hep–th/9312167 SLAC–PUB–6411 December 1993 (T) Cosmological String Solutions by Dimensional Reduction^†

K. Behrndt^‡

SLAC, Stanford University, Stanford, CA 94309

S. Förste^{∗∗}

Racah Institute of Physics, The Hebrew University, 91904 Jerusalem

Invited talk presented at the 27th Symposium on the Theory of Elementary Particles Wendisch–Rietz, September 7–11, 1993

Abstract

We obtain cosmological four-dimensional solutions of the low-energy effective string theory by reducing a five-dimensional black hole, and black hole–de Sitter solution of the Einstein gravity down to four dimensions. The appearance of a cosmological constan t in the five dimensional Einstein–Hilb ert action produces a special dilaton potential in the four-dimensional effective string action. Cosmological scenarios implemented by our solutions are discussed.

†Work supported by the Departmen t of Energy, contract DE–AC03–76SF00515. ‡e-mail: behrndt@jupiter.slac.stanford.edu, Work supported by a grant of the DAAD ∗∗ e-mail: sforste@vms.huji.ac.il, Work supported by a grant of MINERVA

We describe a procedure to obtain new cosmological solutions by dimensional reduction of a known theory. We ignore all terms O(α^{′2}) and consider only curvature and dilaton terms. Then we can rewrite the effective string action in four dimensions (4-D) as a fivedimensional (5-D) action without a dilaton. This 5-D theory is our starting point in the construction of our solutions. We take solutions of this 5-D theory, reduce this theory to 4-D and interpret the 4-D fields as possible string background fields. Firstly, we want to discuss only the 5-D Einstein-Hilb ert (EH) action. In a second step we add a cosmological constant in the 5-D theory. Because we start with black hole solutions in 5-D, this procedure has the advantage that spatially non–flat geometries (k ≠ 0, e.g., S_3) are automatically included. The standard approach, i.e., to solve the string equations of motion (vanishing of the β functions), is discussed, for instance, in [1, 2, 3]. But there the generalization to k ≠ 0 is rather difficult and a complete analytical solution for arbitrary k was not yet found. In the present paper the 5-D theory is used only as a technical tool providing us with a new nontrivial cosmological solution of pure dilaton gravity. This approach differs from the Kaluza–Klein philosophy[4], where a moduli field appears as a remnant of a higher dimensional theory that has its own physical meaning.

In the first part of this talk we present the procedure and the solution [5]; in a second part we interpret and discuss this solution.

So, restricting ourselves on curvature and dilaton terms, the 4-D effective action in the lowest order in the α^′ expansion is given by S = 1 2 ∫ d^4x √ |G|e^{− 2ϕ} ( R + 4(∂ϕ)^2 ) , (1)

where we assume that the central charge term vanishes. Let us now transform this 4-D action into a 5-D Einstein-Hilb ert (EH) action. First we define a 5-D metric (not depending on the fifth coordinate),

G_{μν} → G̃_{ab} = e^{αϕ}

e^{βϕ} G_{μν}

, with: α = ± 4 √ 3 , β = − 2 1 ± √ 1 3 , (2)

and Latin (Greek) indices are running from one to five (four). Using the 5-D metric (2) and adding one dummy integration we get for the action (1) the 5-D EH action

S → S̃ = ∫ d^5x √ |G̃|R̃ . (3)

We want to use this procedure for the construction of new cosmological solutions. Therefore the 4-D metric should be spatially isotropic and homogeneous (Friedmann-Rob ertson- Walker),

ds^2 = − dτ^2 + a^2(τ) dr^2 + ( sin √ kr √ k )_2 (

sin^2 θdϕ^2 + dθ^2 ) = − dτ^2 + a^2(τ)dΩ^2_{3,k} . (4)

2

The whole dynamics of this metric are contained in the world radius a(τ), which has to be determined by the field equations.

First we demonstrate how to get a cosmological solution for k = 1. In this case the spatial part of the space time is a S_3 manifold with a(τ) as the time-dep endent radius. The most general 5-D metric respecting the S_3 symmetry is given by a Schwarzschild metric that can be written as d̃s^2 = e^{ν(t)}dx^2 − e^{λ(t)}dt^2 + t^2dΩ^2_{3,k=1} (5)

where x is our fifth coordinate that the theory should not depend on, and t corresponds to the time in the 4-D theory. In comparison to the usual Schwarzschild metric our time corresponds to the radius and x to the time, however, with opposite signs in front of dx^2 and dt^2. Since we have no matter in the 5-D theory a nontrivial vacuum solution satisfying the desired S_3 symmetry is given by a 5-D black hole. The generalization of this solution for arbitrary k is given by e^{− λ} = C e^ν = − k + 2m t^2

. (6)

After performing the reduction to the 4-D theory (2) we obtain for the dilaton and the 4-D metric ϕ = ±^{√ 3}_4 ν

ds^2 = e^{− βϕ} ( − e^λdt^2 + t^2dΩ^2_{3,k} ) = − ( e^{− λ}

) − 1±^√ 3_2

dt^2 + ( e^{− λ}

) 1±^√ 3_2

t^2 dΩ^2_{3,k} . (7)

Unfortunately , we can perform the integration (e^{− λ})^{− 1±} √ 3 2 dt^2 = dτ^2 only numerically and cannot find an analytic expression for (4). At the end of this talk we will discuss some special cases and present some numerical results. In addition, in order to have a real metric in (7) we have the restriction that (6) has to remain positive, i.e.,^{2m}_{t2} > k defines the physical t region. Therefore, in general (e.g., for m > 0) the universe starts at t = 0 and ends at the zero of (6), i.e., at the horizon of the 5-D theory. If (6) has no zero (for k = − 1,0) we do not need to restrict the t region. With horizons we mean always the 5-D black hole horizons. They do not correspond to horizons in the 4-D theory, instead, they are singular points, namely the end or the beginning of the universe. The singularit y at these points is caused by the Weyl transformation in (7).

Before we discuss the solution (7) in detail let us describe a possible generalization of the 5-D theory. The simplest extension is given by adding a cosmological constant, i.e.

S̃ → S̃ = ∫ d^5x √ |G̃| ( R̃ − Λ ) . (8)

Again we look for a static black hole solution and find for arbitrary k

e^{− λ} = C e^ν = − k + 2m t^2 + Λ 12 t^2 . (9)

For k = 1 this solution corresponds to the known 5-D Schwarzschild–de Sitter metric (after interpreting x as time and t as radius). The constant C can be eliminated by a constant 3 rescaling of x, or equivalently by a constant shift in the dilaton (cf. (7)), i.e., the constant part of the dilaton (ϕ ∼ ϕ_0 + ϕ(t)) is fixed by the x scale. Another useful parameterization is given by

e^{− λ} = Λ 12 (t^2 − t_+ )(t^2 − t_− )

t^2

, with t_± = 6k Λ 1 ± √ 1 − 2 3 mΛ k^2

. (10)

where t_± are the two horizons (black hole and de Sitter) of the Schwarzschild–de Sitter metric. Both horizons coincide at the critical limit 3k^2 = 2mΛ_{cr} . In order to get a real 4-D metric we have again (as for Λ = 0) the restriction that e^{− λ} > 0. If we reduce the 5-D action (8) in terms of (2) to the 4-D theory we see that the cosmological constant produces a special dilaton potential in 4-D

S̃ = 1 2 ∫ d^5x √ |G̃| ( R̃ − Λ ) → S = 1 2 ∫ d^4x √ |G|e^{− 2ϕ} ( R + 4(∂ϕ)^2 − Λe^{βϕ} ) , (11)

where β is defined in (2).

To get standard cosmology let us now consider the solution (9) in the Einstein frame. This frame is defined by the Weyl transformation: G^{(E )}_{μν} = e^{− 2ϕ}G_{μν} . For the effective action (11) we find S = ∫ d^4x √ |G^{(E )}| [ R^{(E )} − 2(∂ϕ)^2 − Λ e^{∓ 2√ 3 ϕ} ] . (12)

The action (12) contains the well-known Einstein–Hilb ert term describing the gravitational part of the theory. Therefore, the Einstein frame is more popular from the point of view of the Einstein gravity. But there are also some arguments in favor of the string frame [6], e.g., the free motion of a string follows geodesics in the string frame and not in the Einstein frame. In the following we consider both frames on an equal footing. The matter part of (12) is given by the dilaton terms (however, the kinetic term has the wrong sign) and the corresponding energy-momentum tensor is

T^{matter}_{μν} = 2 ( ∂_μ ϕ∂_νϕ − 1 2 (∂ϕ)^2G^{(E )}_{μν} ) − 1 2 Λ e^{∓ 2√ 3 ϕ} G^{(E )}_{μν} . (13)

In this frame the 4-D metric is given by

ds^2_E = − e^{λ/2}dt^2 + t^2e^{− λ/2}dΩ^2_{3,k} (14)

and we see that the ± ambiguity of the string metric (7) dropped out. The origin of this ambiguity is discussed below.

In order to obtain statemen ts about the evolution of the 4-D universe we have to bring the solution (7) and (14) into the standard form (4), where the world radius a (t(τ)) and the function t(τ) are defined by

a^2 = t^2 (e^{− λ})^{1±} √ 3 2 , ṫ^2(τ) = (e^{− λ})^{1∓} √ 3 2 (in the string frame) ,

a^2_{(E )} = t^2 e^{− λ/2} , ṫ^2(τ) = e^{− λ/2} (in the Einstein frame) ,

e^{− λ} = − k +^{2m}_{t2} +^Λ_{12} t^2 . (15) 4