1SLAC-PUB-7377December 1996Nonlinear Dynamics of Single Bunch Instability in Accelerators*G. V. StupakovStanford Linear Accelerator CenterStanford University, Stanford, CA 94309B.N. Breizman and M.S. PekkerInstitute for Fusion Studies,The University of Texas, Austin TX, 78712AbstractWe develop a nonlinear theory of the weak single bunch instability inelectron and positron circular accelerators and damping rings. A nonlinearequation is derived that governs the evolution of the amplitude of unstableoscillations with account of quantum diffusion effects due to thesynchrotron radiation. Numerical solutions to this equation show a largevariety of nonlinear regimes depending on the growth rate of the instabilityand the diffusion coefficient. Comparison with the observation in the SLCDamping Ring at SLAC shows qualitative agreement with the patternsobserved in the experiment.Submitted to Physical Review E

* Work supported by the Department of Energy contracts DE-AC03-76SF00515 and DE-FG03-96ER-54346.

21. IntroductionMicrowave single bunch instability in circular accelerators has been known formany years. The instability usually arises when the number of particles in the bunchexceeds some critical value,

Nc

, which can vary depending on the parameters of theaccelerating regime. Typically the instability leads to the growth of the bunch length("turbulent bunch lengthening") and the increased energy spread of the beam [1]. Theorigin of the microwave instability is usually associated with unstable oscillations of thebunch caused by high-frequency part of the impedance of the vacuum chamber.Recent observations in the SLC damping ring at SLAC [2] with a new low-impedance vacuum chamber revealed some new interesting features of the instability. Itwas found that in some cases, after initial exponential growth, the instability eventuallysaturated at a level that remained constant through the accumulation cycle. In other regimes,a relaxation-type oscillations were measured in nonlinear phase of the instability. In manycases, the instability was characterized by a frequency close to the second harmonic of thesynchrotron oscillations. Similar effects have been observed in LEP for the oscillations ofthe bunch length [3].A vast literature devoted to the microwave instability mostly focuses on the lineartheory. The main objective of this theory is to predict the frequency, growth rate and thestructure of the perturbation as a function of beam parameters. Especially important for theexperiment is determination of the threshold of the instability for a given wake in theaccelerator. Mathematically, the linear problem reduces to a set of integral equations whosesolution usually invokes elaborate numerical methods [4-6].A solution obtained in the linear theory, however, cannot explain the timedevelopment of the instability above the threshold. Several attempts have been made toaddress the nonlinear stage of the instability. Using numerical simulation methodD’yachkov and Baartman studied a mechanism that generates sawtooth oscillations in asingle bunch instability [7]. Simulation of the SLC damping ring instability that alsoshowed nonlinear oscillations of the amplitude has been performed in Ref. [8]. RecentlyHeifets proposed a theory of nonlinear oscillations considering nonlinear phase of theinstability as a new equilibrium around a nonlinear resonance [9]. However, being basedon either computer simulations or some specific assumptions regarding the structure of theunstable mode, these works, in our view, do not give a consistent and universal descriptionof the nonlinear stage of the instability.An attempt of a more general consideration of the problem based on nonlinearVlasov equation is carried out in this paper. We adopt an approach recently developed inplasma physics for analysis of nonlinear behavior of weakly unstable modes in dynamicsystems [10,11]. Assuming that the growth rate of the instability is much smaller than itsfrequency, we find a time dependent solution to Vlasov equation and derive an equation forthe complex amplitude of the oscillations valid in the nonlinear regime. This equation, afterproper normalization, contains only two dimensionless parameters, and can be easilysolved numerically. It turns out that even without detailed knowledge of the nature of theinstability, we can qualitatively analyze and predict different patterns of the signal that canbe observed in the experiment in a weakly nonlinear regime.The paper is organized as follows. In Section 2 we formulate the stability problemin terms of Vlasov equation with a right hand side due to the effect of synchrotronradiation. In Section 3, a brief review of the linear theory for a single bunch instability isgiven. Section 4 contains a general derivation of an equation for the evolution of theamplitude of weakly unstable oscillations near the threshold of the instability. A detailedcalculation of nonlinear part of the equation is presented in section 5. In Section 6 weinclude synchrotron radiation term into nonlinear equation and introduce dimensionlessvariables that minimize the number of free parameters in the equation. Analysis of the

3solutions and results of numerical computations are presented in Section 7, and in Section 8we discuss the main results of the paper.2. Basic EquationsWe start from the equation of motion in longitudinal direction (see, e.g., Ref. [12]):

˙,˙,z c K z t= - = ( )h d d

,(1)where

z

is the longitudinal coordinate,

d

is the relative energy deviation,

h

is the slipfactor, the dot indicates differentiation with respect to time

t

, and

KztczrTdznztwzs e z, ,( ) = - ¢ ¢( ) ¢-( )¥�wh g02 0

.(2)In Eq. (2)

ws 0

denotes the unperturbed synchrotron frequency,

T0

is the revolution period,

re

is the classical electron radius,

g

is the relativistic factor,

nzt,( )

is the longitudinal beamdensity,

nztdzN,( ) =-¥¥�

, where

N

is the number of particles in the beam, and

wz( )

is thelongitudinal wake function. The first term in Eq. (2) corresponds to the potential of theaccelerating voltage, and the second term describes the wakefield generated by the bunch.Equations of motion (1) can be obtained from the following Hamiltonian:

HztczrTdzdznztwzs e z z, , ,-( ) = + - ¢ ¢ ¢ ¢( ) ¢¢- ¢( )� � ¢¥d h d wh g12 22 02 2 0 0

,(3)in which

z

plays a role of a coordinate, and

-d

is the conjugate momentum.We will use a distribution function

yx p t, ,( )

of the particles in the bunch such thatintegrating over

d

gives the particle density

nztNztd, , ,( ) = ( )-¥¥�y d d

.(4)This distribution function satisfies the Vlasov equation with a Fokker-Planck "collision"term on the right hand side,

¶y¶yt H R+ { } =,

,(5)where we have the Poisson brackets on the left hand side, and

R

describes the effect of thesynchrotron radiation (see, e.g., [13]),

RD= +�Ł �ł¶¶ d g y d k ¶ y¶ d

.(6)In Eq. (6)

gD

is the damping time for the amplitude of the synchrotron oscillations and

k

is the diffusion coefficient associated with the quantum nature of the radiation.

4In the equilibrium state the distribution function

y

and the Hamiltonian

H

do notdepend on time. The equilibrium solution of Eq. (6) was given by Haissinski [14],

yddhsz H zc E, exp ,( ) = · - -( )�Ł� �ł�const 0 2

,(7)where

s k g

E D=

is the rms energy spread of the beam in the absence of the wake, and

H0

is the equilibrium Hamiltonian.It is convenient to introduce dimensionless variables,

xzptFz E s z= = - = =s ds t w s y, , ,0

,(8)where

sz

is the rms length of the beam without wake,

s s h wzEs c = 0

. In these variablesthe Hamiltonian (3) takes the form

HxpUx, , ,t t( ) = + ( )12 2

,(9)where the "potential energy"

U

is

UxIdxSxdpFxpx, , ,t t( ) = - ¢ ¢-( ) ¢( )¥ -¥¥� �12 2

,(10)with

INrTes z E= 0 0gw s s

,(11)and

Sxdzwzx s( ) = ( )�0s

.(12)Note that the function

S

is a dimensionless function of its argument.Let us now perform a canonical transform from

x

and

p

to action and anglevariables,

J

and

q

, of the equilibrium Hamiltonian

, and denote by

Ṽ

the deviation ofthe potential energy from the equilibrium in Eq. (9). Since

depends on

J

only, the totalHamiltonian

HJtq , ,( )

takes the form

HJHJVJq t q t, , ~ , ,( ) = ( ) + ( )0

.(13)The Vlasov equation for

F

in terms of action — angle variables is

¶tw¶q¶q¶q¶F F VJ F V FJ Rs+ + - =~~

,(14)

5where

wws s J= ( )

is the frequency of synchrotron oscillations with the wake taken intoaccount,

w sJ dH dJ( ) = 0

. Suppose that

FJ0( )

is the equilibrium distribution function, and

dqtF J F F J, ,( ) = - ( )0

is its deviation from the equilibrium. Then

dF

satisfies thefollowing equation,

¶d¶tw¶d¶q¶d¶q¶d¶q¶d¶d¶d¶qF F V FJ V FJ VJ F Rs+ - - + =~ ~ ~0

,(15)where

dqtqdqt̃, , , , , , ,V J I dJ d K J J F J( ) =- ( ) ( )� 1 1 1 1 1 1

,(16)and

KJSxJxJ, , , , ,1 1 1 1qq q q( ) = ( ) - ( )( )

.We note that equations (15) and (16) are exact because we did not make anyapproximation in the derivation above.3. Linear TheoryIn linear theory, the last two terms on the left hand side in Eqs. (15) must bediscarded. We assume that the perturbation of the distribution function oscillates with thefrequency

w

,

dqwtF f J e i= ( ) +-1 , c.c.

,(17)where for the sake of brevity we use the notation "c.c." to denote a complex conjugate ofthe first term.The perturbation of the potential

Ṽ

is

Ṽ Ve i= +- wt c.c.

.(18)Since

V

is a periodic function of

q

, we can expand it in Fourier series,

VvJen inn= ( )=-¥¥� q

.(19)For simplicity we will neglect here the effect of the synchrotron damping in thelinear theory by dropping the

R

-term in Eq. (15). This greatly simplifies the linear analysisand is usually assumed in the literature. However, as we will see in Section 7, the effect ofthe synchrotron damping is crucial for the nonlinear stage of the instability and will later beincluded in the derivation of the nonlinear equations.Substituting Eqs. (17) and (19) into Eq. (15) gives in linear approximation

-+=¢( )= -¥¥�i f f F inv J es n innw w ¶¶ q q1 1 0

,(20)where

¢ =FJ0 0¶ ¶

. A solution to Eq. (20) is

6_{f F} nv J_{n e}n_s in_{n1 0= - ¢} ( )_{-=-¥}¥_{� w w} q.(21)Now, substituting this equation into Eq. (16) yields an infinite set of integral equations thatdetermine eigenfrequencies and eigenfunctions for the collective oscillations of the bunch:

vJIdJFJKJmvJmJn nm m sm( ) = ¢ ( ) ( ) ( )- ( )¥=-¥¥ � 10 1 10 11, w w

,(22)with the kernel given by

KJdeKJnm i m n, , , ,1 10202 1 112 1( ) = ( )� -( )p q q q qpp q q

.(23)The integral on the right hand side of Eq. (22) defines an analytical function in the upperhalf plane of the complex variable

w

; for

Imw £ 0

the integral must be analyticallycontinued into the lower half plane. For a real value of

w

, the integration is performedalong a contour in the complex plane which bypasses the singular points of the integrandbelow the pole (see, e.g., [12]). The residues of the integral (22) are associated with theLandau damping effect.4. Nonlinear TheoryLet us assume that the instability has a threshold corresponding to a critical value ofthe parameter

Ic=

with the frequency at the threshold

w= c

(

Imwc = 0

). We will beinterested in the analysis of the nonlinear phase of the instability in the vicinity of thethreshold when the growth rate of the instability,

G

, is much smaller than

wc

,

G<<wc

. Inother words, we assume that the instability is weak and develops on a time scale which ismuch larger then the period of the oscillations. It turns out that in this case one can separatea "slow" time scale on which the amplitude evolves from "fast" oscillations with thefrequency

and derive nonlinear equations for the evolution of the amplitude of theinstability by averaging over

. In this section we will give a general description of theapproach following a similar analysis in the theory of nonlinear plasma oscillations [15].First, we rewrite the result of the previous section in a concise form,

^,L I Vw w( ) =0

,(24)where the linear operator

L̂

represents a set of integral equations (22) and (23),

^,L I V e v J I dJd KF J nv Jn Jin n m n snw q w ww q( ) ” ( ) - ¢ ( ) ( )- ( )ØºŒ øßœ� =-¥¥=-¥¥ 1 1 0 1 1 1

,(25)and

Vw

is a Fourier harmonic of the function

Ṽ

corresponding to the frequency

w

,

VvJen inw q= ( )�

. Note that at this point we can also include in

a contribution from theFokker-Planck term

R

. A particular form of the operator

is not essential for the analysisin this Section.

7The frequency of the oscillations

wc

at the threshold and the correspondingeigenfunction

Vuc cw ”

are determined by the equation

^,L I uc c cw( ) = 0

.(26)We now need to define a scalar product of two functions

u

and

w

of the phasespace variables

J

,

q

. Let us denote this product by

uw,( )

. Usually, scalar multiplicationin Hilbert space is given in terms of an integration of the product

uw*

over

J

and

q

withsome weight function. The exact choice of the weight function is not important for whatfollows, and we do not specify it here. For a given scalar product, we can define anoperator

L̂ +

conjugate to

L̂

satisfying the following condition for two arbitrary functions

u

and

w

,

uLwLu, ^ , ^( ) = ( )+

.(27)We will assume that the operator

is known and together with the solution of Eq. (26)the solution

of the conjugate problem

^,L I wc c c+( ) =w 0

(28)is available. Note that solution of Eq. (28) represents a linear problem and in each particularcase can be accomplished by standard methods of numerical analysis.We now consider a situation when

I

slightly exceeds the threshold,

Ic= +D

,with

DI I c< <

. Taking into account nonlinear terms in the Vlasov equation we will assumethat they are much smaller than the linear ones. That is to say, we are expecting that theinstability, after initial exponential growth, will eventually saturate at a level where theamplitude of the oscillations is relatively small. If this is not a case, and the instabilityevolves to a highly nonlinear regime, our theory will only be applicable for a relativelyshort period of time following the linear growth. Fortunately, as we will see in Section 7,in many cases the damping associated with synchrotron radiation indeed limits the growthof the instability, and the whole process is described within a framework of a weaklynonlinear approximation.With nonlinear terms, the equation for the

Vw

can now be written as

^,L̂ I V Nw w w( ) =

,(29)where

N̂ w

is a Fourier transform of the nonlinear term neglected in the linear analysis. Theoperator depends on the parameter

I

, and acts on the function

.Following a general prescription of nonlinear theory of oscillations [15], we willassume the following type of solution (in time representation) for Eq. (29)

~,V A u e V Jc i c= ( ) +[ ] + ( )-t q tw t c.c. D

.(30)where

AuVc > > D

. The first term in Eq. (30) describes oscillations with the eigenfunction

uc

, frequency

and varying amplitude

At( )

, and the second term is a correction due tothe deviation of the exact eigenfunction from

. It is important to emphasize here that

A t^{( )}

is supposed to be a slow function of time,

¶ ¶ t wln

A c< <

. It also means that thespectrum

Aw

of the function

At( )

is represented by a narrow peak (the width of the peak ismuch smaller than

wc

) localized near the zero frequency.We now need to make a Fourier transform of Eq. (30) and substitute it into Eq.(29). Since we are interested in the frequency range close to

, an approximate relationholds:

Ṽ A u Vc cw w w w» +- D

.(31)In Eq. (31) we neglected the term containing

Acw w+

which is peaked around

w=- c

. Eq.(29) now reads

^,L̂ I I A u V Nc ccw w w w w+( ) +( ) =-D D

.(32)Making a Taylor expansion of the linear part and neglecting the product

DI Vw

one finds

^,L̂ I V A Lu IA LI u Nc c c c cc cw w w ¶¶ w ¶¶w w w w w w( ) + -( ) + =- -D D

,(33)where the derivatives of the operator

L̂

are evaluated at

w= c

,

Ic=

. We can annihilatethe first term in Eq. (33) by a scalar multiplication with

and using Eqs. (27) and (28).The result is

w¶w¶w w w w w-( ) �Ł� �ł� + �Ł� �ł� = ( )- -c c c c c cA w L u IA w LI u w Nc c, ^ , ^ ,D̂

.(34)We now multiply Eq. (34) by

ei cwt

and make an inverse Fourier transform to time

t

:

¶tw¶ww tA i A ie w N w L ui c c cc+ =- ( ) �Ł� �ł� -D ,^ , ^ 1

,(35)where

Dw ¶¶ ¶¶w= - �Ł� �ł� �Ł� �ł� -I w LIu w Luc c c c, ^ , ^ 1

(36)is a linear frequency shift due to the change of

I

. Note that in Eq. (35), after the inverseFourier transform,

N

represents a function of time rather than

w

.Without the right hand side it follows from Eq. (35) that the amplitude

A

will varywith time as

exp-( )iDwt

which is a trivial consequence of the fact that in linear theory

Vi� -( )exp w t

with

w= +c D

. In the next section we will find the nonlinear termaveraged over fast oscillations which adds nonlinear dynamics to Eq. (35).5. Derivation of Nonlinear Equations

9The nonlinear terms in our problem arise from the last term in kinetic equation (15).We need to approximately solve this equation and find

N

in Eq. (29). In order to simplifythe derivation, we first consider the case when

R= 0

. In the next section a generalizationfor

R„ 0

will be given.Since nonlinear term is assumed to be small, it will be accurate enough to neglect

DV

term in its evaluation. Hence,

Ṽ A u ec i c» ( ) +-t w t c.c.

where

uc

is decomposed intoFourier series over

q

,

uJec n inn= ( )= -¥¥� q

.(37)We will also represent the perturbation of the distribution function

dF

as

dqtqtqtw t w tF f J e f J f J ei ic c= ( ) +[ ] + ( ) + ( ) +[ ]- -1 0 2 2, , , , , ,c.c. c.c.

,(38)where

f0

,

f1

and

f2

are slow functions of time (as

At( )

) in the sense that

¶ ¶ wt c <<

.Substituting Eq. (38) into Eq. (15) we note that, as calculations show, the maincontribution comes from the resonant terms in

that are differentiated with respect to

J

.This allows us to neglect the last term in Eq. (15) to obtain

¶tw¶q¶q¶q¶f f V fJ V fJs0 0 1 1 0+ - - =~ ~* *

,(39)

¶tw¶q¶q¶f i f f V fJs2 2 2 12 0- + - =~

,(40)

¶tw¶q¶q¶q¶q¶f i f f V FJ V fJ V fJs1 1 1 0 0 2 0- + - - - =~ ~ ~ *

,(41)where the asterisk indicates complex conjugating. The last two terms in Eq. (41) imply thatwe can split the function

into linear (L) and nonlinear (NL) parts,

fL NL1 1 1= +

,(42)where

fL1

satisfies the equation of linear theory,

¶tw¶q¶q¶f i f f V FJL L s L1 1 1 0 0- + - =~

,(43)and

fNL1

is the nonlinear correction arising from the higher order terms in the kineticequation,

¶tw¶q¶q¶q¶f i f f V fJ V fJNL NL s NL1 1 1 0 2 0- + - - =~ ~*

.(44)In equations for

and

we can substitute

for .

10Let us consider first Eq. (43) for the linear part of the distribution function. This isin fact the same equation as Eq. (20), however, we now want to find its solution in timedomain rather than in frequency domain. We expand

fL1

in Fourier series in

q

,

fgJFeL n inn1 0= ( ) ¢=-¥¥� , t q

,(45)and find from Eq. (43) an equation for

gn

,

¶twtg i n g inA un s n n- -( ) = ( )

.(46)This equation can be easily solved,

ginuJAedn n i n s= ( ) ( ) -( ) -( )� t tt t w wt 10 11

.(47)We now consider equation (39) for

f0

. The dominant terms in this equation will bethose that do not depend on

q

; nonzero

n

terms will cause only small oscillations in

atthe frequency

nsw

, without systematic changing of its amplitude. Keeping only

n=0

terms we have

¶t¶f inAu J g FJn nn0 0= +=-¥¥� * c.c.

.(48)When differentiating with respect to

J

in Eq. (48), it is sufficient to differentiate theexponential term

expi n Jst t w w-( ) - ( )( )[ ]1

in the solution (47) only; all other terms willbe relatively small because we assume that the time scale on which the nonlinear effectsbecome essential is such that

tws > > 1

,

¶twtt t w wtf in A uu F d A en n s i nn s0 3 0 1 1 10 1= ( ) ¢ ¢ -( ) ( ) +- -( ) -( )=-¥¥ � * * c.c.

.(49)Now we can integrate this equation, yielding

finFudAdAes n n i nn s0 3 0 1 10 2 1 2 202 1 21= ¢ ¢ ( ) -( ) ( )� � - -( ) -( )= -¥¥Re * *w t t t t t tt t t w wt

.(50)In a similar fashion the following equation can be obtained for

f2

,

¶tw¶qtwtq t t w wtf i f f in A u Fe d A es n s in i nn s2 2 2 3 2 02 1 102 1- + = ( ) ¢ ¢ ( ) - -( ) -( )=-¥¥ �

,(51)with the solution

finFuedAdAes n in i nn s2 3 0 22 1 10 2 1 2 2 20 1 21= ¢ ¢ ( ) -( ) ( )� � - - -( ) -( )=-¥¥ w t t t t t tq t t t t w wt

.(52)

11We now have to substitute

f0

and

f2

into Eq. (44). As calculations show, theleading contribution to

fNL1

comes from

; nonlinear terms arising from

turns out to besmall in parameter

G ws

. Keeping only

and performing differentiation with respect to

J

in the exponential terms only we find

¶tw¶q¶q¶wttq t t t w wtf i f f V fJin uuFe d A d A eNL NL s NLs n n in i nn s1 1 1 05 2 0 1 10 2 1 2 2 202 1 21- + == - ¢( ) ¢ ( ) -( ) ( )� � - -( ) -( )= -¥¥ R̃e ,* *

(53)with the solution

finuFdAdAdAeNL s n nn i n s1 5 2 2 0 1 102 20 3 2 32 302 1 1 2 32= - ¢( ) ¢ ( )· ( ) -( ) ( )� � �=-¥¥ - - +( ) -( )w t tt t t t t ttt t t t t w wt* *Re .

(54)Finally, since time

t

is supposed to be much larger than

ws-1

, one can use the followingmathematical identity when integrating over

t

,

dxdyexyixy-¥¥ -¥¥� � = ( ) ( )2p d d

,(55)which in application to Eq. (54) after changing the variables

st= -1 2

,

zt= - 1

, yields f i n n u u e

F J d A d A A

NL s s n n in

n15202022 2=- ¢( ) -( )· -( ) - -( ) - -( )= -¥¥ -� �p w d w w¶ ¶ z t z z s t z s t z sqt t z * * .

(56)We have found a nonlinear part of the perturbation of the distribution function

. As wesee, this function is proportional to the third order of the amplitude

A

. On the linear stageof the instability, when

A

is small,

can be neglected, however as

A

grows, thenonlinear term becomes more important and eventually competes with the linear part

fL1

.Notice also, that due to the presence of delta-function

dw-( )n s

, the nonlinear term ispeaked at the resonant values of the action

Jn

, such that

nJs nw w( ) =

.6. Effect of Synchrotron Damping and Nonlinear Equation for the AmplitudeIn the previous section we neglected the effect of the synchrotron radiation in theVlasov equation. To include the

R

-term we need to transform it first to

J- q

variables. Indoing so we notice that, because of strong localization near the resonant values of theperturbed distribution function, the leading term in

R

will be the one containing the secondderivative with respect to

J

. In other words, the most important effect of the synchrotron

12radiation will be the quantum diffusion of particles in the phase space rather than energyloss. Keeping only the second derivative in

R

gives

RDJFJ= ( ) ¶¶ 2 2

.(57)The diffusion coefficient

D

was found in Ref. [14] and equals

D J J J

D s()= ( )g w

.(58)The derivation of

fNL1

given in Section 5 can now be repeated with the diffusionterm

R

on the right hand side of the Vlasov equation. For the sake of brevity we will omitthis derivation here referring the reader to Ref. [16] where a similar problem was workedout for nonlinear plasma oscillations problem. In our case, the inclusion of the diffusionreduces formally to appearing of a exponential factor in the integrand of Eq. (56),

f i n n u u e

F J d A d A A e

NL s s n n in n Bn152020223

2 2 2

=- ¢( ) -( )

· -( ) - -( ) - -( )

=-¥¥ - - +�Ł �ł � � � p w d w w

¶ ¶ z t z z s t z s t z s q t t z z s z * *

(59)where

BnDJn s n= ¢( ) ( )2 2w

, and

Jn

is the value of the action at the n-th resonance,

nJs nw w( ) =

.We are now in position to find the nonlinear term

N̂

in Eq. (35). Since it will bemultiplied by

expi cw t( )

, we need a component in

that oscillates as

exp-( )i cw t

, so thatthe right hand side in Eq. (35) would be a slowly varying function of time. From Eq. (16)and Eq. (38) we see that such a term in

Ṽ

is

dqtqtw t̃ , , , , , , ,V Ie dJd K J J f J f Jc i L NLc=- ( ) ( ) + ( )( )- � 1 1 1 1 1 11 1 11

,(60)which gives for

N̂IedJdKJfJc i NLc= - ( ) ( )- �w t q q q q t1 1 1 11 11, , , , ,

.(61)With this expression, the right hand side of Eq. (35) becomes

2 2 4 02 2 02 232pwztzstzstzs t t z z s z

I K J Fn d A d A A e

c n n s n Bn

( ) ¢ ¢

· -( ) - -( ) - -( )

= -¥¥ - - +�Ł �ł

� � � * ,

(62)where

KJwLudewKun c c in c n n( ) = �Ł� �ł� ( )- �, ^ , *¶¶w q q1 2

,(63)

13and the scalar product

wKc,( )

in Eq. (63) is performed with respect to variables

J

and

q

in

KJ, , ,1 1q q( )

.To further simplify the analysis we will assume here that only one term dominatesin the sum of Eq. (62). This assumption is correct if the variation of the frequency

wsJ( )

within a distribution function is not very large so that equation

nJs n cw w( ) =

has a solutiononly for one value of

n

. Omitting the sum sign in Eq. (62) gives the following nonlinearequation for the amplitude

A

,

¶¶ t w p w z t z z s t z s t z s

t t z z s zAiAIKJFndAdAe n n s Bn

+ = ( ) ¢ ¢

· -( ) - -

( ) - - ( ) � �- - +�Ł �ł D 2 2

0 0 4

02 2 02 232 * .

(64)In this form, Eq. (64) contains two complex and one real parameters. For numericalsolution it is convenient to reduce the number of the parameters by choosing new variables.First, we denote the real part of the coherent frequency shift by

W

,

DWGw= + i

, andintroduce the absolute value

r

and the phase

f

of the complex factor in front of the integralso that

20 0 4p w r fI K J F n en n s i( ) ¢ ¢ = -

. With new variables

a A B e g B B

n i n n

= = = r x t t 5 6 1 3

1 3WG, ,

,(65)equation (64) becomes

¶¶ x z x z z s x z s x z s

f x x z z s zagaedadae i - =- -( ) - -( ) - -( )

� �- - +�Ł �ł

0 2 2 0 2 23 2 2 *

.(66)The parameter

g

here plays a role of dimensionless growth rate of the instability that ismeasured in time units related to the synchrotron damping rate. Note that now Eq. (66)contains only two real parameters,

g

and

f

.7. Analysis and Solutions of Nonlinear EquationA complete analysis of nonlinear dynamics of the instability in any particular caserequires computing of the coefficients in Eq. (66) which can only be done based on thesolution of the linear problem described in Section 3. In the general case, this constitutes amajor computational task, which lies beyond the scope of the present paper. Rather thantrying to find a particular solution to nonlinear problem for a given set of beam parameterswe will outline here possible scenarios by numerically solving Eq. (66) for different valuesof

g

and

f

.First, note that equation (66) admits an asymptotic solution in the form of

ai= · ( )constexpl x

that corresponds to oscillations with a constant amplitude and acoherent frequency shift

l

. This solution is valid in the limit

xfi ¥

and exists only if

f p<2

. It is given by the following formula that can be easily verified by directsubstitution into Eq. (66),

a g e

i

=

( )

- 18

1

1 3

1 6 1 2

G cos

tan

f

x f

,(67)where

G 13( )

stands for the gamma function. According to this solution, the steady stateamplitude

a

increases in proportion to the square root of the dimensionless growth rate,

g 12

. It turns out however, that this solution is only stable for relatively small values of theparameter

g

[10].We have solved numerically Eq. (66) for several sets of

g

and

f

. The results arepresented in Figs. 1 — 3.In Fig. 1 we show solutions for

f= 0

and various values of

g

starting with asufficiently small value of

a

so that initially the nonlinear term is unimportant. For smallvalues of

g

,

g< 0 4.

, we see that the solution, after initial exponential growth, reaches theequilibrium after several oscillations. With increasing

g

, the oscillations become morepronounced, and finally at

g= 0 48.

a steady state solution with periodic oscillatingamplitude sets up. Further increasing

g

beyond the value of

05.

causes the period of thoseoscillations to break up which, after initial transient period, results in a relaxation-typebehavior of the amplitude . For even larger

g

,

g> 0 8.

, the nonlinear term cannot stabilizethe system any more and the amplitude starts to grow without limit.Fig. 2 shows solutions for

f p=4

. In this case the amplitude oscillations appearto be less stable and runaway solution develops already for

g= 0 5.

.As was mentioned above, a stable asymptotic solution exists only if

f p<2

.Numerical solutions indicate that for

f p>2

all the solutions diverge with unlimitedgrowth as

xfi ¥

. An example of such a solution is shown in Fig. 3. We see that, in thiscase, the nonlinear term cannot stop the instability whose amplitude continues to grow andeventually goes beyond the limit of applicability of the present theory.8. ConclusionIn this paper we applied the theory of weakly nonlinear unstable oscillations to thecase of a single bunch instability in circular accelerators. We derived an equation whichdescribes evolution of the amplitude of the instability and depends only on twodimensionless parameters — a normalized linear growth rate of the instability

g

, and a phaseof nonlinear term

f

. We found that for small values of

f

the nonlinear term has astabilizing effect and, for not very large values of

g

, results in the saturation of theinstability at some level. Larger values of

g

lead to relaxation type oscillations of theamplitude. In the case of

, within the limits of the applicability of our theory, thenonlinear term does not prevent the growth of the amplitude.As was mentioned before, a complete comparison of our theory with the experimentrequires solution of equations of the linear theory and determination of the parameters in thenonlinear equation. Due to computational complexity of this problem we did not attempt tosolve it in this paper. However, even without knowing the exact parameters, we can try tocompare different patterns of the signal that have been measured in the experiment withsolutions obtained in the theory. In such a comparison we only pay attention to qualitativebehavior of the amplitude such as growth, oscillation and saturation at some level.Even visual comparison of the instability signal from Ref. [2] shows a clearresemblance to our curves. In one case (Fig. 5 of Ref. [2]), after injection in the ring, theamplitude of signal from spectrum analyzer tuned to a sideband frequency began to growmonotonically and after some time of the order of synchrotron damping time saturated at

15approximately constant level. This situation is very similar to our Fig. 1a. In another case(Fig. 4 of Ref. [2]), oscillations with decreasing amplitude were observed, which can beidentified with Fig. 1a or 1b. In later measurements [17], amplitude oscillations withapproximately constant modulation were measured. This situation reminds our Fig. 1e.Unfortunately, at this time we are not able to compare with the experiment theoreticalpredictions for the period of the nonlinear oscillation, although preliminary crude estimatesindicate they are about of the same order.In conclusion, our theory shows qualitative agreement with the signals observed inthe SLC Damping Ring single bunch instability. Further work is planned to make a moredefinite comparison of the theory and the experiment.

16(a)(b)(c)(d)(e)(f)(g)(h)Fig. 1. Plots of the absolute value of the amplitude,

a

, versus time

x

for

f=0

. a —

g= 01.

, b —

g= 0 3.

, c —

g= 0 4.

, d —

g= 0 48.

, e —

g= 0 5.

, f —

g=06.

, g —

g=07.

, h —

g= 0 8.

.

17(a)(b)(c)(d)(e)Fig. 2. Plots of the absolute value of the amplitude,

a

, versus time

x

for

f p=4

. a —

g= 01.

, b —

g= 02.

, c —

g= 03.

, d —

g= 0 4.

, e —

g= 0 5.

.

18Fig. 3. Plot of the absolute value of the amplitude,

a

, versus time

x

for

fp=

and

g= 0 1.

.

19References1. B. Zotter. Collective Effects — General Description. Proceedings of CERN AcceleratorSchool, General Accelerator Physics. CERN 95-19 (Geneva, 1985), p. 415.2. K. Bane et al. High-Intensity Single Bunch Instability Behavior In The New SLCDamping Ring Vacuum Chamber. Proceedings of the 1995 Particle AcceleratorConference on High-Energy Accelerators, Dallas, Texas, May 1995, (IEEE, 1996), 5,3109.3. D. Brandt, K. Cornelis and A. Hofman. Experimental Observations of Instabilities inthe Frequency Domain at LEP. CERN SL/92-15, (1992).4. K. Oide. A Mechanism of Longitudinal Single-Bunch Instability in Storage Rings. KEKPreprint 94-138, 1994.5. M. D’yachkov and R. Baartman. Longitudinal Single Bunch Instability. ParticleAccelerators, 50, 105, 1995.6. M. D’yachkov. Longitudinal Instabilities of Bunched Beams Caused by Short-RangeWake Fields. Ph.D. Thesis, The University of British Columbia, 1995.7. 8. R. Baartman and M. D’yachkov. Simulation of Sawtooth Instability. Proceedings ofthe 1995 Particle Accelerator Conference on High-Energy Accelerators, Dallas, Texas,May 1995, (IEEE, 1996), 5, 3119.8. K.L.F. Bane and K. Oide. Simulations of the Longitudinal Instability in the New SLCDamping Rings. Proceedings of the 1995 Particle Accelerator Conference on High-Energy Accelerators, Dallas, Texas, May 1995, (IEEE, 1996), 5, 3105.9. S.A. Heifets. Microwave Instability Beyond Threshold. Physical Review E, 54,p.˚2889, 1996.10. H.L. Berk, B.N. Breizman and M. Pekker. Nonlinear Dynamics of a Driven Modenear Marginal Stability. Physical Review Letters, 76, 1256 (1996).11. B.N. Breizman, H.L.Berk, M.S. Pekker, F. Porcelli, G.V. Stupakov, and K.L.Wong. Critical Nonlinear Phenomena for Kinetic Instabilities Near Threshold. Submittedto Physics of Plasmas.12. A. W. Chao. Physics of Collective Beam Instabilities in High Energy Accelerators.Wiley, New York, 1993.13. A. Pivinsky. Beam Losses and Lifetime. Proceedings of CERN Accelerator School,General Accelerator Physics, CERN 95-19 (Geneva, 1985), p. 432.14. J. Haissinski. Exact Longitudinal Equilibrium Distribution of Stored Electrons in thePresence of Self-Field. Nuovo Cimento, 18, 72, 1973.15. A.A. Galeev and R.Z. Sagdeev. Reviews of Plasma Physics, edited by M.A.Leontovich (Consultants Bureau, New York, 1979), 7, p.3. Translation of Voprosy teoriiplasmy, Atomizdat, Moscow, 1973.16. H.L. Berk, B.N. Breizman and M. Pekker, to be published.17. B. Podobedov and R. Siemann, private communication.