SLAC–PUB–6448 April 1994 (M) SPIN DYNAMICS IN STORA GE RINGS AND LINEAR ACCELERA TORS^∗

John Irwin Stanford Linear Accelerator Center Stanford University, Stanford, California 94309

ABSTRACT

The purpose of these lectures is to survey the subject of spin dynamics in accelerators: to give a sense of the underlying physics, the typical analytic and numeric methods used, and an overview of results achieved. Consideration will be limited to electrons and protons. Examples of experimental and theoretical results in both linear and circular machines are included.

Invited talk presented at the 21st Annual SLAC Summer Institute on Particle Physics: Spin Structures in High Energy Processes Stanford, CA, July 26–August 6, 1993.

⋆ W orksupportedby DepartmentofEnergycontractDE{A C03{76SF00515.

1 Spin Prelimnaries

1.1 2-D Spinors and Densit y Matrix

For spin 1/2 particles, such as the electron and proton, the spin observable is determined by a ray in a 2-D Hilbert space. Since the ray is normalized to unity and has an arbitray phase, two real numbers uniquely determine this ray. The standard choiceofthese two parameters, soas to give a one-to-onecorrespondence with the usual polar description of a unit directional vector in three dimensional space is:

Ψ_n = e^{iλ} [ cos(θ/2)e^{− iφ / 2} sin(θ/2)e^{+ iφ / 2} ] ↔ n = (sinθcosφ, sinθsinφ, cosθ). (1)

This correspondence may be extracted from the relationship:

⃗n = ⟨Ψ_n⃗σΨ_n⟩ , (2)

where the ⃗σ are the two-by-two traceless Hermitian Pauli spin matrices. The operators − iσ_j /2 generate rotations,

dΨ_n dϕ = − i 2 ⃗σ ·Φ̂Ψ_n, (3)

and a Pauli matrix calculation confirms the desired relationship: dn dϕ = ⟨ dΨ_n dϕ ⃗σΨ_n ⟩ + ⟨ Ψ_n⃗σ dΨ_n dϕ ⟩ = Φ̂ × n. (4)

In quantum mechanics the rotation generator times ih̄ is the angular momentum operator, hence it is usual to define a spin S = h̄⃗σ/2. The spin vector can couple with a classical magnetic field to give a scalar Hamiltonian. There is a free proportionality constant, and it is usual to define a magnetic moment ⃗μ = ge/2mS, with the Hamiltonian given by H = − ⃗μ ·B. For orbital angular momentum the proportionality constant is determined; g = 1, and ⃗μ = e/2mL. The constant g is called the Lande g factor. For the electron g ≈ 2.

The Hamiltonian is the generator of the time evolution, dΨ dτ = − i h̄ HΨ = ge 2m ( i 2 ⃗σ ·B ) Ψ; (5)

hence the direction vector n characterizing Ψ satisfies dn dτ = Ω_L × n, with Ω_L = − ge 2m B. (6)

The quantity | Ω_L | is called the Larmor precession frequency. The variable τ has been chosen to represent the time variable so as to draw attention to the fact that the frame of reference is taken to be the rest frame of the particle. The electron charge e is a negative quantity for the electron. The highest energy state for the electron has the spin aligned with the magnetic field. Note that even for a magnetic field of B = 1 Tesla, the energy h̄Ω_L = 10^{− 4} eV, which is much less than the kinetic energy ofparticles in accelerators. In other words, with very high accuracy the spin motion will have no influence on the particle orbit motion.

For an ensemble U and any observable O, the expected value of O is given by

⟨O⟩ = ⟨⟨Ψ OΨ ⟩⟩_{Ψ ∈U} = 1 N ∑ n_i ⟨Ψ_iOΨ_i⟩, (7)

whereN = ∑ i n_i, and n_i isthe number ofoccurencesofΨ_i in the ensemble. Ifeach Ψ_i in the ensemble is expanded in somebasis designated by Φ_m, Ψ_i = ∑ m c_{im} Φ_m, and O is characterized by its matrix elements in this basis, O_{mn} = ⟨Φ_mOΦ_n⟩ , then upon entering these expressionsinto the definition of⟨O⟩ the expected value of O is given by ⟨O⟩ = ∑ mn 1 N ∑ i n_ic^∗_{in} c_{im} O_{mn} . (8)

All the information that is needed to characterize the ensemble is given by the matrix ρ with ρ_{mn} = 1 N ∑ i n_ic^∗_{in} c_{im} . (9) This matrix ρ is called the density matrix. From its definition it can be deduced to be i) Hermitian, ii) positive, and iii) have Tr ρ = 1.

3

Since all 2 x 2 Hermitian matrices are given by four numbers, ρ can be expanded in the basis consisting ofthe unit matrix I and the three σ matrices. Since the σs are traceless and trace of ρ is unity, there are three unknown constants, and they may be chosen to be components of a vector according to

ρ = 1/2[I + (P ·σ)]. (10)

If the basis states defining ρ are rotated so that the z-axis is in the direction of P, then ρ = [ (1+ P_z)/2 0

0 (1− P_z)/2 ] , (11)

and one can see that the positivity of ρ implies that | P |≤ 1. Further since it may be verified that dP/dτ = Ω_L × P, (12)

it is appropriate to interpret P as the polarization of the ensemble.

1.2 Thomas-BMT Equation^1

Ifthe particle orbit isgiven, then B(τ) can befoundfromB(t) by transforming to the rest frame of the particle. Such frames can be obtained by pure boosts from the lab frame. If a particle is moving along an orbit, such that in time δt the velocity has changed δv, from v_1 to v_2 = v_1 + δv, Thomas^2 noted that if O_1 was a frame of reference at rest with respect to the particle at time t_1 obtained by a boost from the lab frame, and O_2 was a frame of referenceat rest with respect to the particle at time t_2 also obtained by a boost from the lab frame, and if O^′_2 was a frame of reference at rest with respect to the particle at time t_2 obtained by a boost from the frame O_1, then O^′_2 is rotated with respect to O_2 by an amount

δθ_{LP} = − (γ − 1)δθ_O. (13)

(LP signifies “as seen from the pure boost frames from lab”, and O signifies rotation of orbit direction.) Thus in a sequenceof pure boost frames, each at rest with respect to the particle, a constant vector in the rest frame ofthe particle will appear to precess in a sense opposite to the rotation determined by the sequence of velocity vectors in the lab frame.

4

Assumingfor the moment that the particle is moving in a magnetic field, then

dv/dt = e/mγ (v × B). (14)

The magnetic field in the pure boost frames at rest with respect to the particle would have a field in those frames of

B_{LP} = γB_⊥ + B_‖ (15)

(⊥ indicates the component perpendicular to and ‖ the component parallel to the velocity vector). The precesion frequency in the sequence of lab frames (use dτ = dt/γ) would be

Ω_{LP} = − g e 2m ( B_⊥ + 1 γ B_‖ ) . (16)

However in this set of frames, even were it constant, the spin would appear to precess at the frequency (T for Thomas)

Ω_{TP} = (γ − 1) e mγ B_⊥ . (17)

The sum of these gives an apparent precession frequency of

Ω_{TLP} = − e m [( a + 1 γ ) B_⊥ + a + 1 γ B_‖ ] , (18)

where a = (g − 2)/2 ≈ 1.16× 10^{− 3} for electrons, and a ≈ 1.79 for protons.

If an electric field is present the apparent rotation frequency is

Ω_{TLP} = − e m [( a + 1 γ ) B_⊥ + a + 1 γ B_‖ − ( a + 1 γ + 1 ) v × E

c^2 ] . (19)

The dominant term here is usually aB_⊥ . The B_‖ can be significant at low energies for particles in a solenoid. The last term is usually small for two reasons: typically E/c≪ B (a 1-Tesla magnetic field has a strength equivalent to an electric field of 3 MV/cm), and very often E is parallel to v.

5

In a constant magnetic field in the labratory with motion given by dv/dt = e/mγ(v × B), a frame in the laboratory that rotates so that one axis is always pointing in the direction of the velocity, rotates with a frequency called the cylclotron frequency, Ω_C = − e mγ B_⊥ . (20)

If one observes the precession of the particle spin in frames of reference that are pure boosts from this rotating frame in the lab, then the 1/γ B_⊥ cancels out. Observed from this sequenceof frames, and assuming a field perpendicular to the velocity vector, Ω_{TLP O} = γaΩ_C (21)

(TLPO signifies a rotation observed in frames which are pure boosts from a lab frame rotating with the orbit, accounting for the Thomas precession effect). We have the very simpleresult that the spin in these frames rotates γa times as fast as the orbit rotation, i.e., for one orbit around an accelerator, the spin would precess γa times. This result is usually valid when other fields are present because the other terms are very small. For electrons γa = E(GeV)/0.44065,and for protons γa = E(GeV)/0.52335,so for similar energies, the rotation angle of protons and electrons is similar. The product γa is calledthe spin tune. It is interesting to note that the proportionality between the orbit change and the spin precession gives a sense of the “stiffness” of the spin. The orbit has to be substantially altered in order to alter the spin direction.

For a particle in a circular accelerator, travelling in a horizontal plane with dipolefields in the vertical direction, there willbe horizontal fields from imperfections and from focussing in the quadrupoles. These fields usually average to zero, are weak, and act over short distances. However if these horizontal fields occur with a frequency that matches the spin frequency, they can cause the direction of the spin to change. This condition is called a spin resonance and is discussed in detail in Section 4.4.

6

1.3 Spinor represen tation of classical precession

Since the precesion equation dn/dt = Ω × n, with Ω = − ge/2mB, describes the motion of the direction of the 2-D Hilbert space vector Ψ_n under the action of the generator G = − i⃗σ ·Ω /2, it is acceptable and indeed often convenient to analyze precessional motion by solving spinor equations. In anticpation of this use, and assuming the precessionequation to be analyzed is dn/dt = Ω_{TLP O} × n, the generator is given by

G = −^i_2⃗σ ·Ω_{TLP O} =^{ie}_{mγ} [ γaB_z (1+ γa)B_x − i (1+ a)B_s (1+ γa)B_x + i (1+ a)B_s − γaB_z ] , (22)

which for large γ becomes

G = − i 2 ⃗σ ·Ω_{TLP O} = iea m [ B_z B_x B_x − B_z ] . (23)

2 Accelerator Ph ysics Preliminaries

2.1 Linear Transp ort and Closed Orbit

The typical elements of an accelerator are: i) dipoles which have a constant magnetic field to bend the beam; ii) quadrupoles which have a linear field (B_y = kx,B_x = − ky) used to focus the beam; iii) sextupole pairs for chromatic corrections; and, rarely, iv) octupoles for tune-shift-with-amplitude or other minor orbit adjustments. The fringe fields of dipoles have a sextupole-like quality, and the fringe fields of quadrupoles have an octupole-like quality. Since the sextupoles occur in pairs, in such a way that the sextupole aberrations cancel, and the octupoles are very weak, it will be satisfactory for a first analysis to limit the discussion to dipoles and quadrupoles.

The effect of a linear element, such as a drift or quadrupole, may be represented by a matrix. If the phase space state of a particle is represented by the

7

four vector z = (x,x^′,y,y^′), then passage through a drift is represented by

z_2 = M_Lz_1, (24)

where M_L is given by

M_L =

1 L 0 0 0 1 0 0 0 0 1 L 0 0 0 1 .

A thin quadrupole kick can be represented by the matrix

M_Q =

1 0 0 0 − k 1 0 0 0 0 1 0 0 0 k 1

. (25)

Each ofthese matrices has unit determinant and is symplectic. Thick quadrupoles can be represented by a sequenceof drifts and thin kicks, hence beam lines made up of drifts and thick quadrupoles can be represented by products of the above matrices. A tilted quad, indeed any linear transformation, may be represented by a matrix.

Being a product of symplectic matrices, the one turn matrix of a storage ring is necessarily symplectic. If λ is an eigenvalue of a symplectic matrix, so is 1/λ, and since these are real matrices, so is its complex conjugate λ^∗. Taking λ = e^μ, it follows that μ is either real or purely immaginary. Real μ unequal to zero is excluded, for in such a case there would be an initial coordinate that would becomearbitrarily large after many turns. The pure complexcase corresponds to a stable ring.

The real and imaginary parts of the eigenvectors of the one turn matrix M can be used to define a simlarity transformation A which has the property

M = A^{− 1} cosμ_x sinμ_x 0 0 − sinμ_x cosμ_x 0 0

0 0 cosμ_y sinμ_y 0 0 − sinμ_y cosμ_y

A. (26)

Though the one turn matrix is a function of the starting place in the ring, all one turn matrices are related by a similarity transformation, namely the transport

8

matrix between the two starting points. Hence the eigenvalues of the one turn matrix willnot depend on the location at which the one-turn map is defined. The quantities ν_{x,y} = μ_{x,y}/2π are called the tunes of the ring.

The dipole strengths are chosen to define a closed orbit at the design energy. However errors in dipole strengths and quadrupole mis-alignments will cause the design orbit not to closeexactly. However if the ring is stable, a closed orbit can be found. Suppose after one turn the image of a particle represented by initial coordinates a maps to the point b, then the point a+Δ a willmap into b + MΔ a, where M is the one-turn matrix. To find a fixed point it is necessary to solve

a + Δ a = b + MΔ a, or (1− M)Δ a = b − a. (27)

If unity is excluded as an eigenvalue, the matrix (1-M) is invertible, and a fixed point can be found. The fixed point, and its image around the ring, is called the “closed orbit”.

2.2 Betatron and Sync hrotron Oscillations

After redefining the coordinate system so that the closedorbit is at the origin, there exist four independent solutions, two for primarily horizontal motion and two for vertical motion. In each pair there is one sine-like and one cosine-like solution. These are defined as z_1 (s) = M (s)A^{− 1} (1,0,0,0); z_2 (s) = M (s)A^{− 1} (0,1,0,0); z_3 (s) = M (s)A^{− 1} (0,0,1,0); z_4 (s) = M (s)A^{− 1} (0,0,0,1);

(28)

where M(s) is the tranp ort matrix from the initial plane to a point a distance s along the closed orbit, and A is the simlarity matrix defined above. For nC < s < (n+ 1)C, where C is the circumferenceofthe closedorbit, it follows from this definition that z_1 (s) = cos(nμ_x)z_1 (s̃) + sin(nμ_x)z_2 (s̃); z_2 (s) = − sin(nμ_x)z_1 (s̃) + cos(nμ_x)z_2 (s̃); z_3 (s) = cos(nμ_y)z_3 (s̃) + sin(nμ_y)z_4 (s̃); z_4 (s) = − sin(nμ_y)z_3 (s̃) + cos(nμ_y)z_4 (s̃).

(29)

where s̃ = s − nC is between 0 and C. In other words only the functional form of the four functions on the first turn is required to determine the orbit for all later

9

turns. These oscillationsofthe particle around the closedorbit are calledbetatron oscillations. Depending on intial coordinates the motion is a linear combination of the four z_k(s).

There also exist non-zero energy spread and bunch length. It is possible to introduce two additional coordinates: 1) δ = δE/E, the fractional departure from the design energy, and 2) cτ = Δ s, the longitudinal distance from the center of the bunch. Particles oscillate about the design energy and about the center of the bunch, and oscillations in this third degree of freedom are called synchrotron oscillations. The closed orbit is slightly dependent on energy, defining a function called the dispersion function, and there is a tune associated with the synchrotron motion which is typically much smaller than the betatron tunes. This fact allows the synchrotron motion to be treated as a modulation of the betatron oscillations and leads to “sideband” phenomena.

3 Linear Accelerators

Figure 1 shows the layout of the Stanford Linear Accelerator (SLC). The polarized electron source is at the bottom of the figure. The arrows along the electron beam line indicate the direction of the polarization as the beam proceeds from the source through the pre-accelerator to the damping ring, then from the damping ring to the main accelerator, and finally to the north arc and the IP at the top of the figure.

3.1 Space Charge Dep olarization in Injector

For the space charge fields ofcylindrical bunches (assuming no external fields)

B = v × E / c^2, and v ·B = 0. (30)

hence B_‖ = 0, and remaining terms proportional to “a” cancel, leaving

Ω = − e m ( 1 γ − 1 γ + 1 ) B_⊥ = − e m 1 γ (γ + 1)

B_⊥ . (31)

This diminishes rapidly with increasing γ. Furthermore, since lines of B circle the bunch and particle orbits oscillate back and forth across the bunch, the spin

10