SLAC–95–6804 June 1995

STUD Y OF BEAM DECOHERENCE IN THE PRESENCE OF HEAD-T AIL INST ABILITY USING A TW O-P AR TICLE MODEL^∗

G.V. Stupak ov and A.W. Chao Stanford Linear Accelerator Center, Stanford University, Stanford, CA 94309 USA

Abstract

The decoherence behavior of a beam centroid motion after a kick is studied using a two-particle model. A simple theory based on averaging of the governing equation is developed. The effects of a finite chromaticit y and synchrotron motion are taken into account. Increasing the tune spread in the beam, a transition from a head-tail instabilit y to a stable decay of an initial kick is explicitly demonstrated.

I. INTRODUCTION

When a bunched beam is kicked in a storage ring, it executes a betatron oscillation. If there is a spread in the betatron frequencies of the beam particles, it is well-known [1-4] that the centroid motion of the beam will decay in time as a result of decoherence among the oscilations of differen t particles. The rate of decoherence depends on the spread of the betatron frequencies.

In addition to this decoherence effect, the beam centroid motion after the kick is also affected by the collective effects if the beam is sufficien tly intense [4-6]. The interpla y between the decoherence and the collective effects was analyzed in Ref. 5, except that it neglected the effect of the head-tail instabilit y by assuming a zero chromaticit y. For a coasting beam, a similar problem has been treated in Ref. 6. In this note, we offer a bunched-beam analysis that includes the effect of a finite chromaticit y using a simplified two-particle model of the beam. We obtain the time behavior of the beam centroid after the kick as a function of the frequency spread, the wake field strength, and the chromaticit y. The results reduce to those of Ref. 5 when the chromaticit y is set to zero. It is shown that by an appropriate transformation, the formalism of Ref. 5 for the case with zero chromaticit y applies also to the case with finite chromaticit y.

Our result demonstrates the transition from Landaudamp ed oscillations to instabilit y. In particular, it gives explicitly the condition for the collective instabilit y to be Landau damp ed.

II. GENERAL ANALYSIS

To study the interpla y between the decoherence and the collective head-tail effects, we consider a simplified two-particle model in which the beam is modeled as two

∗ Work supp orted by Departmen t of Energy contract DE-A C03- 76SF00515

macroparticles interacting with each other through a wake field according to

y^{′′}_{1,2} + ω^2_{1,2} c^2 y_{1,2} = εh_{1,2}ȳ_{2,1}, (1)

where y_1 and y_2 are the transv erse offsets for the first and the second macroparticles respectively, and the prime designates the differen tiation with respect to the longitudinal coordinate s. The betatron frequencies ω_1 and ω_2 in Eq. (1) for each particle are modulated due to the synchrotron motion,

ω_{1,2} = ω ( 1 ∓ ξδ̂cos(ω_s s/c) ) , (2)

where ω is the unperturb ed betatron frequency and δ̂ = ẑω_s / cη with ξ designating the chromaticit y parameter, ω_s the synchrotron frequency, η the momentum compaction factor and ẑ the amplitude of synchrotron oscillations. We assume the two macroparticles execute their synchrotron oscillations according to z_1 = − z_2 = ẑ sin (ω_s s/c). On the right hand side of Eq. (1) we have ε = Nr_0W_0/ 2γC, where N is the number of particles in the bunch (each macroparticle contains N/2 particles); r_0 is the classical radius of the particle; W_0 is the wake function at z = 0 (in case when W(z = 0) = 0, W_0 is some characteristic value of W); γ is the relativistic factor; and C is the accelerator circumference. The function h_1 (s) accounts for the time variation of macroparticle positions: it is equal to W (2ẑ|sin (ω_s s/c) |)/W_0 for z_1 < z_2, and h_1 (s) = 0 for z_1 > z_2. The function h_2 (s) differs from h_1 (s) in that z_1 is interchanged with z_2. Note that h_1 (s) (h_2 (s)) is nonvanishing only when the first (second) macroparticle trails the other macroparticle.

We assume a frequency spread within each macroparticle which has a distribution ρ(ω ) normalized so that ∫ ρ(ω ) dω = 1. The function ρ(ω ) has a maximum at ω = ω_0 with a characteristic width Δ ω_0 ≪ ω_0. The functions y_1 = y_1 (s|ω ) and y_2 = y_2 (s|ω ) in Eq. (1) are, as a matter of fact, functions of two variables, s and ω , and the bar designates averaging over frequency,

ȳ_{1,2} (s) = ∫ y_{1,2} (s|ω ) ρ(ω ) dω . (3)

We will be looking for solution of Eq. (1) in the following form [7]

y_{1,2} (s|ω ) = ỹ_{1,2} (s|ω ) exp (− iω_0s/c ± iχ sin (ω_s s/c)) , (4) where χ = ξδ̂ω_0/ ω_s is the head-tail phase, and ỹ_{1,2} (s|ω ) is a slowly varying amplitude. Substituting Eq. (4) into Eq. (1) and neglecting small terms we have

− 2i ω_0 c ỹ^′_{1,2} + ω^2 − ω^2_0

c^2 ỹ_{1,2} = εh_{1,2}ŷ_{2,1}e(^{∓ 2iχ sin} (^{ω s sc} )), (5)

where ŷ_{1,2} (s) = ∫ ỹ_{1,2} (s|ω ) ρ(ω ) dω . (6)

Assuming χ ≪ 1 we can expand the right hand side of Eq. (5) and average it over s. Also, because the frequency spread is assumed to be small, we have ω^2 − ω^2_0 ≈ 2ω_0Δ ω , where Δ ω = ω − ω_0. We than have

ỹ^′_{1,2} + i Δ ω c ỹ_{1,2} = ic 2ω_0 ε (α_1 + 2iα_2χ) ŷ_{2,1}, (7)

where

α_1 = ω_s 2πW_0c

∫_{cπ / ω s} 0 W ( 2ẑ sin

( ω_s s c )) ds, (8)

α_2 = ω_s 2πW_0c

∫_{cπ / ω s} 0 W ( 2ẑ sin

( ω_s s c )) sin ( ω_s s c ) ds. (9)

For a constan t wake, W (z) ≡ W_0, we have α_1 = 1/2, α_2 = 1/ π.

It is convenient to define the center of mass Y and the relativ e displacemen t D of the macroparticles so that Y = 1 2 (ỹ_1 + ỹ_2) , D = ỹ_1 − ỹ_2. (10)

This reduces Eq. (7) to a pair of decoupled equations,

Y^′ + i Δ ω c Y = rŶ, D^′ + i Δ ω c D = − rD̂ , (11)

where {^ Y (s) D̂ (s) } = ∫ { Y (s|Δ ω ) D (s|Δ ω ) } ρ(Δ ω ) dΔ ω , (12)

and r = icε (α_1 + 2iα_2χ) /2ω_0.

At this point, we note that averaging Eq. (5) actually assumes that the functions ŷ_{1,2} vary on the time scale that is larger than the synchrotron period. From Eq. (11) we find that, due to the wake field, Y and D will be modulated with the frequency equal to cImr. Hence, we have to require c^2εα_1/2ω_0 ≪ ω_s , as an applicabilit y condition of our approac h. It is worth noting that the ratio πc^2εα_1/2ω_0ω_s is equal to the parameter Υ defined in [7], p. 180 (for a constan t wake), that governs the strong head-tail instabilit y. The above condition therefore implies that we are well below the threshhold of the strong head-tail instabilit y.

We will first focus on the behavior of the centroid of the bunch and consider the first of Eq. (11). The analysis follows closely that of Ref. 5. Integrating the equation for Y we find,

Y = Y_0e^{− iΔ ω s/c} + r

∫_s 0 Ŷ (s^′)e^{− iΔ ω} (^{s− s ′})^{/c}ds^′, (13) where Y_0 is a constan t equal to the initial value of Y at s = 0. Averaging Eq. (13) according to Eq. (12) yields

Ŷ = Y_0K (s) + r

∫_s 0 Ŷ (s^′)K (s − s^′) ds^′, (14)

where K (s) is the decoherence function

K (s) = ∫ e^{− iΔ ω s/c} ρ(Δ ω ) dΔ ω . (15)

Eq. (14) can now be solved by means of a Laplace transform. Defining

u (p) =

∫_∞ 0 Ŷ (s) e^{− ps} ds, κ (p) =

∫_∞ 0 K (s) e^{− ps} ds,

(16) the Laplace transform of Eq. (14) is

u (p) = Y_0κ (p) + rκ (p) u (p) , (17)

from which we find u (p), and making inverse Laplace transform yields

Ŷ (s) = 1 2πi Y_0

∫_{σ+ i∞}

σ− i∞

κ (p) 1 − rκ (p) e^{ps} dp. (18)

Since Eq. (11) for D differs only by the sign of r, all our results for Y are also applicable to D upon the substitution r → − r.

III. DISTRIBUTION FUNCTIONS AND INSTABILITY

We have thus solved formally the motion of the beam centroid after a kick. The amplitude of the beam centroid motion is describ ed by Ŷ(s) of Eq. (18) where Y_0 is the initial kick amplitude. The parameter r contains the wake field and the chromaticit y information. The function κ(p), given by Eqs. (15) and (16), contains the information of the betatron frequency spectrum of the beam. To proceed, we assume a Gaussian distribution function,

ρ(ω ) = 1 √ 2πΔ ω_0 exp ( − Δ ω^2 2Δ ω^2_0 ) , (19)

where Δ ω_0 is the rms width of the spectrum. Then

K (s) = exp ( − Δ ω^2_0s^2 / 2c^2 ) , (20) and κ (p) = c √ π √ 2Δ ω_0 exp ( p^2c^2 2Δ ω^2_0 ) [ 1 − erf ( pc √ 2Δ ω ) ] , (21)

where erf (x) is the error function. Defining the variable ζ = ipc/ Δ ω_0 and the function w(ζ) = − i exp ( − ζ^2/2 )[ 1 − erf ( − iζ/ √ 2 )] , we can rewrite Eq.

(18) in the following form

Ŷ (s) = Δ ω^0 2πrc

Y_0 ∫ C w(ζ) exp (− iΔ ω_0ζs/c) dζ w(ζ) + i √ 2Δ ω_0 / rc √ π , (22)