SLAC-PUB-95-6964 August 1995

Observations Involving Broadband Impedance Modelling^∗

J. Scott Berg Stanford Linear Accelerator Center, Stanford University, Stanford, CA 94309

Abstract Results for single- and multi-bunch instabilities can be significantly affected by the precise model that is used for the broadband impedance. This paper discusses three aspects of broadband impedance modelling. The first is an observation of the effect that a seemingly minor change in an impedance model has on the single-bunch mode coupling threshold. The second is a successful attempt to construct a model for the high-frequency tails of an r.f. cavity. The last is a discussion of requirements for the mathematical form of an impedance which follow from the general properties of impedances.

1 Introduction

Computing instability thresholds and growth rates requires good models for broadband and narrow-band impedances.

In some cases seemingly minor changes in the broadband impedance model can cause significant changes in instability thresholds, as shown in section 2. Thus, the broadband impedances in the ring should be modelled more carefully. In section 3, this is done for the high-frequency tails of the r.f. cavities in the PEP-II B factory. Section 4 of this paper describes some of the mathematical properties that an impedance is required to satisfy, and some of the resulting constraints that these properties place on the form of a broadband impedance model.

2 Effect of Impedance Cutoff

The various small objects in the PEP-II ring have been modelled to have an impedance that is primarily inductive [1]. The impedance should be cut off so that the transverse impedance goes to zero at infinity. This can be done by writing the transverse inductive impedance as −iL (1 − iω/ω_C)^{3/2}

, (1)

where L is the low-frequency inductance, and ω_C is a cutoff frequency. The choice of 3/2 in the exponent is based on the assumption that the high-frequency tail of the impedance consists of a large number of resonances that give a roll-off similar to a single cavity [2].

The choice of the cutoff frequency ω_C has a strong effect on where transverse single-bunch mode coupling occurs, as shown in Fig. 1. The characteristic frequency cutoff of the bunch distribution β_0c/2πσ_ℓ for this example is 4.77 GHz. Notice that there is a strong variation in the mode coupling threshold even for values of the ω_C well above this frequency.

This result demonstrates that seemingly minor details of the impedance model can have significant effects on the resulting analysis of coherent instabilities.

An important qualification to this example is that this analysis only included the m = 0 and m = 1 transverse modes (see [3, 4, 5]). As demonstrated in [6, 7, 8], when one includes impedances that have a high-frequency component, as we do here (the real part of (1) peaks at tan(π/5) ≈ .727 times the cutoff frequency), higher order modes should be included for a complete picture. As can be seen from the definition of K_k in [3, 4, 5], K_k peaks at kβ_0c/4πσ_ℓ. Thus, m should be at least high enough so that K_{2k} (the diagonal term for row k in our eigenvalue system) has its peak at higher frequencies than any significant impedances for k > m. It is not clear whether m should be twice that value, so that even off-diagonal terms with significant overlap are considered even if their corresponding diagonal terms are negligible.

∗Work supported by Department of Energy contract DE–AC03–76SF00515.

Presented at the International Workshop on Collective Effects and Impedance for B-Factories, Tsukuba, Japan, 12–17 June, 1995.

FIGURE 1: Real parts of mode frequencies for a single bunch, plotted versus total beam current. The parameters for the PEP-II B factory are used. The beam becomes unstable at the point where two mode frequencies coincide. Different sets of lines represent different values of inductance cutoff ω_C as described in the text. The impedance is otherwise the model used in [3].

3 Model of High-Frequency Cavity Tails

Section 2 suggests that a good model for the high-frequency impedance behavior is important. An important part of that behavior can come from the high-frequency impedance due to r.f. cavities.

The impedance of the r.f. cavities in PEP-II has been modelled to consist of the known higher-order modes plus a high-frequency tail. The real longitudinal wake of any device must satisfy the following physical considerations [9]:

• It must be real

• It must be causal

• It must be energy-conserving

• It must have no effect on a DC beam.

Since the total wake for the cavity satisfies these properties, then if the higher-order modes used are the real resonant modes of the cavity, it is expected that the remaining wake should also satisfy these properties.

The longitudinal impedance due to a single isolated cavity rolls off as ω^{−1/2} at high frequencies [10]. Nearly the simplest possible impedance that satisfies the above properties and rolls off as ω^{−1/2} is iA [( 1 + ω ω_0 + iα

)_{−1/2} − ( 1 − ω ω_0 − iα

)_{−1/2}] . (2)

This model is “simple” in the sense that it consists of only a pair of symmetrically placed branch cuts in the lower half plane. The only simpler model would be one where there was a single branch cut along the negative imaginary axis. It turns out that such a model does not have enough freedom to describe the cavity tails.

The model (2) will be used to describe the cavity tails; the parameters A, ω_0, and α will be found based on the actual cavity properties. Other models have been proposed for an impedance with an ω^{−1/2} roll-off. See [11, 12].

FIGURE 2: Impedance of a PEP-II r.f. cavity model found with ABCI.

The total wake of the cavity is obtained by running a model of the PEP-II r.f. cavity through the program ABCI for m = 1 (to get the transverse wake) [1, 13]. The resulting impedance is shown in Fig. 2. The narrowband impedances from this rough model of the cavity are expected to be similar, but not quite the same, as the known resonant modes of the cavity. Because of this discrepancy in the resonant modes (and the fact that the integration time is relatively short compared to the resonant mode decay times), the impedance of the known cavity modes cannot simply be subtracted from the total cavity impedance. Instead, the wake due to the known cavity modes is subtracted from the total wake given by ABCI, and the result is Fourier transformed to obtain the impedance. This impedance is shown in Fig. 3.

FIGURE 3: Impedance of the PEP-II r.f. cavity with higher-order modes subtracted. Also shown is the model [Eq. (2)] that was fit to this impedance. The parameters of the model are A = 45.1344 kΩ/m^2, α = 1.34722 GHz, and ω_0 = 2.4 GHz.

The parameters of the model (2) are fit by matching the low-frequency limit of the model to the low frequency limit of the imaginary part of the impedance, and matching the high-frequency limit of the model to the average of the real and imaginary parts of the impedance. The value of ω_0 is fixed for this fit. An initial guess of ω_0 = 2 GHz is made, since this frequency is just above the last of the known cavity modes. The value of ω_0 is adjusted, while maintaining the matching of the low- and high-frequency limits, to give the best fit (as judged by eye). The resulting ω_0 turned out to be 2.4 GHz. A comparison of the fit model and actual impedance (after removal of known higher-order modes) is shown in Fig. 3. The agreement can be seen to be very good.

To obtain the good agreement that was found here, all three parameters in the model were necessary. This is an advantage of this model over the models used in [11, 12], which have fewer degrees of freedom. Note that the cavity tails give a small but non-negligible contribution to the inductance.

This analysis could be improved in the following ways: the value of the parameters could be found by a nonlinear fit instead of fitting one parameter by eye; the wakes could be computed with ABCI for longer times; a better way of subtracting the higher-order modes could be found; and better windowing could be done on the data (to smooth out the oscillations).

4 General Properties of Impedances

As stated earlier, there are four properties that longitudinal impedances must satisfy [9]:

• The impedance must correspond to a real wakefield. Thus, [Z(−ω^∗)]^∗ = Z(ω).

• The impedance must correspond to a causal wake. Thus, it must be analytic in the upper half plane (i.e., no poles or branch cuts).

• The impedance must be energy-conserving. Thus, the real part of Z(ω) must be non-negative for real ω.

• A DC beam should be unaffected by wakefields. Thus, Z(ω) must be zero at ω = 0.

This section discusses the constraints that these facts, in particular energy conservation, put on the impedance models that one can construct.

FIGURE 4: Integration contour for Z^′(ω)/Z(ω). Dashed lines represent branch cuts; the single dot at the origin is a pole of Z^′(ω)/Z(ω).

Assume that one has an impedance that rolls off like (−iω)^ν as ω −→ ∞ in the complex plane. Integrate Z^′(ω)/Z(ω) around the contour shown in Fig. 4. The contour should pass over any zeros or poles of Z on the real axis, or any branch cuts that touch rhe real axis, as shown.

The integral around the contour is i πν − π

N−1∑ k=0 α_k + Δϕ ) , (3)

where N zeros, poles, or branch cuts intersect the real axis, each of order α_k respectively (e.g., α_k = −1 for a simple pole). The change in phase along the segments on the real axis is Δϕ. Equation (3) is equal to 2πi times the number of zeros, including multiplicity, in the upper half plane, n_Z . Note that n_Z must be a nonnegative integer, since no poles or branch cuts can be in the upper half plane for Z. Since the real part of Z(ω) must be positive along the real axis, the absolute value of the change in phase must be less than or equal to π along any given segment between zeros, poles, or branch cuts. Thus, since there are N + 1 such segments, −(N + 1)π ≤ Δϕ ≤ (N + 1)π, resulting in the inequality

−(N + 1) ≤ 2n_Z +

N−1∑ k=0 α_k − ν ≤ N + 1. (4)

As an example, say no branch cuts or poles of the impedance touch the real axis. Then the α_k are integers that are greater than or equal to 1. Thus, the sum of the α_k is an integer greater than or equal to N. Since n_Z is a non-negative integer, equation (4) then constrains ν ≥ −1, but places no constraints on the upper limit for ν.

5 Conclusion

This paper has shown how in some cases, knowing the details of the broadband impedance of a machine can be important. Because of this, a model of the high-frequency tails of the PEP-II r.f. cavities was constructed. This model gave a good approximation to the behavior due to those tails for a model of the cavity run through the program ABCI. The general properties of impedances place constraints on the model for the broadband impedance that one can use. These constraints contributed to the decision to use the model of equation (2) for the cavity tail impedance.

Much of this work, especially that in sections 2 and 3 is preliminary and requires more research, as indicated in comments in those sections.

Finally, thanks to Sam Heifets for many helpful discussions.

References

[1] S. Heifets, et al. “Impedance Study for the PEP-II B-factory.” SLAC/AP-99, Stanford Linear Accelerator Center, Stanford, CA (1995).

[2] S. Heifets. Private communication.

[3] J. S. Berg and R. D. Ruth. “Transverse Multibunch Modes for Non-Rigid Bunches, Including Mode Coupling.” SLAC-PUB-95-6965, Stanford Linear Accelerator Center, Stanford, CA (1995). To appear in the proceedings of the International Workshop on Collective Effects and Impedance for B-Factories, Tuskuba, Japan, 12-17 June, 1995.

[4] J. S. Berg and R. D. Ruth. “Transverse instabilities for multiple nonrigid bunches in a storage ring.” SLAC-PUB-95-6829, Stanford Linear Accelerator Center, Stanford, CA (1995). To appear in Phys. Rev. E.

[5] J. S. Berg and R. D. Ruth. “Transverse Multibunch Instabilities for Non-Rigid Bunches.” SLAC-PUB- 95-6830, Stanford Linear Accelerator Center, Stanford, CA (1995). Presented at the 16th IEEE Particle Accelerator Conference (PAC95) and International Conference on High-Energy Accelerators, Dallas, Texas, May 1-5, 1995.

[6] T. Linnecar and E. N. Shaposhnikova. “Analysis of the Transverse Mode Coupling Instability of the Leptons in the SPS.” CERN/SL/93-43 (RFS), CERN, Geneva, Switzerland (1993).

[7] T. P. R. Linnecar and E. N. Shaposhnikova. “The Transverse Mode Coupling Instability and Broadband Impedance Model of the CERN SPS.” In V. Suller and C. Petit-Jean-Genaz, editors, Fourth European Particle Accelerator Conference, Vol. 2, pp. 1093–1095, Singapore (1994). World Scientific.

[8] T. Linnecar and E. N. Shaposhnikova. “Transverse Mode Coupling Instability of the Leptons in the CERN SPS.” To appear in the proceedings of the International Workshop on Collective Effects and Impedance for B-Factories, Tsukuba, Japan, 12-17 June, 1995.

[9] A. W. Chao. Physics of Collective Beam Instabilities in High Energy Accelerators. John Wiley & Sons, Inc., New York (1993).

[10] S. A. Heifets and S. A. Kheifets. “High-frequency Limit of the Longitudinal Impedance of an Array of Cavities.” Phys. Rev. D, 39(3), 960–970 (1989).

[11] A. Hofmann and B. Zotter. “Improved Impedance Models for High-Energy Accelerators and Storage Rings.” CERN LEP/TH 88-51, CERN, Geneva, Switzerland (1988).

[12] A. Hofmann and B. Zotter. “Analytic Models for the Broad Band Impedance.” In F. Bennett and J.

Kopta, editors, Proceedings of the 1989 IEEE Particle Accelerator Conference, Vol. 2, pp. 1041–1043, New York (1989). IEEE.

[13] Y. H. Chin. “User’s Guide for ABCI Version 8.8 (Azimuthal Beam Cavity Interaction).” LBL-35258, Lawrence Berkeley Laboratory, Berkeley, CA (1994).