tial summation of the operator product expansion. The gaussian model 
f(cc2) = exp(-z2/a2) can be analyzed analytically. One finds that for very 
large values of w the condensate contributions become exponentially sup- 
pressed [138, 1401. However, for a typical hadronic scale CT N 1 fm the effect 
becomes significant only for values w >> 1 far outside the physical region. It 
is irrelevant. for all practical purposes. 

The sum rule (5.47) exhibits very good stability for T > 0.7 GeV, which 
is almost identical to the onset of stability in the two-current sum rule. 
In Fig. 5.4 we show the range of predictions for the Isgur-Wise function 
obtained by varying the continuum threshold between 1.7 GeV < wu < 
2.3 GeV, and the Bore1 parameter over the range 0.7 GeV < T < 1.1 GeV. 
The dependence on the values of the vacuum condensates is very weak. 

There are two reason why this analysis should be more reliable than that 
of the decay constants. The first is that the sum rule for the Isgur-Wise 
function is independent of the mass parameter ;i, whereas the prediction for 
Fr,, is proportional to exp(&/T), and therefore depends exponentially on 
the heavy quark mass since & = mM - mQ. The second reason is related to 
QCD corrections. Whereas the numerical prediction for F,,, was increased 
by 30% due to the effect of radiative corrections, one finds that the net 
effect of order-as corrections to the Isgur-Wise function is very small, even 
at large recoil [151]. Th e reason is obvious: The large coefficient y -I- ?$ is 
the same in (5.27) and (5.48) and cancels in the ratio in (5.47). 

From the sum rule one can also determine the slope parameter e2, i.e., 
the negative derivative of the renormalized Isgur-Wise function with respect 
to w at zero recoil.. We find9 

eTen = 0.66 f 0.05 ) (5.52) 

. ‘This result depends on the assumption of a velocity independent continuum threshold, 
see Ref. [138]. 
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v-v’ 
Figure 5.4: Prediction for the Isgur-Wise function in the kinematic 
region accessible in semileptonic decays. The dashed lines indicate 
the bounds on the slope at v .v’ = 1 derived from the Bjorken and 
Voloshin sum rules in (5.7). 

where the subscript “ren” indicates that this is the slope of the renormalized, 
p-independent f unction &-,(w). In order to obtain a more physical slope 
parameter one must include the short-distance coefficients in the expansion 
of the currents. Consider, as an example, the axial vector form factor hAl (w) 
in (4.25). At leading order in the l/mQ expansion it is given by hAI = 
c:(w) &,(w). The velocity dependence of the Wilson coefficient can be 
deduced from Table 3.1. Denoting the slope of the physical form factor by 
ei, 7 we obtain 

e?t, 25 0.2 t ezen x 0.86. (5.53) 

This value will be slightly reduced by l/mQ corrections, however. Similar 
results have been found in Refs. [126, 1531. Note that the theoretical pre- 
diction.for the slope parameter is in agreement with the bounds in (5.7) 
derived from the Bjorken and Voloshin sum rules. 
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5.6 Power Corrections 

._- 

. .-, -_ - 

It is also possible to derive sum rules for the subleading Isgur-Wise functions 
discussed in Sec. 4.2, which parameterize the leading power corrections to 
meson form factors in the effective theory. The original analysis of these 
functions is due to Neubert [54]. It was later refined by including the com- 
plete set of radiative corrections [154, 1551. The procedure is conceptually 
different for the l/mg corrections associated with local or nonlocal higher 
dimension operators in the expansion of the currents. In the case of local 
effective current operators, one simply replaces the heavy quark current Jr 
in (5.39) by the dimension four current h~,I'iD,h,. This leads to a set of 
three sum rules for the form factors &(w,p) and &(w,/.J) defined in (4.31). 
The virtue of working in the effective theory is that the equations of mo- 
tion of HQET are automatically incorporated. For instance, one finds that 
the relations in (4.34) are exactly satisfied, at every order in the pertur- 
bative expansion and in the series of power corrections. It then suffices to 
discuss the analysis of the form factor q(w) defined in (4.35). When radia- 
tive corrections are neglected, a remarkably simple result for this function is 
obtained at zero recoil, namely ~(1) = $ independent of all sum rule param- 
eters [54]. The calculation of q(w) including radiative corrections is rather 
complicated. One has to reevaluate the diagrams shown in Fig. 5.3 with a 
derivative coupling at vertex of the heavy quark current. In addition, there 
are graphs where a gluon originates from the covariant derivative contained 
in the current. It is useful to write the result as 

q(w) = ; + A(w). (5.54) 

Then A(w) satisfies the QCD sum rule [155] 

A(w) [t(w) F2 i e-2’iT] 

= g(&)2{ 1+(w+1)[2+r(w)] - 5 [wr(w)-l]}hs(3 

- ‘u)) +J,] so($) 

+ 4 (44) 
yjjjdw- l>Y (5.55) 

where 
1 x 

S,(z) = r(n + 1) 
J 

dzzn e-’ . 
0 

(5.56) 
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Eq. (5.55) shows that indeed A(1) = @ad) in accordance with the above 
discussion. 

Note that at order (Y, one is not sensitive to the running of the quantities 
t(w) and F appearing on the left-hand side of the sum rule. Their /.J- 
dependence would show up at order as. 2 For the numerical evaluation it is 
of advantage to eliminate the combination S(w)F2ii by means of the sum 
rule 

E(~)F~~,-~~/T= $ (-?-)2&($) _ (2w3+ ‘1 %$d, (5.57) 

which is obtained by taking the derivative with respect to T-l in (5.48) 
and neglecting terms of order o,. By taking the ratio of (5.55) and (5.57) 
one reduces to a minimum the systematic uncertainties in the calculation of 

_ ‘--A(w). In- Fig. 5.5 we show the prediction for q(w) obtained from the numer- 
ical analysis. Here and in the following we use the same input parameters 
as in the analysis of the Isgur-Wise function. For the coupling constant 

. --‘- -.we take o,/n. x 0.12, corresponding to the scale A = 2x. The sum. rule 
analysis confirms our guess that T(W) should be a slowly varying function 
of order unity, which was the motivation for its introduction in Sec. 4.2. 
Over the kinematic range accessible in semileptonic decays, we find that 
q(w) = 0.62 f 0.05. Note that the inclusion of radiative corrections has 
enhanced the lowest-order prediction by almost a factor 2. 

The remaining subleading Isgur- Wise functions x;(w) introduced in (4.37) 
parameterize the effects of nonlocal operators arising from insertions of 
higher dimension operators from the effective Lagrangian into matrix el- 
ements of the leading-order currents. In order to derive QCD sum rules for 
these functions one has to consider a zero momentum insertion of the kinetic 
or the chrome-magnetic operator into the three-current correlator (5.39). A 
subtlety is that these insertions will not only correct the heavy quark cur- 
rent, but also the heavy-light currents that interpolate the heavy mesons. 
Thus, instead of obtaining directly sum rules for x;(w) one also encounters 
the parameters Gi, which parameterize the corresponding corrections to the 
meson decay constants. These effects have to be disentangled by means of 
the sum rules for G; discussed at the end of Sec. 5.4. Since the calcula- 
tions are quite tedious, we shall only present the main results and refer for 
details to Refs. [54, 1541. C onsider first the spin-symmetry violating form 
factors’xz(w) and x3(w), which parameterize the effects of an insertion of 
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v-v’ 
. .-, -_ - Figure 5.5: Sum rule prediction for the form factor q(v . o’), and 

for the function xy;“” (V . v’) to be discussed below. The inner band 
for x~“(v. v’) is obtained by reducing the intervals for wo and T 
by a factor 2. 

the chrome-magnetic operator. They obey the sum rules: 

x2(w) F2 ;i e-2;i/T = _ 

(5.58) 
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- t(w)] - w [l - <(“)I . 

Notice that each term on the right-hand side of the sum rule for x3(w) 
vanishes at zero recoil, so that the constraint xs( 1) = 0 is explicitly satisfied. 
The parameter 6~2 accounts for a spin-symmetry violating correction to the 
continuum threshold at order l/m~. Since the chrome-magnetic interaction 
changes the masses of the ground-state mesons, it also changes the masses 
of excited states. Indeed, it turns out that these changes are similar [52]. In 
the numerical analysis we use 6~2 = -0.1 GeV. 

For the evaluation of the sum rules it is again of advantage to eliminate 
the explicit dependence of the left-hand sides on F2;i, by using the zero 
recoil limit of (5.57). S ince the leading terms in the sum rules are of order 
o,, even in the two-loop calculation presented here one is not sensitive to the 
running of x2(w) and x3(w). In such a situation a renormalization group 

.--improvement in leading logarithmic approximation is sufficient. According 
to (4.44), the renormalized functions are then simply given by 

T - x:“(w) = [~~(A)]-1’3-Ohh(~)xj(~) ; i = 2,3, 

where we shall again use A = 2A as a characteristic scale of the low energy 
theory. The numerical results are shown in Fig. 5.6. The main conclusion 
to be drawn from this figure is that the spin-symmetry violating corrections 
to the meson form factors induced by the chrome-magnetic hyperfine inter- 
action are small. Over the entire kinematic region both form factors stay 
well below 10%. 
- Let us finally turn to the function xl(w), which does not violate the 

spin symmetry and thus effectively corrects the leading-order Isgur-Wise 
function, as shown in (4.41). Since xl(w) vanishes at zero recoil and drops 
out of the ratio of any two of the meson form factors, it does not affect the 
model independent predictions of HQET. For this reason one might argue 
that a precise knowledge of this function is not very important. Accordingly, 
the QCD sum rule analysis of xl(w) is by far not as elaborate as for the 
other universal form factors. In particular, radiative corrections have not 
yet been calculated. Without such corrections one obtains: 

x1(w) F2 ;i e-2jilT = 

(5.60) 
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1 1.1 1.2 1.3 1.4 1.5 1.6 .-- 

v-v’ 

Figure 5.6: Sum rule prediction for the spin-symmetry violating . .-, -_ - 
form factors -xy”(v . v’) and xl;e”(u. v’). 

The condition x1 (1) = 0 imposed by Luke’s theorem is explicitly satisfied. In 
leading logarithmic approximation, the renormalized form factor is obtained 
from (4.42) as 

xyn(w) = [as(~)]-ahh(w) XI(W) + $ “,“‘,i” In [cYS(A>] &-en(W) - (5.61) 

As previously we shall set A = 2A. The stability of the sum rule (5.60) is 
not as good as in the other cases, which is not unexpected since the theo- 
retical calculation is less sophisticated. The range of predictions obtained 
by varying the parameters wu and T is wide. We show the numerical re- 
sults in Fig. 5.5, together with the function v(w). These two form factors 
have values of order unity, which is what one naively expects for the univer- 
sal functions of HQET. It seems natural to separate them from the much 
smaller functions XT” (w) and x?“(w), which describe the hyperfine effects 
arising from the chrome-magnetic interaction of the heavy quark spin with 

*the light degrees of freedom. 
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5.7 Predictions for the Meson Form Factors 

The sum rule results of the previous two sections can be used to predict 
the meson form factors h;(w) in (4.25) to next-to-leading order in the l/mQ 
expansion. As pointed out in Sec. 4.2, it is convenient to introduce the three 
combinations Lp,v( w) and L$! (w) in favor of x?“(w). According to their 
definition in (4.47), these functions depend logarithmically on the heavy 
quark mass. Recall that Lp and Lv are corrections to the wave function of 
pseudoscalar and vector mesons, respectively, which are independent of the 
Dirac structure of the current. In Fig. 5.7 we compare these functions to the 
form factor r](w). From now on we shall always work with the values wu = 2 
GeV and T = 1 GeV, postponing for a moment the discussion of theoretical 
uncertainties. We conclude from this figure that close to zero recoil only 
77 can lead to sizable l/mQ corrections. Lp and Lv are small because of 

.-Luke’s theorem, and QCD sum rules predict that Ly is small because it is 
related to chrome-magnetic hyperfine effects. 

. .-, -. - 
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Figure 5.7: Comparison of the form factors Lp, Lv, -Lf , and 7 
as functions of u + v’. The solid lines refer to mQ = m,, the dashed 
On’eS to mQ = mb. 
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Recently, Baier and Grozin have extracted three of the four subleading 
form factors from QCD sum rules in the fuIl theory [156], ignoring, however, 
effects of radiative corrections. Their results for Lp and Lv are very similar 
to ours. Their prediction for 77 is smaller than ours by a factor of 2, due to 
the neglect of the contributions of order CY,. 

.-- 

Let us now combine our results with the short-distance coefficients in 
Table 3.1 to compute the ratios N;(v) = h;(w)/&,,(w) from (4.48) and 
(4.49). T g th o e er with the Isgur-Wise form factor these functions determine 
the meson form factors completely. As previously we use mb = 4.8 GeV and 
m, = 1.45 GeV for the heavy quark masses, as well as A = 0.5 GeV, which 
is still compatible with the sum rule result in (5.28). Our final numbers are 
given in Table 5.1. They are the main results of this chapter. Recaii that in 
the limit of an exact heavy quark symmetry one would have N- = N& = 0, 
and N; = 1 otherwise. As a result of a conspiracy of QCD and power 
corrections, we find large symmetry breaking effects in the form factors hv 
and h&, whereas the corrections to the other four form factors are small. 

. .-, .-_ - W I- I-en N+ N- 
1.0 1.00 1.03 -0.03 
1.1 0.94 1.01 -0.03 
1.2 0.88 1.00 -0.03 
1.3 0.83 0.99 -0.03 
1.4 0.78 0.98 -0.03 
1.5 0.74 0.98 -0.04 
1.6 0.70 0.98 -0.04 

NV NAI NAP NAP 

1.33 0.99 -0.48 0.97 
1.29 0.97 -0.45 0.96 
1.26 0.96 -0.42 0.95 
1.24 0.96 -0.39 0.95 
1.22 0.95 -0.37 0.95 
1.20 0.95 -0.34 0.95 

Table 5.1: Predictions for the Isgur-Wise function and the ratios 
N;(w) over the kinematic range accessible in B + D and B t D* 
transitions. 

An alternative way to present the results is to go back to the conventional 
definition of meson form factors as functions of q2, which are related to h;(w) 
by means of (4.56). This allows us to compare our predictions with those of 
the naive bound state models discussed at the end of Sec. 1.4. We display the 
meson form factors Fr, V, Al, and A2 in Fig. 5.8, using the same conventions 
as in Fig. 1.3. In the limit of an exact heavy quark symmetry these curves 
would be identical. According to this figure, the main effect of symmetry 
breaking corrections is to affect the normalization of the form factors but not 

* their relative q2-dependence. This is very different from the predictions of 



. 

5.7 Predictions for the Meson Form Factors 151 

the quark models. Notice that the symmetry breaking effects are larger than 
in the models. This is not surprising. Since we have worked very hard to 
understand the origin of various sources of symmetry breaking corrections, 
we can hope to account for such effects in a much more detailed way than 
the naive models can. To give an example, in the Kiirner-Schuler model [20] 
one assumes that all form factors are the same at q2 = 0, but their is no 
physical argument why this should be the case. In addition, none of the 
models accounts for the short-distance corrections discussed in Chapter 3, 
but they are responsible for 50% of the enhancement of V relative to Fl and 
AI. 

ls6 tl 
.-- 1.4 
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1.0 

0.8 

0.6 
0 2 4 6 8 10 12 

q2 [GeV2] 
Figure 5.8: The form factors Fl (dashed), V (dashed-dotted), A2 
(dotted), and [l - q2/(mB +mp)2]-‘A1 (solid) as functions of q2. 

Let us come back, at this point, to a discussion of the theoretical uncer- 
tainties in the results presented above. With the exception of xye”(w), the 
QCD sum rule analysis of the universal functions and of the mass parameter 
n is very sophisticated. The results should have an accuracy of better than 
20%. This means that close to zero recoil, where the Isgur-Wise function 
is normalized and xfien(w) does not contribute, the symmetry breaking cor- . 
rections of order l/mQ can be estimated with this accuracy. The resulting 
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uncertainty in the meson form factors is less than 10% for the form fac- 
tors hv(1) and hAz(l), h h w ic receive the largest corrections, and less than 
3% for h-(l) and h,+ (1). There are no l/mQ corrections to h+(l) and 
hAl (1) because of Luke’s theorem. At large recoil the situation is different: 
There the main uncertainty comes from the Isgur-Wise function and from 
xyn(w), which enter all form factors in the same combination [cf. (4.41)]. 
We estimate that our results should have an accuracy of 15% at w = w,,,, 
corresponding to q2 = 0. However, the predictions for ratios of form factors 
are not affected by this and, therefore, are more reliable. 

In view of these remarks, and motivated by the results shown in Fig. 5.8, 
we propose to search for symmetry breaking effects by studying the form 
factors ratios 

2 R1 = 1 V(q2> ‘- (mB !mD*)2 A1(4.2) = hv(4 ham cw> ’ 
(5.62) 

2 R2 = 1-(m,JmDe)2 1 Adq2> h(w) + T h/i2 (w) Al(q2)= ham cw) 2 
where T = mp/mg, as a function of q2 or 20. We will see in the next chapter 
that RI and R2 appear quite naturally in the description of B + D*fJP 
transitions. Our prediction is that these ratios are almost constant, with 
values RI x 1.3 and R2 x 0.8. According to (4.53), the result for RI is a 
model independent prediction of HQET, which does not rely on a calculation 
of the subleading Isgur-Wise functions. The ratio R2, on the other hand, 
can be shown to depend on q(w) and L:(w). 



Chapter 6 
Phenomenology 

6.1 Theoretical Framework 

We are now in a position to perform a comprehensive analysis of semileptonic . 
B meson decays in the context of the new theoretical framework provided 

. ._,. ._.by ‘H&ET. The main difference to previous studies of these decays, which 
were based on phenomenological models such as those discussed at the end 
of Chapter 1, is that we can now clearly separate the model independent 
aspects of the analysis from the model dependent ones. Under “model in- 
dependent” we shall understand quantities that can be absolutely predicted 
in the limit of an exact spin-flavor symmetry. This means that hadronic 
uncertainties enter the theoretical description only at the level of power cor- 
rections of order l/mQ or, in favorite cases, even of order l/m;. Typically, 
the normalization of decay rates at zero recoil, as well as ratios of different 
decay amplitudes at the same value of q2 (or v . v’), are predicted by heavy 
quark symmetry. Model dependence comes in when one wants to describe 
the q2-dependence of decay rates. However, we stress that the form factor 
predictions derived in Sec. 5.7 should be considered superior to any previ- 
ous model calculation’ in that they include perturbative QCD corrections 
and satisfy the relations imposed by heavy quark symmetry to leading and 
next-to-leading order in l/mQ. 

The kinematics of the semileptonic decays B + II(*)~Y has been ana- 
lyzed in great detail in Refs. [20, 1581. H ere we shall only collect the basic 
formulas. For simplicity we shall consider the limit of vanishing lepton mass, 

‘This.includes, in particular, previous QCD sum rule calculations in the full theory 
[157]. 
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me = 0, which is an excellent approximation when e is e or p. Then the lep- 
ton current is conserved, and terms proportional to the momentum transfer 
q“ in the hadronic matrix elements do not contribute to the decay ampli- 
tudes. Consider first the transition B + D ! 0. The relevant hadronic matrix 
element is conventionally parameterized as shown in the second equation in 
(1.35). Th e 1 d’ff erential decay rate is given by 

where GF is Fermi’s constant, and p’o denotes the momentum of the D 
meson in the B rest frame (which for experiments working on the Y(4s) 
resonance is very close to the laboratory frame). In the context of HQET 
it is more natural to introduce the velocity transfer w = w . v’ in favor of 
the momentum transfer q2, and the meson form factors h;(w) instead of 
the conventional form factors. Using the first relation in (4.56), as well as 
1~7~1 = mD(W2 - 1)li2, one finds 

. .- -_ . dI’(B + o.! 0) = G$I v&l2 
dw 48n3 (mB t mD)2 m$ (w” - 1)3’2 

x h+(w) - ;; ; I; h-(w)12. 

The relation between q2 and w is shown in (1.39). 

(6.2) 

Figure 6.1: Definition of the decay angle 0 in B --f D*t! V decays. 

Next consider the decay B + D*CV. In this case the relevant hadronic 
matrix element can be parameterized by four form factors [cf. (1.46)], three 
of which appear in the decay rate when the lepton mass is set to zero. 

-Their contributions can be disentangled by measuring angular distributions 
or analyzing the polarization of the D* mesons. It is convenient to introduce 
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invariant helicity amplitudes H%(q2) and Ho(q2) corresponding to transverse 
and longitudinal polarization. In the parent rest frame, the D* and the 
virtual W boson go back to back and are forced to have the same helicity. It 
is useful to define 6 as the angle between the lepton and the D* in the rest 
frame of the virtual W boson, i.e., in the center-of-momentum frame of the 
e ~7 pair (see Fig. 6.1). The different helicity amplitudes lead to characteristic 
distributions in this angle. The double differential decay rate in q2 and cos 0 
is given by2 

d21’(B --+ DEWY) = G; I v&f2 
dq2 dcos 6 76&$ lp’ol 5 (6.3) 

x (1+cose)2]H+]2+(1- i cosB)21JJ-]2+2sin26]Bu]2}. 

Integrating over the angle, and summing over the final state polarizations, 
one obtains 

The relation of the helicity amplitudes to the meson form factors in the 
. .Y-‘-‘cdnventional basis can be found in Refs. [20, 1581. For our purposes it is 

more convenient to consider H; as functions of w, and to relate them to 
the meson form factors hi(w) introduced in (4.25). To this end, we define 
“reduced helicity amplitudes” I?;(w), for i = f,O, by 

IHi12 e (mB - mD*)2 mBq;D* (W + 1)2 IhAl( l&(w)12. (6.5) 

Then the differential distribution in w becomes 
dI’(B + D*eY) = G; ] v&l2 

dw 48n3 
(mB - mD*)2 m$. &??(W + 1)” 

X IhAl @‘>I2 c Ir?;(w)12. (fw 
i=f,O 

Since hAl (w) has been factored out, the reduced helicity amplitudes depend 
only on ratios of the meson form factors. Explicitly, they are given by 

IH*W12 = l-2wr+? (1 _ T>2 [li &$$W]‘, 
@o(w)12 = [l t z (1- R2(w))12, 

‘For decays into !+u one has to replace 0 by A - 8. 
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where r = mg* /mB, and R;(w) are the form factor ratios introduced in 
(5.62). By definition, the reduced helicity amplitudes are normalized at 
zero recoil: 

la;(l)]2 = 1. (6.8) 

This is what makes them useful from the point of view of heavy quark 
symmetry. At maximum recoil w,,, = i(r •l- r-l), corresponding to q2 = 
0, only virtual W bosons with longitudinal polarization contribute, and 
accordingly IfwhwGJ2 = 0 * (6.9) 

Eq. (6.6) is ideally suited to distinguish the model independent aspects 

.-- 

of the analysis from the model dependent ones. The w-dependence of the 
hadronic form factor hAl (w) involves complicated nonperturbative physics 
and cannot yet be derived from first principles. Whenever it enters the 
analysis, one has to rely on some specific model calculation, such as the QCD 
sum rule analysis presented in Chapter 5. Examples of model dependent 
observables are the total semileptonic decay rates, the differential decay 
rates at large values of w (i.e., small momentum transfer), and integrated 
asymmetry parameters. They will be briefly discussed in Sec. 6.4. On 
the other hand, in the limit of an unbroken heavy quark symmetry the 
normalization of hAl (w) at zero recoil is predicted in a model independent 
way. When symmetry breaking effects are taken into account, one finds that 
hAl (1) becomes slightly renormalized by perturbative corrections, but it 
does not receive corrections of order l /mQ. Furthermore, as we have seen in 
Sec. 4.4, the second-order power corrections are parameterically suppressed 
and can be estimated with an accuracy of 3%. The final result hAl (1) = 
0.99 f 0.04 in (4.63) is one of the most important predictions of HQET. 
It can be used to obtain a reliable, model independent measurement of V& 
from an extrapolation of the semileptonic decay rates to zero recoil. This 
will be discussed in the next section. 

Heavy quark symmetry also determines the ratios of form factors, and 
hence the reduced helicity amplitudes, at any value of w. In the limit of an 
exact spin-flavor symmetry one has RI = R2 = 1, implying that the helicity 
amplitudes reduce to trivial kinematic functions, for instance ]fiu(w)12 + 1. 
But even beyond the leading order HQET makes specific predictions for 
these quantities. The short-distance corrections to the form factor ratios 
can be calculated in a reliable way. They enhance the value of RI by ll%- 
13% (depending on w), whereas their effect on R2 is below 1% and thus 

*completely negligible [54]. To get an idea of the anatomy of the l /mQ 
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corrections, it is instructive to make some mild approximations. In the case 
of RI, one can safely neglect the contribution proportional to l/mb in (4.53). 
If the sum rule estimate for q(w) is only approximately correct, this term is 
an order of magnitude smaller than the leading term proportional to l/m,. 
In the case of R2, it turns out to be a good approximation to use the tree level 
expressions for the short-distance coefficient functions. To further simplify 
the result we set m,-/mb = l/3. This yields the approximate expressions:3 

RI(W) = 1 t 4h(mJ 1 A 
3T 

r(w) 1+-- I( wtl m, 

n 
R2(w)z l- - m, 

where the function T(W) is given in (3.104). Essentially the only uncertainty 
in RI resides in the value of the parameter A. However, it is an unambiguous 

.prediction of HQET-that this ratio must be considerably larger than unity, 
- since both the QCD and l/ m, corrections are positive and sizable. The 

power corrections to R2, on the other hand, depend on the subleading form 
factors 77 and Lg. . .-, .-. - The QCD sum rule results in Fig. 5.7 suggest that the 
contribution proportional to 7 is the dominant one. A measurement of R2 
could provide valuable information about this function. From now on we 
shall use the theoretical predictions for R;(w) that can be derived from 
Table 5.1. In the kinematic region accessible in B ---f D*lY transitions, they 
can be approximated by 

RI(w) x 1.35 - 0.22 (w - 1) + 0.09 (w - 1)“) 

R2(w) M 0.79 + O.l5(w - 1) - 0.04 (w - 1)2. (6.11) 

Essentially the same results would be obtained from (6.10). 
Although there is no reason to believe that it makes any sense to apply 

the heavy quark expansion to ‘the D --f K*!G decay amplitude, we might 
still believe in a “continuity of signs” and guess that the tendency RI > 1 
and R2 < 1 should persist, and most likely even become more pronounced, 
when we imagine changing the heavy quark masses from mb and m, to m, 

and m,. This tendency is in fact very consistent with the experimental 
values of the form factor ratios obtained from an analysis of the joint an- 
gular distribution in D --f K*~Y decays. Taking the weighted average of 

3The exact expressions can be found in Ref. [54]. In this discussion we assume that 
l/m: coxrections are small. Ultimately, one would like to test this assumption by con- 
fronting the predictions of this chapter with experimental data. 

- 
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the results reported by the experiments E691 [159] and E653 [160], we get 
Rp”*(q2 = 0) = 2.00 f 0.32 and RfK*(q2 = 0) = 0.67 f 0.23. Although we 
have no right to extrapolate (6.10) down to the strange quark mass, we take 
this observation as a confirmation of our prediction that symmetry breaking 
corrections enhance Rr and suppress R2. 

The quark models discussed in Sec. 1.4 make very different predictions 
for the form factor ratios. In Table 6.1 we compare the results obtained 
from the models of ISGW [19], BSW [17], and KS [20], as well as from QCD 
sum rules in the full theory [157], t o our predictions based on H&ET. None 
of the quark models reproduces the large value of Rr at zero recoil, which 
is, however, a model independent result of HQET. Part of the discrepancy 
comes from the fact that Rr receives a substantial short-distance correction 
proportional to o,(m,), which is not included in any of the models. Notice 
also that at q2 = 0 all models give values R2 2 1, in contrast to our result 
based on heavy quark symmetry and the QCD sum rule analysis of the 
subleading form factor q(w). We are thus not surprised that none of these 
models can account for the suppression of R2, i.e., of the form factor AZ(O) 
relative to Al(O), b o served in D + K*eii transitions. 

W) 
RI (~,a,) 

HQET 
1.35 
1.27 

W) 0.79 
R2(74nax) 0.85 

ISGW BSW KS Ref. [157] 
1.01 0.91 1.09 1.31 
1.27 1.09 1.00 1.23 

0.91 0.85 1.09 0.95 
1.14 1.06 1.00 1.05 

Table 6.1: Predictions for the form factor ratios RI and R2. The 
zero recoil limit w = 1 corresponds to q2 = (mu - mD*)2, whereas 
wmax corresponds to q2 = 0. 

The form factor ratios determine the reduced helicity amplitudes in (6.7). 
In Fig. 6.2 we show how these quantities are affected by the symmetry 
breaking corrections. The fact that RI > 1 is reflected in a larger differ- 
ence between Ifi-]‘! and ]fi+12 th an would be obtained in the heavy quark 
symmetry limit. In Sec. 6.3 we will see that the so-called forward-backward 
asymmetry is enhanced by this effect. Note that our prediction R2 < 1 leads 
to an increase in [gel2 for w > 1, whereas the models in Table 6.1 predict 

’ that ]Eu12 < 1 for large values of w, corresponding to small momentum 
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Figure 6.2: Predictions for the reduced helicity amplitudes 
. ._, -. - . lgi(w)j2. The dashed li nes show the model independent results 

obtained in the limit of an exact heavy quark symmetry. The solid 
lines are obtained by including the symmetry breaking corrections 
as given in (6.11). 

transfer. This discrepancy is of relevance to the data analysis, because of 
an experimental cut which modifies the kinematic considerations presented 
above in a significant way. We mean a cut in the lepton energy in the parent 
rest frame, which is enforced by reasons of particle identification. At fixed 
value of 20 (or q2), the lepton energy El is a function of the decay angle 0. 
The requirement that E e _ > E cut introduces a cutoff in the integration over 
cos8, namely -1 < case 5 xc(w), where 

One finds that ze(w) < 1 if w is above a threshold we given by 

mti - 2&t mDb wo = 
2mD. t 

2(mB - Wut) . 
(6.13) 

-Then the differential decay rate dI’/dw is affected by w-dependent factors . 
arising from the integration over cos 8. Fortunately, there is no such effect in 
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the region near zero recoil, so that the measurement of Vcb to be discussed 
below is not directly affected. But nevertheless the impact of this cut is 
significant. For Ecut = 1 GeV, which is the value used by the ARGUS and 
CLEO collaborations, one finds that wc M 1.12, meaning that over three 
quarters of the kinematic region the spectrum is modified. The problem is 
that the three helicity amplitudes are affected in a different way, since they 
are associated with different e-dependence. To reconstruct the true decay 
rates requires an assumption about the ratios ]a*]/]En]. This is where 
model dependence enters the experimental analysis. Unfortunately, as we 
have seen, the quark models used so far for this purpose cannot be trusted 
to give reliable predictions for these ratios. 

6.2 Model Independent Determination of Vcb 

One of the most important results of HQET is the prediction of the nor- 
malization of hadronic form factors at zero recoil. It can be used to ob- 
tain a model independent measurement of the element I/cb of the Cabibbo- 
Kobayashi-Maskawa matrix. As pointed out in Ref. [102], the semileptonic 
decay B t o*e V is ideally suited for this purpose. Experimentally this is a 
particularly clean mode since the reconstruction of the D* mass provides a 
powerful rejection against background. From the theoretical point of view 
it is ideal since the decay rate at zero recoil is protected by Luke’s theorem 
against first-order power corrections in l/mQ. Using the normalization of 
the reduced helicity amplitudes at w = 1, one finds from (6.6) 

lim 
1 

w-t1 &c-i 

dI’(B + o*!ii) = G; 1 vcb12 
dw 4a3 

(mB - mD’)2 m& [hAI (I)/“. 

(6.14) 
The leading nonperturbative corrections to hA1 (1) are of order l/m%. The 
detailed analysis of Sec. 4.4 gives the rather precise, model independent re- 
sult hA1 (1) = 0.99f0.04. Ideally, then, one can extract V&, with a theoretical 
uncertainty of about 4% from an extrapolation of the spectrum to w = 1. 

It is instructive to compare this method to the extraction of Vu, from 
an analysis of K + ?re~ decays. On first sight, the current value ] Vu,1 = 
0.2196 f 0.0023 has a surprisingly small uncertainty given that the process 
is described by an hadronic form factor f+(q2), which parameterizes the 
vector current matrix element between h’ and T mesons. The reason is, of 
course, again a symmetry of &CD, namely chiral symmetry. In the limit 

‘of equal light quark masses, the flavor-changing current fiyps is conserved, 
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in which case it follows that f+(O) = 1 at zero momentum transfer. The 
Ademollo-Gatto theorem states that the deviations, which arise since the 
mass difference m, - m, is nonzero, are of second order in the symmetry 
breaking parameter [161]. Hence, f+(O) = l+ C?[(m, - m,)2]. Chiral pertur- 
bation theory provides the theoretical framework for a systematic analysis 
of these corrections in an expansion in m,/h,, where A, = 4rfn is the scale 
of chiral symmetry breaking. Because of the Ademollo-Gatto theorem the 
terms linear in m, can only come from so-called chiral logarithms and can 
be calculated in a reliable way. Further corrections from higher dimension 
operators in the chiral expansion can be estimated on dimensional grounds. 
From such a detailed analysis, Leutwyler and Roos conclude that [162] 

f$--“O(O) = 0.982 f 0.008, 

c-O=+ (0) = 0.961 f 0.008. (6.15) 
.-- 

- When combined with a measurement of the K + ?r e v decay rate at q2 = 0, 
this leads to the precise value of Vu, quoted above. 

Compare this to the extraction of I& using heavy quark symmetry. In 
. -~- ‘this case the relevant form factor is hAl (w), which in the limit of infinite 

heavy quark masses is normalized at zero velocity transfer, again as a conse- 
quence of current conservation. HQET provides the theoretical framework 
to analyze the corrections to this limit in a systematic way. The perturba- 
tive corrections due to hard gluons can be calculated reliably by using the 
powerful machinery of the renormalization group. Luke’s theorem states 
that the nonperturbative corrections are of second order in the symmetry 
breaking parameter, i.e., of order l/m&. They can be estimated and are 
found to be parameterically suppressed. A detailed analysis leads to the 
prediction (4.63), which may be compared to (6.15). The purpose of point- 
ing out this analogy is to convince the reader that heavy quark symmetry is 
an important theoretical concept, with similar implications and predictive 
power as the more familiar chiral symmetry. 

Presently, Our propod to measure vcb from an extrapolation to Zero 
recoil poses quite a challenge to the experimentalists. First there is the fact 
that the decay rate vanishes at zero recoil because of phase space. Therefore 
the statistics gets worse as one tries to measure close to w = 1. However, we 
do not believe that this will be an important limitation of the method. The 
phase space suppression is proportional to &??i and is in fact a rather 
mild one, When going from the endpoint wmax M 1.5 down to w = 1.05, the 
change in the statistical error in ] vcb12 due to the variation of the phase space 
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factor is not even a factor of two. This can also be seen from the differential 
distribution in w shown in Fig. 6.7 below. A more serious problem is related 
to the fact that for experiments working on the Y’(4s) resonance the zero 
recoil limit corresponds to a situation where both the B and the D* mesons 
are approximately at rest in the laboratory. Then the pion in the subsequent 
decay D* + D K is very soft and can hardly be detected. Thus, the present 
experiments have to make cuts which disfavor the zero recoil region, leading 
to large systematic uncertainties for values of w smaller than about 1.15. 
This second problem would be absent at an asymmetric B-factory, where 
the rest frame of the parent B meson is boosted relative to the laboratory 
frame. 

In view of these difficulties, one presently has to rely on an extrapolation 
over a wide range in w to obtain a measurement of V&. Following Neubert, 
let us rewrite the differential decay rate (6.6) as [102] 

dI’(B -r D*!Y) G; 
dw =- 48x3 

(mB - mD*)2 & 7: dz(W + 1)” 

4w l-2wr+r2 
(1 -r)2 1 1 v,b12 ?“(W) , (6.16) 

where 77~ = 0.99 is the short-distance correct@ to the form factor hAI 
at zero recoil [cf. (3.159)]. Th e new function t(w) is given by 

f”(w) = Ci lEitw)12 
4w I-2wr+r2 1 

qi2 IhAl @‘>I”. (6.17) 
1t- w+ 1 (l-r)2 

Eq. (6.16) is written in such a way that the deviations from the heavy 
quark symmetry limit are absorbed into the form factor f(w), which in the 
absence of symmetry breaking corrections would be the Isgur-Wise function. 
Since everything except VCb and F(w) in (6.16) is known, a measurement of 
the differential decay rate is equivalent to a measurement of the product 
] V&l t(w). However, the theory predicts the normalization of f(w) at zero 
recoil: 

r(l) = 7$ hAl (1) = 1.00 f 0.04, (6.18) 

where the uncertainty comes from power corrections of order l/,6. Using 
this information, ] I&] and f( ) w can be obtained separately from such a 
measurement. 
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In Ref. [lOa], th is strategy has been applied to the combined samples of 
the 1989 ARGUS and CLEO data, as compiled in Ref. [163]. For the extrap- 
olation to zero recoil the parameterizations given in (5.1) have been used for 
the function i(w), treating its slope at zero recoil as a free parameter. The 
result obtained for V=b w&s4 

1 &bl ( +I2 = 0.041 f 0.006. 1.32 ps 
(6.19) 

Depending on which parameterization was used, the slope parameter, which 
we denote by c2, was found in the range between 1.1 and 1.4. A linear fit 
to the data yielded ] Vcb] = 0.038 f 0.005 and c2 M 0.8. 

Since this original analysis the data have changed. In particular, the 
branching ratio for D*+ + Do r+ has increased from 55% [164] to 68% [165]. 
This lowers the decay rate for B + D*!Y, and correspondingly decreases 

iv& by 10%. H owever, the new data recently reported by ARGUS [127] and 
CLEO [166] g’ rve a larger branching ratio than the old data, indicating that 
further changes in the analysis must have taken place. It is thus not possible 

,-to simply rescale the result for V& obtained from the 1989 data. 
In FigA 6.3 we show instead the new ARGUS results [127] for the prod- 

uct ] V,b] e(w). They are obtained from the differential branching ratio by 
assuming the B meson lifetime rB = 1.32 f 0.13 ps [167]. From an uncon- 
strained fit using again the parameterizations in (5.1), the following value is 
obtained: 

1 Kbl ( x)1’2 = 0.051 f 0.008. 1.32 ps 
(6.20) 

However, the-fit gives very large values for the slope parameter G2”, between 
1.9 and 2.3. A linear fit to the data, on the other hand, gives ] I&] = 
0.045 f 0.006 and c2 M 1.2. 

The quzstion arises whether one can constrain the extrapolation to zero 
recoil. If <( ) 20 was truly the Isgur-Wise function, the Voloshin sum rule 
discussed in Sec. 5.2 would clearly exclude values c2 z 2Lmaking the result 
(6.20) meaningless. However, in general the slopes of t(w) and t(w) can 
differ because of symmetry breaking corrections. We cannot predict the 
w-dependence of these functions in a model independent way, but we can 
calculate the ratio 

t-w K(w) = &JW) (6.21) 

‘In the original paper we used so = 1.18 ps and qA = 0.95. 
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Figure 6.3: Experimental data for the product ] Vcb] f(v . v’) as a 
function of the recoil 2, . w’ [127]. VCb is obtained from an extrapo- 
lation to 2, . v’ = 1. The fit curve is explained in the text. 

with less model dependence. Many of the uncertainties in the nonperturba- 
tive calculation will affect both functions in a similar way. We find that K(w) 
is a slowly increasing function, with a slope K’(1) M 0.09 at w = 1. The 
reason is that the corrections to the heavy quark symmetry limit enhance 
the sum of the helicity amplitudes _appearing in the numerator in (6.17). 
As a consequence, the form factor s(w) is not as steep as the Isgur-Wise 
function: 

e -2 2-oo9 =e . . (6.22) 

Although this is a somewhat model dependent statement, there can be no 
doubt that the two functions will be very similar. We conclude that the 
large values of c2 obtained from the ARGUS fit are inconsistent with the 
Voloshin sum rule, and cannot be tolerated on general grounds. We might 
speculate that the problem is caused by an underestimation of the theoretical 
uncertainties in the zero recoil region. On the other hand, the data suggest 
that the slope parameter should be close to the upper bound &,, M 1 in 
(5.7). For the purpose of illustration, we show in Fig. 6.3 a fit using the pole 
ansatz in (5.1) with c2 = 1. We find values significantly smaller than the 
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result of the ARGUS fit: 

1 %I (“-) ‘I2 = 0.039 f 0.006. 1.32 ps 
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We are confident that the new CLEO data, which will have much better 
statistics, will help to clarify the situation. 

Before we proceed, let us briefly consider the possibility of extracting 
&b from I? + Dtv decays, although this mode is not protected by Luke’s 
theorem (see Sec. 4.3). From (6.2) one finds that 

x 1 1+ Sped + &/, t * * - }, (6.24) 

where we have made explicit the fact that h+( 1) = 1 and h-( 1) in the heavy 
- _ --quark symmetry limit. The perturbative corrections to this limit are found 

to be small. Using the numbers given in Table 3.1 one obtains Gpert M 0.06. 
Hadronic uncertainties first appear at order l/mQ. However, the important 

. ._,. .,obs&vation made in Refs. [54, 1551 is that the quantity &,I, is parameteri- 
tally suppressed. Neglecting, for simplicity, small renormalization effects at 
order l/mQ, one finds 

4/?-n = + &)(;;;;m)2[l-2q(1)]. (6.25) 2m 

The appearance of the kinematic factor involving the meson masses was 
anticipated by Voloshin and Shifman, who noted that when this factor is set 
to zero there-are no l/m9 corrections to the decay rate at zero recoil [16]. 
Numerically, the “Voloshin-Shifman factor” is about 0.23. An additional 
suppression occurs if the sum rule estimate q( 1) z 0.6 is only approximately 
correct. Then the combination [l - 27(l)] itself is very small. Assuming 
q(l) = 0.6 f 0.3 with a generous error, we find 

Qn = -0.01 f 0.03. (6.26) 

This is of the same magnitude as the expected l/m; corrections to the 
decay rate. We thus conclude that, at zero recoil, the normalization of the 
form factor combination relevant to B ---t D e V transitions is known with an 
accuracy similar to that in (4.63): 

h+(l) - mB - mD h-(l) = 1.05 f 0.06, 
mB+mD 
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where we have doubled the error to account for the unknown contributions 
of order l/,6. 

Unfortunately, from the experimental point of view a measurement of 
the spectrum in B ---f D!!ii decays is a very difficult task. One has to deal 
with several sources of background, and in addition there is the handicap of 
the helicity suppression of the decay rate near w = 1. Until now, only the 
total branching ratio has been measured. 

6.3 Asymmetries 

We have seen in Sec. 6.1 that heavy quark symmetry makes definit predic- 
tions for the reduced helicity amplitudes r?;, which are related to ratios of 
the weak decay form factors. The transverse helicity amplitudes only de- 
pend on the ratio Rr and are predicted in an essentially model independent 
way, up to corrections of order l/m&. The longitudinal helicity amplitude 
is constant in the heavy quark symmetry limit, and it only receives small 
corrections as shown in Fig. 6.2. A measurement of these quantities would 
provide a direct test of the predictions of HQET. 

According to (6.3), the helicity amplitudes are experimentally accessi- 
ble by a measurement of angular distributions. This is a very complicated 
task, however. It is easier to integrate over the decay angles, in which case 
information about the helicity amplitudes can still be obtained from certain 
asymmetry parameters. We first discuss the forward-backward asymmetry 
in the angular distribution in the lepton decay angle 0. At fixed value of w 
(or q2), one defines 

AFB(W) = drldw(~ > 42) - dW@ < +) 
dI’/dw(8 > 7r/2) + dI/dw(8 < 7r/2). 

(6.28) 

In this ratio the hadronic form factor h,+(w), as well as other kinematic 
factors, drop out. One obtains 

AFB(W) = 3 
Iii-12 - Iii+12 

4 Iii-12 + Iii+12 + p&p ’ 
(6.29) 

where we omit the dependence of H; on w to simplify the notation. For 
kinematic reasons the asymmetry vanishes at the endpoints w = 1 and 
w = w,,,. Otherwise it is a positive quantity since Iii-l2 > lg+12. This is 

‘a consequence of the left-handedness of the weak interactions at the quark 
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level [20] (see, however, Ref. [ISS]). In Fig. 6.4 we show the theoretical 
prediction for AFB(W) obtained by using the helicity amplitudes as given in 
Fig. 6.2. The corrections to the heavy quark symmetry limit enhance the 
asymmetry, the reason being that the difference Ifi-12-lfi+12 is proportional 
to the form factor ratio RI, which receives po@tive short-distance and l/m, 
corrections. We also show the effect of a cut in the lepton energy. Following 
the analysis of the CLEO collaboration [169], we use a symmetric cut in 
the angular integration, i.e. -50 < cos9 < zo with 20 a,_~ given in (s.l2), in 
order not to affect the contributions proportional to /H-l2 and IH+12 in a 
different way. Clearly, the effect of such a cut is quite dramatic. In order 
to reconstruct the spectrum one has to make an assumption about the ratio 
M-l2 + l~+12M~o12, which involves model dependence. 

0.4 

0.3 
. .-, -. . 

L- AFB 

v-v’ 

Figure 6.4: The forward-backward asymmetry with (solid) and 
without (dashed) inclusion of symmetry breaking corrections. The 
dotted lines correspond to a cut Ep > 1 GeV in the lepton energy. 

From the theoretical point of view it would be ideal 
forward-backward asymmetry for transversely polarized D* 
this case 

A& = 3 @-I2 - @+I2 = 3 x(w> 
4 Iii-y+ Iii+12 5 1+ X2(w) ’ 

to measure the 
mesons only. In 

(6.30) 
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where 

Phenomenology 

(6.31) 

Being a function of the ratio RI only, the “polarized” asymmetry A& is 
predicted by HQET in an essentially model independent way. According 
to (6.10), its measurement would provide valuable information about the 
mass parameter A. Experimentally, such a measurement is, of course, more 
difficult than in the unpolarized case. But it has the advantage that the 
effect of a symmetric cut in cos0 simply results in an overall kinematic 
factor, which can be corrected for in a model independent way. In addition, 
the polarized forward-backward asymmetry is larger than the unpolarized 
one. The theoretical prediction is shown in Fig. 6.5. 

0.8 

0.2 

0.0 

T 
*FB 

EC,,=1 GeV , - 

1.2 1.3 

. v-v’ 
Figure 6.5: The forward-backward asymmetry for transversely po- 
larized D* mesons. 

Another interesting observable is the polarization asymmetry, which 
measures the difference in the relative production of D* mesons with longi- 
tudinal and transverse polarization. One usually defines a differential asym- 
metry by 

dFL/dw 2 liio12 A,o1(w) = 2 drT/dw - ’ = lj-jy + [j-j+12 - ” (6.32) 
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0.8 

0.6 

0.4 

0.2 

0.0 

\ 

1 1.1 1.2 1.3 1.4 1.5 

v-v’ 

. Figure’6.6: Prediction for the polarization asymmetry defined in . .-, -. - 
(6.34). The notation is the same as in Fig. 6.4; however, the dotted 
lines now refer to an asymmetric cut in the decay angle. 

It is related to the forward-backward asymmetries by 

(6.33) 

At the endpoints of the spectrum one has Apol(l) = 0 and Apo~(w,,,) = co, 
showing that A,,l(w) is a strongly varying function of w. For this reason 
we prefer to introduce-a related quantity A;,,(w) by 

,$&J) = Apol(w) cl- IQ2 + @+I2 
1 + A,&4 2 pi,12 * 

(6.34) 

It satisfies A;,,(l) = 0 and A~,l(w,,, ) = 1. Our theoretical prediction for 
this function is shown in Fig. 6.6. We find only small symmetry br_eaking 
effects in this-case, since according to Fig. 6.2 the corrections to ([H-l2 + 
IH+12) and [HOI2 are similar and compensate each other to a large extent. 
For a similar reason, an (asymmetric) cut in the lepton decay angle (-1 5 
cos0 5 ~0) has very little effect. For curiosity we note that the theoretical 
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prediction for the asymmetry is perfectly reproduced by the linear relation 
A;,,(w) = (w - l)/(wmax - l), but there is no deep reason for this. 

Both the forward-backward and polarization asymmetries have been 
measured by the ARGUS and CLEO collaborations, however, not as a func- 
tion of w or Q 2, but integrated over the spectrum. The asymmetries then 
depend on the shape of the form factor hA1 (w) and cannot be predicted in 
a model independent way. In the next section we compare the experimen- 
tal results to a theoretical calculation based on the QCD sum rule analysis 
of Chapter 5. According to Fig. 6.4, we expect a mild model dependence 
in the case of the forward-backward asymmetry, which is a slowly varying 
function’over a wide range in 20. The integrated polarization asymmetry, on 
the other hand, will be more sensitive to the shape of h&(w). 

6.4 ‘Some Model Dependent Results 

. .-, -_ . 

Let us then,,finally, make some model dependent predictions, which can be 
directly compared to the experimental results reported by the ARGUS and 
CLEO collaborations. We stress, however, that ultimately the aim must 
be to obtain high precision data that can be confronted with the model 
independent predictions of the previous two sections. 

As pointed out in Sec. 6.1, the model dependence enters the analysis 
through the shape of the hadronic form factor h&(w). If this function was 
known, the decay rate (6.6) would essentially be determined. Here we shall 
use the QCD sum rule results collected in Table 5.1 to obtain an estimate of 
this form factor. We find that the result can be parameterized by the pole 
form. 

(6.35) 

with &, M 0.8. The slope parameter is somewhat smaller than in (5.53) due 
to the effect of l/m~ corrections, which do not change the normalization 
of the form factor at zero recoil, but do affect its shape. The above result 
relies heavily on the QCD sum rule prediction for the Isgur-Wise function. 
Although the analysis presented in Sec. 5.5 was quite sophisticated, one must 
not forget the systematic uncertainties inherent in the sum rule approach. 
To account for this, we shall consider the three cases e>, = 0.5, 0.8, and 1.1. 
This last value is just about what can be tolerated in view of the Voloshin 
sum rule. The variation of our results with &, will give an idea of the 

. amount of model dependence. 



6.4 Some Model Dependent Results 171 

ei, 
1.1 
0.8 
0.5 

BO) 
1.84% 

t 
2.29% 
2.87% 

Br(D;) Br(D”) Br(Dz) Br(D*) 
0.45% 2.10% 2.97% 5.52% 
0.49% 2.38% 3.51% 6.38% 
0.54% 2.71% 4.16% 7.41% 

Table 6.2: Model dependent predictions for the semileptonic B 
decay branching ratios in units of ] Vcb/0.0412 x (r~/1.32 ps). 

We start by discussing the total branching ratios for B” + D+l-P and 
B” + D*+i?F decays. They provide an alternative, but model dependent 

. way. to extract a value of V,b from the data. Our results are given in Ta- 
ble 6.2. The branching ratios for decays into the different polarization states 
of the D* meson are shown separately. Comparing these results to the ex- 
perimental ones: _ .-- 

Br(B + DeY) = 1.75f 0.42f 0.35%; Ref. [170], 

. .-, -. - (6.36) 

Br( B + D*t! V) = 5.2 f 0.5 f 0.6% ; ARGUS [127] , 
5.3f0.3f0.8%; CLEO [166] , 

’ - 

where the first number is corresponds to the weighted average of ARGUS 
and CLEO data, we find the values of I& given in Table 6.3. It is reassur- 
ing that the results obtained from the two decay modes are consistent with 
each other. This means that the relations between the form factors imposed 
by heavy quarks symmetry seem to work well. However, we observe that 
the model dependence in this extraction of I& is large. A similar spread 
of predictions, namely values between 0.036 and 0.044, has been observed 
by the ARGUS collatioration by comparing their results to various models 
[127]. Note that the experimental errors in Table 6.3 are small. It is already 
the theoretical uncertainty which limits this measurement, and one cannot 
be sure that the spread in the predictions provides a reliable estimate of 
the actual theoretical uncertainty. We conclude that this model dependent 
extraction has very little potential of being improved in the future. Ulti- 
mately, a precise value for .I&, with theoretical uncertainties that can be 
estimated in a controlled way, can only come from an analysis in the zero 
recoil region. Let us hope that the new CLEO data will provide a first step 
in this direction. 

For’completeness, we show in Fig. 6.7 the predicted shape of the spec- 
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Table 6.3: Model dependent values for the product I &b] x 
(r&.32 ps) . ‘j2 The errors are the experimental ones. 

trum for B-4 D*lY decays, in comparison to the ARGUS data [127]. One 
sees that the distribution is broad, which means that as far as statistics is 

, , concerned there is no problem in obtaining a large data sample close to zero 
recoil. It is the systematic uncertainties that give rise to the large error 
bars. The data seem to prefer larger values of the slope parameter &, than 
are allowed -by the Voloshin sum rule, but in view of the discussion of the 
previous section one should not take this observation too serious. 

APO1 
no cut E cut = 1 GeV 

1.33 0.98 
1.44 1.05 
1.55 1.12 

1.10 f 0.45 0.7 f 0.9 
WI WI 

Table 6.4: Comparison of the integrated asymmetry parameters 
with experimental data. 

From the total branching ratios in Table 6.2 one can compute the in- 
tegrated forward-backward and polarization asymmetries for B + D*tY 
decays, which are defined as 

&B = 3 r- - r+ 
4 r- + r+ + r. ’ 

Tfpol = 2ro -1 r- +r+ 7 (6.37) 

where I& and In denote the total rates for producing transversely and longi- 
* tudinally polarized D* mesons. However, the asymmetries are very sensitive 
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dBr(B+D*lV) 
d(w’) 

0.15 

0.10 

0.05 

0.00 

.-- 

_ Figure 6.7: 

1 1.1 1.2 1.3 1.4 1.5 

vd 

The recoil spectrum in B + D*.tti transitions. The 
. .-, .-_ - theoretical curves correspond to &, = 1.1 (dashed), 0.8 (solid), 

and 0.5 (dashed-dotted). The integrated branching ratio is nor- 
malized to the experimental result of 5.23%. 

to the cut applied in the lepton energy, and the experimental results are usu- 
ally presented for a given value of the cutoff Ecut. It is thus necessary to take 
into account the effects of the cut in the theoretical calculation, as described 
in the previous sections. In Table 6.4 we compare our results to the available 
data. There is general agreement, but the experimental uncertainties are 
still very large. Notice that, as expected, the integrated forward-backward 
asymmetry is essentially independent of the shape of the form factor h& (w). 
On the other hand, we have seen in the previous section that the differential 
asymmetry is rather sensitive to symmetry breaking corrections which affect 
the ratios of form factors. This sensitivity persists when one integrates over 
the spectrum. In the symmetry limit, we obtain 0.19 and 0.13 (instead of 
0.22 and 0.16) for the integrated asymmetries without and with applying a 
cut in the lepton energy, again independently of the slope parameter e:, . 
The experiments are not yet sensitive to these kind of differences. 



Concluding Remarks 
A the end of our review of heavy quark symmetry and its role in the 

phenomenology of hadrons containing a heavy quark, let us quote from one 
of the founding papers. In 1980, Shuryak wrote [25]: 

The masses of light (u,d,s) quarks are rather dinerent, but still 
there is an approximate W(3) and a more accurate isotopic 
SU(2) symmetry on their substitution. The reason for this is 
that these masses are too small to be important. Something sim- 
ilar occurs for the heavy quarks (c,b,. . .), because their masses 
are too large on the usual hadronic scale. So, some symmetry 
for their substitution should exist between O- and l- mesons, C- 
and A-type baryons etc. 

.-- 
Later he added [26]: I 

. .-, -. . 
In this limit hadrons with one heavy quark resemble the hydrogen 
atom with its fixed center, and many problems of current models 
of hadronic structure . . . are made trivial. Mesons made of one 
very heavy and one light quark are, in some sense, the simplest 
hadrons in which non-trivial QCD dynamics is essential, so study 
of them is of great importance. Of course, mesons made of two 
very heavy quarks are simpler, but they are next to trivial. 

It took almost ten years after these remarkable observations until Isgur and 
Wise-found that [12]: 

The new symmetries allow us to obtain absolutely normalized 
model-independent predictions in the heavy quark limit of all the 
form factors for the Q1 + Q2 induced weak pseudoscalar to pseu- 
doscalar and pseudoscalar to vector transitions in terms of a sin- 
gle universal function t(t) with t(O) = 1.’ 

This discovery opened the door for a new, model independent description 
of heavy quark systems in a well-defined limit of &CD. It initiated the 
development of the heavy quark effective theory, which by now has become 
a well established part of theoretical particle physics. 

‘Here 1 is proportional to (~1 - VZ)~, so that t = 0 corresponds to zero recoil. 
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We have presented a comprehensive overview of the current status of 
these developments, starting from the intuitive physical picture of heavy 
quark symmetry which has emerged from the work of many authors over 
the last decade. Whereas Shuryak observed the similarities of the sym- 
metries arising when hadronic systems are composed of light quarks with 
masses mp “too light to be important”, or when they contain a heavy quark 
with mass mg “too heavy to be important”, we now have two conceptually 
clear descriptions of such systems in terms of effective field theories: chiral 
perturbation theory and the heavy quark effective theory. They provide 
an appropriate description of QCD at low energies in an expansion in the 
symmetry breaking parameters mp and l/mg, respectively, in such a way 
that the leading terms are determined from symmetry, up to a minimal set 
of reduced matrix elements such as the pion decay constant fT or the Isgur- 
Wise function t(v . v’). Having such a theoretical framework, one can work 
out the structure of the symmetry breaking corrections in a systematic way. 

?Since, in both cases; one is dealing with nonperturbative hadronic physics, 
these corrections will not all be calculable; some of them are, however, and 
others can be constrained by the symmetries of the effective theories. 

-. - In chiral perturbation theory, the calculable corrections come from the 
so-called chiral logarithms, which lead to nonanalytic behavior of the form 
my lnm(m,/A), where m, n are integers. In addition, there are “local” con- 
tributions proportional to my from higher dimension operators in the chi- 
ral expansion, the coefficients of which contain complicated long-distance 
physics. At every order in mq, it is possible to determine a minimal set 
of operators allowed by chiral symmetry, and to estimate their contribu- 
tions by dimensional analysis. In heavy quark effective theory, the cor- 
rections which can be reliably calculated arise from short-distance physics 
related to hard gluons probing the quantum numbers (spin, flavor, and ve- 
locity) of the heavy quarks. Through the running of the effective coupling 
constant a,(mQ), these effects lead to nonanalytic behavior of the form 
(llrndn [l/ln(mQ/A)l”. Ag ain, there are further long-distance corrections 
proportional to ( l/mQ)n, whose structure is constrained by heavy quark 
symmetry, and whose magnitude can be estimated on dimensional grounds. 

The theoretical tools to separate the short- and long-distance contribu- 
tions are provided by the operator product expansion in combination with 
the renormalization group. We have discussed in detail the application of 
this machinery to hadronic matrix elements of heavy quark currents, with 
all its intricacies. The main results are given in Chapters 3 and 4, where we 
present-the heavy quark expansion for the weak decay form factors of heavy 
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mesons and baryons, as well as for the meson decay constants, to next- 
to-leading order in l/mQ and in QCD perturbation theory. The resulting 
expressions are not always beautiful (at least, they are rather complicated), 
but recall from Shuryak that we are dealing with systems in which nontrivial 
QCD dynamics is essential. In the most important case of the weak decay 
form factors of heavy mesons, the reduced matrix elements appearing in the 
l/mQ expansion are the universal Isgur-Wise function e(~. v’), a parameter 
A which can be identified with the “mass” of the light degrees of freedom in 
the hadronic bound state, and a set of four next-to-leading universal func- 
tions ~(v.v’) and xi(v.v’); i = 1,2,3. Some of these functions are subject to 
nontrivial conditions at zero recoil, namely [( 1) = 1 and xr (1) = xs( 1) = 0. 
Otherwise, however, they contain the long-distance hadronic dynamics and 
cannot be calculated yet from first principles. We have presented theoretical 
predictions for these quantities derived from QCD sum rules. Although this 
is not a rigorous approach from first principles, some general results have 
been obtained which are likely to be model independent. For instance, one 
finds that hyperfine corrections arising from the coupling of the heavy quark 
spin to the gluon field are small. 

In the last part of the review we have presented a new analysis of semilep- 
tonic B meson decays in the light of these developments. Emphasis is put on 
a clear separation of model independent aspects of the analysis from model 
dependent ones’. We have made several predictions which become exact in 
the heavy quark symmetry limit, meaning that hadronic uncertainties enter 
the description only at the level of power corrections in l/mQ. In many cases 
the leading corrections can even be calculated. In particular, we have pro- 
posed a measurement of the element V&, of the Cabibbo-Kobayashi-Maskawa 
matrix from the endpoint region of the recoil spectrum in B + o*e V de- 
cays, with a theoretical uncertainty of only 4%. Currently, this method is 
limited by the experimental systematic errors. It gives a value 1 V&l M 0.04, 
however, with an uncertainty of at least 15%. With the availability of data 
samples with higher statistics, and with a better control of the systematic er- 
rors in the zero recoil region, V&, obtained by using this method will become 
the third-best known entry (after VUd and VU,) in the quark mixing matrix. 
More generally, we may hope that the ongoing theoretical developments re- 
lated to heavy quark symmetry might help to promote the phenomenology 
of heavy quark systems from an era of naive bound state models to a solid 
theoretical description in terms of a systematic expansion in &CD. This 
would be worth the effort. 
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