SLAC–PUB–6698 December1994 (A) COUPLING IMPEDANCE OF A LONG SLOT AND AN ARRAY OF SLOTS IN A CIRCULAR VACUUM CHAMBER^∗

G. V. Stupak ov

Stanford Linear Accelerator Center Stanford University, Stanford, CA 94309

Abstract

A method is presented for calculating the real part of the longitudinal impedance for both a small hole and a long slot in a beam vacuum chamber with a circular cross section. The length of the slot can be arbitrarily large, the only requirement on the dimensions of the slots is that its width be much smaller than c/ ω . Regular arrays of N slots periodically distributed along the pipe are also considered. The equation relating the real part of the impedance to the energy radiated by the slot into waveguide eigenmodes is the basis of this method. We show that in addition to broad band impedance, there are narrow peaks in ReZ. For a single slot, the peaks are located slightly above the cutoff frequencies of various waveguide modes. For a periodic array, additional peaks are generated at frequencies determined by the array period. These peaks can be partially suppressed by randomization of the positions of the slots.

Submitted to Physical Review E

∗Work supported by Departmen t of Energy contract DE–AC03–76SF00515.

I. INTR ODUCTION

Existing theory for the impedance produced by small holes in the wall of a vacuum chamber of the accelerator has been developed in papers by Kurennoy [1] and Gluckstern [2]. Their theory applies Bethe’s approach developed for study of diffraction of an electromagnetic wave on a perfectly conducting plane screen with a small hole [3] to the problem of radiation of the beam propagating in a circular pipe having a hole in its wall. It is based on utilization of small parameters α_{el}/ b^3 and α_{mg} / b^3, where α_{el} is the electric and α_{mg} is the magnetic polarizabilities of the hole, and b is the beam pipe radius. For circular holes, α_{mg} ∼ |α_{el}| ∼ w^3, where w is the radius of the hole, and these ratios are of the order of (w/ b)^3. This theory also assumes that the wavelength of the electromagnetic waves radiated by the hole is much larger than the dimensions of the hole. In the first approximation of the perturbation theory, the impedance is expressed in terms of polarizabilities α_{el} and α_{mg} and turns out to be purely imaginary.

One of the practically importan t predictions of their theory refers to the optimal shape of the holes. To minimize the impedance for a given total area of the holes, they should have a shape of long narrow slots in the direction of the pipe axis; however, the theory becomes inapplicable if the length of the slot l exceeds either the pipe radius or the wavelength c/ ω .

In this paper, we show how to eliminate these constrain ts and how to calculate the impedance for an arbitrary l, assuming only that the width of the slot w is much smaller than b and c/ ω . Another importan t issue addressed in this paper is the real part of the impedance of holes which is responsible for the Robinson or multibunc h instabilit y in circular accelerators. As mentioned above, the first order theory predicts a purely imaginary impedance. To find ReZ, it is necessary to develop a second order ofthe perturbation theory. Fortunately , for our purp ose it is not necessary to derive expressions for electromagnetic fields in the second order if use is made of the relation between ReZ and the energy radiated by the hole on a given frequency, which can be found using the first order expressions for the radiated field.

This approach also allows consideration of a periodic array of N slots. A previous paper [4]considers this problem, assuming an infinitely long periodic system, N → ∞ . It has been shown that in such a system the impedance exhibits sharp peaks at frequencies that allow the coherent buildup of waveguide modes due to positive interference of radiated field from different holes. For a finite number N, we find the same resonances as in infinite system; however, the width and height of the peaks both depend on the N. We discuss how the transition to the limit N → ∞ occurs.

To simplify our consideration, we calculate only the longitudinal impedance. Section II reviews the approach of Ref. [1]. Section III discusses a method in which a long slot is considered to consist of infinitesimally small dipoles with given polarizabilities per unit length, showing that the imaginary part of the impedance for long slots does not depend on the length of the slot. In Sec. IV, we find the real part of the impedance of a short slot. Sections V and VI extend our consideration to long slots and arrays of slots. Section VII discusses randomization of the positions of the slots and how this effects the narrow band impedance peaks. Our conclusions are discussed in Sec. 8.

II. SMALL HOLE

To calculate the longitudinal impedance of a circular beam pipe with a hole, it is convenient to consider an oscillating current traveling with the velocity of light along the axis of the pipe,

I (z,t) = I_0 exp(− iω t + iκz) , (1)

where κ = ω / c. The pipe is assumed to have a small hole located at z = 0 with characteristic dimensions much less than pipe radius b. Perturbation of the electromagnetic field caused by the hole can be represented as a superposition of the waveguide modes propagating away from the hole. We will consider in this section only axisymmetric E modes that contribute to the longitudinal impedance in the first order of the perturbation theory.

3

The electromagnetic field of the mth axisymmetric E mode in a smooth wave guide is given by the following equations:

E^{(m)}_z = μ^2_m b^2

J_0 ( μ_m r b ) exp(σiκ_m z) ,

E^{(m)}_r = − σ iμ_m κ_m b J_1 ( μ_m r b ) exp(σiκ_m z) , (2)

H^{(m)}_ϑ = − iω μ_m cb J_1 ( μ_m r b ) exp(σiκ_m z) ,

where J_0 and J_1 are the Bessel functions of the zeroth and first order, μ_m is the m-th root of J_0, b is the radius of the waveguide, κ_m = √ ω^2 − ω^2_m / c, where ω_m = cμ_m / b is the cutoff frequency for the mth mode. The variable σ denotes the direction of the propagation of the wave; σ = +1 corresponds to the waves propagating in the positive direction along the z-axes and σ = − 1 marks the waves traveling in the opposite direction.

The electromagnetic field scattered by the hole into the waveguide is characterized by the amplitudes a_m (σ) such that

F = h(z) ∞∑ m=1 a_m (σ = 1) F^{(m)} (r,z,σ = 1) + h(− z) ∞∑ m=1 a_m (σ = − 1) F^{(m)} (r,z,σ = − 1) , (3)

where h (z) is the step function and F denotes any of the components E_z, E_r , or H_ϑ. The factors a_m can be expressed in terms of the electric α_{el} and magnetic α_{mg} polarizabilities of the hole [1]^∗

a_m = −

2I_0 cb^2 κ_m μ_m J_1 (μ_m )

(κα_{mg} + σκ_m α_{el}) . (4)

Calculation using the following equation for the longitudinal impedance,

Z = − 1 I_0 ∞∫ −∞ dz E_z (z,r = 0) exp (− iω z/ c) , (5)

showed that Z is a purely imaginary linear function of the frequency ω [1, 2],

∗Our definition of α_{el} and α_{mg} agrees with the Bethe’s paper [3]. They are two times larger than those used by Kurenno y [1, 5]. 4

Z = −

Z_0iω 2πcb^2

(α_{el} + α_{mg} ) . (6)

For a long slot of length l and width w, l ≫ w, parallel to the axis of the pipe, α_{el} and α_{mg} almost cancel each other: α_{mg} ≈ − α_{el}. The degree of cancellation depends on the exact shape of the slot and the thickness of the wall t. For a slot with parallel edges and rounded ends in an infinitely thin wall [5],

α_{mg} ≈ − α_{el} ≈ 1 32 lw^2 , α_{el} + α_{mg} ≈ 2.1 × 10^{− 2} w^3 . (7)

In the opposite limiting case of a thick wall, t ≫ w,

α_{mg} ≈ − α_{el} ≈ 1 4π^2 lw^2 , (8)

and the sum α_{el} + α_{mg} is somewhat smaller than that given by Eq. (7).

The theory outlined above is based on the assumptions that the dimensions of the slot are much smaller than the pipe radius, w, l ≪ b, and that the wavelength corresponding to the frequency ω is much larger than the dimensions of the slot, κw, κl ≪ 1. According to Eq. (6), in the first approximation of the perturbation theory, the real part of the impedance is equal to zero. In the next section we introduce a principle that allows us to extend the theory to the limit l > b, κl > 1 (but w ≪ b).

III. LONG SLOTS AND MUL TIPLE HOLES

The applicabilit y requirements of Eq. (6), l ≪ b and κl ≪ 1, can actually be omitted because it is easily seen that the theory leading to Eq. (6) is linear.

First, let us show that in this theory the impedance of several holes located so that they do not cross talk to each other is equal to the sum of their individual impedances.^† Indeed, the radiated electromagnetic field of an array of the holes will be the sum of the

†For this to be true, the distance between the holes/slots should be large compared with the radius of the holes (width of the slots). 5 fields calculated separately for each hole. Since the impedance (5) is a linear functional of the electromagnetic field E_z on the axis, the impedance of the array is equal to the sum of the impedances of the individual holes.

For a single slot, if length l of a slot is comparable with band/or κ^{− 1}, we can consider its inner part (excluding the regions closeto both ends, whose length l_1 is such that w ≪ l_1 ≪ l ) to be a system of infinitesimally small magnetic and electric moments, uniformly distributed along the slot with the polarizabilities per unit length equal to α_{el}/ l and α_{mg} / l, respectively. Since for an infinitely long slot α_{el} = − α_{mg} , the contributions dZ to the impedance from each infinitesimal element oflength dz exactly cancel each other, because dZ is proportional to the sum dzα_{el}/ l and dzα_{mg} / l. The remaining nonvanishing part of Z is due to the contribution of the ends of the slot, and will, as a matter of fact, give Eq. (6). This observation also explains why the impedance of a long slot does not depend on its length—only the end regions of the slot that have the length of several w contribute to Z [5].

We emphasize here that the conclusions that Eq. (6) remains valid for long slots and that the impedance of an array of slots is an additiv e quantity are true only in the first approximation of the perturbation theory. Section IV will show that additivit y is not applicable for the real part of the impedance.

IV. REAL PAR T OF THE IMPED ANCE FOR A HOLE

The real part of the impedance of a hole arises in the second order of the perturbation theory based on the smallness of the parameters α_{mg} / b^3 and α_{el}/ b^3. At first glance, it seems necessary to do one more order of the perturbation theory and estimate the electromagneticfield in the second approximation in the small parameters of the theory. It turns out, however, that we can find the real part of the impedance without going to higher orders if use is made of the following relation between the ReZ and the energy P radiated per unit time by the hole (for example, see Ref. [6]): P = 1 2 I^2_0 ReZ (ω ) . (9) 6

The idea to use the energy radiated by the hole for estimating the loss factor due to the presence of the hole has been previously explored by M. Sands [7].

The energy flux P in Eq. (9) should include all the waves radiated by the hole, both inside and outside of the waveguide. The outside radiation will depend on the geometry and location of the conducting surfaces in that region and cannot be computed without knowing particular details of the specific design. Here we neglect its contribution, assuming that the thickness of the pipe wall is large enough so that the electromagnetic field does not penetrate through the hole.^‡

Inside the waveguide, we have to take into account the radiation going into all E and H modes, rather than axisymmetric E modes considered in the previous section. The amplitudes a_{n,m} (n is the azimuthal and m the radial number) of those waves have been calculated by Kurennoy [1]. For an E mode, a^{(E )}_{n,m} =

4I_0 cb^2κ_{n,m} μ_{n,m} J^′_n (μ_{m,n} ) (1 + δ_{n,0})

(κα_{mg} + σκ_{n,m} α_{el}) , (10) and for an H mode, a^{(H )}_{n,m} = −

4nI_0 cb^2κ^′_{n,m} ( μ^{′2}_{n,m} − n^2 ) J_n ( μ^′_{m,n} ) ( σκ^′_{n,m} α_{mg} + κα_{el} ) , (11)

where ω_{n,m} = cμ_{n,m} / b, ω^′_{n,m} = cμ^′_{n,m} / b, κ_{n,m} = √ ω^2 − ω^2_{n,m} / c, κ^′_{n,m} = √ ω^2 − ω^{′2}_{n,m} / c, μ_{n,m} is the mth root of the Bessel function J_n of the nth order, μ^′_{n,m} is the mth root of the derivative J^′_n and δ_{0,n} is the Kronecker delta symbol. Note that for n = 0, Eq. (10) reduces to Eq. (4). The energy flow in the mode of unit amplitude is equal to P^{(E )}_{n,m} =

1 + δ_{0,n} 16 ω κ_{n,m} μ^2_{n,m} J^{′2}_n (μ_{n,m} ) , (12)

‡Note that though a thick wall strongly suppresses the radiation into the outer space through the slot, it does not eliminate it completely in the case of a long slot. Even if the wall is infinitely thick, H_{0,1} waves with the cutoff frequency πc/ l can propagate from within the slot to the outside of the vacuum chamber. Depending on how effeciently those waves are excited by the beam, a part of the electromagnetic field of the beam will eventually channel through the wall. 7 and P^{(H )}_{n,m} =

1 + δ_{n,0} 16 ω κ^′_{n,m} ( μ^{′2}_{n,m} − n^2 ) J^2_n ( μ^′_{n,m} ) , (13)

respectively.

The energy flux in each mode radiated by the slot is given by |a_{n,m} (σ = 1)|^2 P_{n,m} and |a_{n,m} (σ = − 1)|^2 P_{n,m} in the forward and backward directions, respectively. It is evident that this radiation occurs only if the frequency ω is larger that the cutoff frequency ω_{n,m} (or ω^′_{n,m} ). It is interesting to notice that since α_{mg} and α_{el} have opposite signs, radiation in the backward direction in each mode is larger than in the forward direction.

The total energy flux P is P = ∑ E ,H ∑ n, m ∑ σ= ± 1

P_{n,m} | |a_{n,m} | |^2 , (14)

where the summation is carried out over both directions of propagation, σ = ± 1, all possible values of n and m, and also over E and H modes. Combining Eqs. (9)–(13) yields the following equation for the contribution ofE and H modes into the real part ofthe impedance:

ReZ^{(E )} =

Z_0 π ω^2 c^2b^4 ∑ n, m 1 (1 + δ_{n,0})

F^{(E )} ( ω ω_{n,m} ) , (15)

where

F^{(E )} (x) = α^2_{mg} x^2 + α^2_{el} (x^2 − 1) x √ x^2 − 1

(16)

for x > 1, and F^{(E )} (x) = 0 for x < 1. For the H modes

ReZ^{(H )} =

Z_0 π ω^2 c^2b^4 ∑ n, m

n^2 μ^{′2}_{n,m} − n^2

F^{(H )} ( ω ω^′_{n,m} ) , (17)

where

F^{(H )} (x) = α^2_{el}x^2 + α^2_{mg} (x^2 − 1) x √ x^2 − 1

(18)

for x > 1, and F^{(H )} (x) = 0 for x < 1.

8

For large aspect ratio slots, l ≫ w (but l ≪ b and lκ ≪ 1 ), α_{mg} ≈ − α_{el}, and F^{(E )} (x) = F^{(H )} (x). The plot of the Re ( Z^{(E )} + Z^{(H )} ) measured in units α^2_{mg} Z_0 / πb^6 as a function of ω b/ c is shown in Fig. 1.