SLAC–PUB–6706 December 1994 (A)

MAGNET ALIGNMENT TOLERANCES IN THE SLC FINAL FOCUS SYSTEM DETERMINED BY LIE ALGEBRA TECHNIQUES^∗

Frank Zimmermann^⋄

Stanford Linear Accelerator Center Stanford University, Stanford, CA 94309

Abstract

Using Lie algebra techniques, static alignment tolerances are derived for all quadrup ole and sextup ole magnets in the 1994 SLC final focus. Three different effects are identified which limit the tolerable quadrup ole misalignment. The largest amplitude of an offset-comp ensating closed orbit bump and the maximum allowed displacement between beam orbit and magnet center are evaluated for each sextup ole. Multiparticle tracking supplements and confirms the analytical results.

Submitted to Nuclear Instruments and Methods

∗Work supported by Departmen t of Energy contract DE–AC03–76SF00515.

1 Intro duction

1.1 The SLC Final Focus System

The final focus system of the Stanford Linear Collider (SLC) consists of two telescopes, Upper and Final Transformer (abbreviated in the following as UT and FT), separated by a Chromatic Correction Section (CCS) that accommodates two interleaved − I sextup ole pairs [1, 2, 3]. For convenience, we denote the sextup oles by s0,s1,s2 and s3, in the order of their position. The pair (s0,s2) is used to control the horizontal chromaticit y; the second pair (s1,s3) compensates the vertical chromaticit y. The − I separation between the two sextup oles of each pair ensures that no third-order geometric aberrations are generated. However, the interleaved scheme gives rise to fourthorder terms, which will play a role in the tolerance analysis. In 1994, an upgrade to the SLC final focus system was installed to cancel the most importan t of the residual aberrations, and thereby to reduce the vertical spot size at the Interaction Point (IP) by a factor of two [4]. At low current, the expected spot size of about 450 nm is now routinely established.

In the case of an ideal alignment, the minimum spot size (as determined by tracking with MAD [5]) is obtained for β_{x0} ≈ 9 mm and β_{y0} ≈ 1.4 mm. For emittances of ϵ_x = 600 μm μrad and ϵ_y = 60 μm μrad, this corresponds to an rms-value of the horizontal and vertical divergence of θ_{x0} ≈ 260μrad and θ_{y0} ≈ 204μrad. The subindex ‘0’ denotes values at the IP. Taking into account the effect (which is not chromatically corrected) of synchrotron radiation in the last three bending magnets (two inside and one behind the CCS), the beam sizes obtained from simulations are σ_{y0} ≈ 450 nm and σ_{x0} ≈ 2.4 μm, in agreement with the measuremen ts.

1.2 The Lie Algebra Approac h

Lie algebra techniques have been described in detail by Irwin [6]. Therefore, we only quote the main ideas used in the following tolerance analysis. The linear design optics between two locations of an arbitrary beam line can be characterized by a 4× 4– or 6× 6–dimensional transfer matrix, the so-called R–matrix [7, 8]. In the Lie algebra approach, the nonlinear deviation of a beam line M from the linear optics is written as a succession of nonlinear elements

M = ... exp {− H_i(x_i,p_{xi} ,y_i,p_{yi},δ)} exp {− H_j (x_j ,p_{xj} ,y_j ,p_{yj} ,δ)} exp {− H_k(x_k,p_{xk} ,y_k,p_{yk},δ)} ... , (1.1)

where the Hamiltonians H_m in the exponents are typically polynomials of order three or four, and the arguments x_m ,p_{xm} ,... are the local coordinates and momenta at the center of the element described by the Hamiltonian H_m . As an example, the Hamiltonian of a sextup ole magnet of integrated strength K_s is to a good approximation given by

H_s(x_s,p_{xs} ,y_s,p_{ys},δ) = 1 6 K_s(x^3_s − 3x_s y^2_s ) . (1.2)

Again, the subindex ‘s’ indicates coordinates at the center of the sextup ole. In Eq. (1.1), we have introduced the variable δ ≡ (Δ p/p_0) /{1 + (Δ p/p_0)}, p_0 being the design momentum [6]. Note that, unlike Ref. [6], we do not use the colon ‘:’ to indicate Lie generators. In this paper every expression that appears in an exponent is implicitly understo od to be a Lie generator. Now, to determine the effect of the nonlinearities on the IP spot size, the operator M has to be applied to the coordinates at the IP. For that purp ose, the local 3 coordinates x_i,p_{xi} ,... are translated into IP coordinates via the inverse 4× 4 or 6× 6 R–matrices ⃗x_i = R^{− 1}_{i→ 0} ⃗x_0 , (1.3) using the abbreviation ⃗x ≡ (x, p_x,y,p_y,δ). Similarity transformations [6], i.e., e^A ·e^B ·e^{− A} = e^C , where C ≡ e^AB , (1.4) and the Baker–Campb ell–Hausdorff theorem [6],

e^Ae^B = e^{A + B + [A,B ]/2 + ...} , (1.5)

allow an approximate expression of the series M, Eq. (1.1), in terms of a total nonlinear Hamiltonian

M ≈ exp{− H_{tot} (x_0,p_{x0},y_0,p_{y0},δ)} . (1.6)

The nonlinear problem is then reduced to computing the Hamiltonian H_{tot} and evaluating its effect on the beam distribution at the IP. Later in this report, the Hamiltonian H_{tot} is calculated for several specific examples. The change of the vertical coordinate y_0 at the IP is

Δ y_0 = [− H_{tot} ,y_0] + 1 2 [ H_{tot} , [H_{tot} ,y_0] ] + ... , (1.7) ≈ ∂H_{tot, 0} ∂p_{y0}

, (1.8)

where the contribution from higher-order Poisson brackets can almost always be neglected. The increase of the rms value of the vertical spot size is given by Δ σ^2_{y0} ≈ ⟨ (Δ y_0)^2 ⟩ − ⟨Δ y_0⟩^2 . (1.9) In Eq. (1.9), the angle-brackets denote an average over the (initial) bunch distribution, linearly propagated to the IP. It is often reasonable to assume 4 that the initial distribution at the entrance of the final focus is Gaussian, in which case higher order moments in Eq. (1.9) are nicely reduced to powers of second-order moments. It should, however, be mentioned that the value for the vertical rms beam size given by Eq. (1.9), though exact, does not directly reflect the expected luminosity, because the beam shape at the IP is generally non-Gaussian, due to nonlinear aberrations in the final focus and also due to disruption [9].

2 Tolerance Criterion

In this report, we want to calculate the static alignment tolerances of quadrup ole and sextup ole magnets. These tolerances are due to the beam size increases that remain when all possible tuning algorithms, such as orbit correction, dispersion and chromaticit y correction, waist shift, decoupling, etc., have been applied (see also Roy [10]). If these tolerance conditions are violated, the only possible cure is an actual movement of magnets. Other tolerances, such as those for vibrations or power supply jitter, refer to different, shorter time scales. Since over these time scales, less tuning and corrections can be performed, they are tighter than the static tolerances.

Guided by references [10, 11], the tolerances are deduced from the following criterion. We would like to allow for, at most, a 2% increase of the vertical spot size from each effect under consideration (such as horizontal or vertical displacement of quadrup ole magnets, horizontal or vertical sextup ole alignment, and so on). As is readily seen, this gives an upper limit on the increase of the square of the beam size of

Δ σ^2_{y0,pert} < 0.04σ^2_{y0} (2.10) 5 for each individual effect. The motivation for this approach is that, in total, there may be about 5 to 7 effects contributing to the vertical spot size, which then result in an overall beam size increase of about 10 to 15% . This is just at the border ofthe present resolution ofbeam size measuremen ts in the SLC.

All static alignment tolerances are caused by an increase ofthe vertical beam size, compared with which the effects of induced aberrations on the horizontal beam size (a factor 5 to 6 larger) are always unimportan t.

3 Quadrup ole Alignmen t

3.1 Disp ersiv e Kic ks

The residual effect of a quadrup ole misalignment after orbit correction can be represented by a dispersive kick. To see this, we note that the perturbativ e Hamiltonian of a quadrup ole horizontally displaced by a distance X is given by H_{pert} = −

K_q 2 δ(x_q − X)^2 − K_qXx_q , (3.11) where K_q denotes the strength of the quadrup ole and x_q is the horizontal coordinate at the center of the magnet. The first part of the Hamiltonian (3.11) contains a chromatic and a dispersion-like term, while the second part represents a closed-orbit distortion. In the case of beam-based alignment, the orbit is steered through the center of each quadrup ole. A closed orbit bump which would achieve this is described by the similarity transformation

exp {− p_{xq}X(1 − δ) + x_qθ(1 − δ)} exp

{ K_q 2 δ(x_q − X)^2 + K_qXx_q } (3.12)

× exp {p_{xq}x(1 − δ) − x_qθ(1 − δ)} = exp

{ K_q 2 δx^2_q − K_qXδ^2x_q + K_qXx_q } . 6 where θ represents the bump angle at the quadrup ole and we have dropped terms which do not depend on x_q, since they do not affect the particle trajectories. The resulting Hamiltonian consists of a chromatic term (which is independent of the displacement), a second-order dispersion, and the closedorbit distortion. In practice, we remove the closed-orbit distortion by means of another corrector, exp{− K_qXx_q(1− δ)}, which leads to the final transformation [12] exp { K_q 2 δx^2_q − K_qXδ^2x_q + K_qXx_q } exp {− K_qX(1 − δ) x_q}

= exp

{ K_q 2 δx^2_q − K_qXδ^2x_q + K_qXδx_q } . (3.13)

Hence, after optimum orbit correction, the displacement X gives rise to a first- and a second-order horizontal dispersion. The latter can be neglected, compared with the first-order contribution. Vertical misalignment is treated analogously. The effect of displacing a quadrup ole by X and Y horizontally and vertically, respectively, is then to a very good approximation described by a dispersive kick:

Δ p_{xq} = K_q Xδ Δ p_{yq} = − K_q Yδ . (3.14)

3.2 Maxim um Correctable Disp ersion

The dispersive kicks, Eq. (3.14), induced by displaced quadrup oles give rise to a finite value ofthe dispersion at the IP. To correct the horizontal and vertical dispersion at the IP, a − I pair of quadrup oles and skew quadrup oles, respectively, in the CCS is used. The two magnets in each pair are excited equally with opposite sign. The maximum value of dispersion that can be corrected 7 is limited by third-order aberrations generated by these two magnet pairs, and translates into an alignment tolerance for all other quadrup ole magnets. The third-order terms are caused by the interaction of the two dispersioncorrecting quadrup oles (or skew quadrup oles) with the CCS–sextup oles.

For the horizontal dispersion, the relevant Lie operators read

exp {− H_{q1}(x_{q1},y_{q1},δ)} exp {− H_{s1}(x_{s1},y_{s1},δ)} exp {− H_{s2}(x_{s2},y_{s2},δ)}

× exp {− H_{q2}(x_{q2},y_{q2},δ)} exp {− H_{s3}(x_{s3},y_{s3},δ)} , (3.15)

where the subindices q1,q2 refer to the two magnets ofthe normal quadrup ole pair, and s1, s2, s3 denote the last three sextup oles, as before. If we suppose that the dispersion to be cancelled is generated downstream of the CCS, the first sextup ole s0 can be ignored. The Hamiltonians of the quadrup oles and sextup oles are given by

H_{qi} ≈

K_{qi} 2 { (x_{qi} + η_{qi}δ)^2 − y^2_{qi} } , (3.16)

H_{si} ≈

K_{si} 6 { (x_{si} + η_{si} δ]^3 − 3(x_{si} + η_{si} δ)y^2_{si} } . (3.17)

Thanks to the − I-separation in the unperturb ed linear optics, we have x_{q1} = − x_{q2} and y_{q1} = − y_{q2}. As a consequence, we can easily combine the exponents in Eq. (3.15) to a single Hamiltonian using similarity transformations [6]. Under our assumption that the dispersion to be cancelled is generated downstream of the CCS, we have to propagate the dispersion terms to the right, and thus arrive at

H_{tot} ≈ H_{s1} {x_{s1} − K_{q1}(x_{q1} + η_{q1}δ)R_{12,q1s1}, y_{s1} + K_{q1}y_{q1}R_{34,q1s1}, δ}

+ H_{s2} {x_{s2} − K_{q1}(x_{q1} + η_{q1}δ)R_{12,q1s2}, y_{s2} + K_{q1}y_{q1}R_{34,q1s2}, δ}

+ H_{s3} {x_{s3} − 2K_{q1}η_{q1}δR_{12,q1s3}, y_{s3}, δ} , (3.18) 8 where use has been made ofη_{q1} = η_{q2}, and R_{12,q1s1} denotes the (1,2) R–matrix element from q1 to s1, etc. In this Hamiltonian, we have explicitly taken into account the dispersion, so that the transformation to IP coordinates (x_0,p_{x0},y_0,p_{y0}) has to be performed via the 4× 4 R–matrices (and not by the 6× 6 R–matrices, which will be used in some of the later paragraphs). From Eq. (3.18), and assuming a typical momentum spread δ = 3 × 10^{− 3}, the most importan t induced third-order aberrations are identified as the p^2_{y0}δ and the p^2_{y0}p_{x0} terms. Both terms contribute about equally to the final beam size. The p^2_{y0}δ contribution can, in principle, be corrected, but destroys the orthogonalit y of chromaticit y and dispersion correction, while the p_{x0}p^2_{y0} coefficien t cannot be corrected at all, in the present SLC final focus. The maximum tolerable value of K_{q1} due to these terms is about 5 × 10^{− 4} m^{− 1}, corresponding to a horizontal dispersion

|η_{x0,max} | ≈ 0.7mm . (3.19)

The correction of the vertical dispersion is performed by use of the skew quadrup ole pair. Equation (3.15) also applies in this case, if we replace the Hamiltonian H_{qi} by H_{sqi},

H_{sqi} ≈ − K_{sqi}(x_{sqi} + η_{sqi}δ) y_{sqi} . (3.20)

Again assuming that the (vertical) dispersion to be corrected is induced downstream of the CCS, the resulting total Hamiltonian is

H_{tot} ≈ H_{s1} {x_{s1} + K_{sq1}y_{sq1}R_{12,sq1s1}, y_{s1} + K_{sq1}(x_{sq1} + η_{sq1}δ) R_{34,sq1s1}, δ}

× H_{s2} {x_{s2} + K_{sq1}y_{sq1}R_{12,sq1s2}, y_{s2} + K_{sq1}(x_{sq1} + η_{sq1}δ)K_{34,sq1s2}, δ}

+ H_{s3} {x_{s3}, y_{s3} + 2K_{sq1}η_{sq1}δR_{34,sq1s3}, δ} . (3.21) 9

After transforming to the IP, the two dominant beam-size increasing aberrations are the p_{y0}δ^2 and p_{x0}p_{y0}δ terms, which give a maximum value for the integrated skew-quadrup ole strength K_{sq1} of about 10^{− 3} m^{− 1}. This amounts to a maximum correctable dispersion of

|η_{y0,max} | ≈ 0.62 mm , (3.22)

which is similar to the horizontal value. The treatmen t of upstreamdispersion correction is completely analogous, and results in about the same value of correctable dispersion.

Tracking simulations have been performed using MAD [5] for comparison and verification of the analytical estimate. In these simulations, a dispersive kick, Eq. (3.14), was applied at the center of a selected quadrup ole magnet in a model of the SLC final focus. After subsequent dispersion correction, 10,000 particles were tracked through this model. From the observed increase of the vertical rms beam size at the IP as a function of the dispersive kick strength, a maximum displacement of the quadrup ole magnet could be deduced. The maximum displacement of several magnets was found for |η_{x,y,max} | ≈ 0.65 mm, in satisfactory agreement with Eqs. (3.19) and (3.22). However, for almost all magnets in the upper transformer, considerably larger beam-size increases were obtained than could be explained by the dispersion generated at the IP. The tolerances for these magnets are, in fact, not given by the value of η_{x0,y0}, but instead by the value of the slope of the dispersion η^′_{x0,y0}, which may interact with other aberrations in the final focus. This interaction is the subject of the next section. 10

3.3 Interaction of Disp ersion and Higher Order Ab errations

The residual aberrations in the 1994 final focus are mainly due to the interaction of the interleaved sextup oles with each other, while to some extent they are also due to the long sextup ole effect [6], and the interaction of the sextup oles with the triplet and with other quadrup ole magnets. Values for the coefficien ts of these higher order terms have been obtained by a detailed analysis [13, 14]. They are listed in Table 1.

Monomial Coefficien t [m] (Δ σ^2_y)^{1/2} [nm] Linear — 290

p_{x0} p^2_{y0} δ − 847 272 p^2_{x0} p^2_{y0} − 3124 153

p^4_{y0} 646 91 p^2_{y0} δ^2 5 29 Table 1: Remaining aberrations in the 1994 SLC final focus [14] and their respective

contribution to the vertical spot size.

The SLC final focus can be approximately represented as

exp {− a p^4_{y0} − bp_{x0} p^2_{y0} δ− cp^2_{y0} p^2_{x0}} , (3.23)

where a ≈ 646 m, b≈ − 847 m, and c ≈ − 3124 m, and the variables p_{x0} and p_{y0} are the transv erse momenta at the IP. A dispersive kick, exp {x_0η^′_{x0}δ}, applied somewhere in the upper transformer willinteract with the aberrations in Eq. (3.23), resulting in

exp {x_0η^′_{x0}δ} exp { − a p^4_{y0} − bp_{x0}p^2_{y0}δ− cp^2_{y0} p^2_{x0} } (3.24)

= exp { − a p^4_{y0} − b(p_{x0} + η^′_{x0}δ) p^2_{y0}δ− cp^2_{y0} (p_{x0} + η^′_{x0}δ)^2 } exp {x_0η^′_{x0}δ} . 11

Here a similarity transformation, Eq. (1.4), has been performed. Notice that the factor exp {x_0η^′_{x0}δ}, i.e., the second operator, does not affect the vertical beam size since [x_0,y_0] = 0. The total Hamiltonian of the first Lie operator is

H_{tot} = a p^4_{y0} + p_{x0} p^2_{y0} δ(b+ 2cη^′_{x0}) + cp^2_{y0} p^2_{x0} + (bη^′_{x0} + cη^{′2}_{x0}) p^2_{y0} δ^2 . (3.25)

This Hamiltonian allows the following conclusions:

1. The terms depending on η^′_{x0} will cause an alignment tolerance for the magnets in the upper transformer.

2. It is evident that by proper choice of η^′_{x0}, the dominant remaining aberration p^2_{y0} p_{x0} δ may partly be cancelled, at the expense of generating a p^2_{y0} δ^2 term—the very term that the upgrade was designed to cancel. There will be an optimum value of η^′_{x0}, as generated at the start of the final focus, which will yield a minimum spot size.

3. The Hamiltonian is asymmetric with respect to η^′_{x0}, meaning that for zero incoming slope ofdispersion, the alignment tolerances willbe much tighter for displacements in one direction than in the other.

Figure 1 shows the vertical beam size as a function of η^′_{x0}. The analytical prediction obtained from the Hamiltonian (3.25) and the result of tracking 10,000 particles (dots) agree quite well, and confirm all three of the above statemen ts. The small discrepancy between the analytical curve and the simulation is partly explained by the statistical error of the tracking, and is partly due to a slightly different representation of magnets.

In the following, we assume that the incoming dispersion is somehow adjusted close to its optimum value (η^′_{x0} ≈ − 19 mrad) and calculate all 12