SLAC-PUB-7432, SU-ITP-97-08 March 1997

Range of Validity of the D-Brane - Black Hole Correspondence

Arvind Rajaraman^�

Stanford Linear Accelerator Center, Stanford University, Stanford, California 94309 USA Email: arvindra@dormouse.stanford.edu

Abstract

For minimally coupled scalars at low frequencies, the D-brane model has the same spectrum of radiation as the Hawking radiation from a black hole. We perform a similar comparison for another type of scalar which we call an intermediate scalar. In this case, we find that there is a discrepancy between the D-brane model and the black hole even for very low frequency scalars. This suggests that the model is only valid within the moduli space approximation.

Submitted to Nuclear Physics B

�Work supported in part by the Department of Energy contract DE-AC03-76SF00515

I. INTRODUCTION

There has been much progress in the past year in understanding the microstates of black holes through D-brane physics. The Bekenstein-Hawking entropy of certain extremal and near-extremal black holes can be understood through the counting of D-brane microstates [1–5]. Furthermore, the Hawking radiation from a black hole was shown in many cases to agree with the calculation of the corresponding process calculated in the D-brane picture [6-22].

However, there is still a puzzle as to why these correspondences occur. The D-brane calculations are carried out in perturbative string theory, which requires weak coupling. The relevant coupling is actually g_{eff} = gQ where Q is the charge of the black hole. As emphasized in [10], the perturbative picture is valid for g_{eff} ≪ 1, whereas the semiclassical analysis is only valid for g_{eff} ≫ 1. Therefore, there is no reason to expect agreement between the two calculations.

To explain why these correspondences occur, an argument was proposed in [24] based on a non-renormalisation theorem. It turns out that the objects that carry entropy are hypermultiplets on the D-brane world-volume. The hypermultiplet moduli space is not corrected at strong coupling. Based on this fact, it was argued that the interactions in the D-brane regime would be the same as those in the black hole regime, as long as one stayed in the moduli space approximation, which is equivalent to low frequencies. Thus the cross-section for Hawking radiation calculated in the D-brane picture should reproduce the semiclassical calculation for very low frequencies. This was shown to occur for minimally coupled scalars in [10], where the authors showed that even the greybody factors of the black hole could be reproduced in the D-brane picture, for low frequency emission.

Not all scalars, however, are minimally coupled. There are other scalars which couple to the charges and the background moduli. Examples of these are the ‘fixed’ scalars considered in [23,14], which have a different cross-section from minimally coupled scalars. There is yet a third type of scalar, which we call an ‘intermediate’ scalar, which is different from both minimally coupled and fixed scalars.

The emission of intermediate scalars occurs at a higher order in the hypermultiplet interactions. This interaction vertex is not protected by a nonrenormalization theorem. The arguments of [24] thus do not apply to this scalar and there is no reason to expect the semiclassical calculation to match the D-brane calculation.

In this paper, we will compute the semiclassical absorption cross-section of an intermediate scalar and compare it with the D-brane prediction of [14]. We will show that there is indeed a difference between the two cross-sections. This is indirect support for the arguments of [24]. Other discrepancies between the D-brane model and the black hole description have been pointed out in [20,22,31].

We will first review the calculation of [10] of the absorption coefficient of a minimally coupled scalar. Some technical problems with this calculation were pointed out in [22]. We will attempt to clarify these problems so that we can find the range of parameters for which the calculation is valid.

We then turn to intermediate scalars. The computation of the semiclassical cross-section is somewhat difficult technically and we will do this in detail. First we review the calculation of the D-brane cross-section which was performed in [14]. We then derive the classical equation of motion for the intermediate scalar. We then calculate the semiclassical absorption cross-section in two different parameter ranges and show that they disagree with the D-brane computation. Finally we present our conclusions.

II. THE D-BRANE MODEL

The five-dimensional black hole that we will consider is a near-extremal black hole with three charges. These correspond in ten-dimensional type IIB string theory to Q_5 five-branes, Q_1 one-branes and N units of momentum. We will take the 5-branes to be oriented along x_5, x_6, x_7, x_8, x_9, the 1-branes to be oriented along x_5, and the momentum to be along x_5.

To reduce this solution to five dimensions, we compactify x_5 on a circle of length 2πR and each of x_6, x_7, x_8, x_9 on a circle of length 2πV^{1/4}. Define the new parameters

P_1 = gQ_1 V_∞ P_5 = gQ_5 P = g^2N R^2_∞V_∞ r^2_1 = √ P^2_1 + r^2_0 − r_0 r^2_5 = √ P^2_5 + r^2_0 − r_0 r^2_n = √ P^2 + r^2_0 − r_0 (1)

Define also the functions

f_1 = 1 + r^2_1 r^2 f_5 = 1 + r^2_5 r^2 f_n = 1 + r^2_n r^2 f = 1 − r^2_0 r^2 (2) λ = f_1f_5f_n

In terms of these parameters, we can write the five dimensional solution in the simple form [3,8,10],

ds^2 = λ^{−2/3}fdt^2 − λ^{1/3}(f^{−1}dr^2 + r^2dΩ^2) R^2 = f_n √ f_1f_5

R^2_∞ V = f_1 f_5

V_∞ (3)

In the D-brane model, we restrict ourselves to the range r_0, r_n ≪ r_1, r_5. This is called the dilute gas region [10] and is the region where the D-brane computation is expected to be valid. In this range, we can use the effective string description in which we ignore antibranes and nonextremality comes only from the presence of both right and left moving momenta on the string. The number of left- and right- movers is constrained by

N_L−N_R = N (4) E = Q_1R_∞ g + Q_5R_∞V_∞ g + 1 R_∞ (N_L + N_R)

where E is the ADM mass.

To zeroth order, the left and right movers can be treated as independent gases at temperatures T_L, T_R.These are determined by requiring the average total momenta to be N_L and N_R respectively, and are 1 T_L = πr_1r_5 2r^2_0 ( √ r^2_n + r^2_0 − r_n) 1 T_R = πr_1r_5 2r^2_0 ( √ r^2_n + r^2_0 + r_n) (5)

Interactions cause open strings to combine to closed strings and escape from the brane. This is interpreted as Hawking radiation. The Hawking temperature can be calculated to be [10] 1 T_H = 1 2 ( 1 T_L + 1 T_R ) (6)

III. MINIMALLY COUPLED SCALARS

In [10], Maldacena and Strominger calculated the absorption cross-section of a minimally coupled scalar incident on this black hole. We redo their calculation, emphasizing the questions of the validity of the approximations made.

The equation of motion of a minimally coupled scalar of frequency ω in this metric is f r^3

∂_r(fr^3∂_rΦ) + ω^2 ( 1 + r^2_n r^2 ) ( 1 + r^2_1 r^2 ) ( 1 + r^2_5 r^2 ) Φ = 0 (7)

We are taking r_0, r_n ≪ r_1, r_5 and ωr_5 ≪ 1.

This equation is not analytically solvable. To solve it, Maldacena and Strominger used the standard method of solving the equation in two regions and matching the two solutions together smoothly on an overlap region. They called their regions the near and far regions respectively (these regions are defined more precisely below.) We will carry out their procedure of solving in the two regions and matching, paying special heed to the validity of the approximations made.

For r ≫ r_n, r_0, the equation simplifies to 1 r^3

∂_r(r^3∂_rΦ) + ω^2 ( 1 + r^2_1 r^2 ) ( 1 + r^2_5 r^2 ) Φ = 0 (8)

Defining Φ = r^{−3/2}Ψ, we find

∂^2_r Ψ − ( 3 4r^2 ) Ψ + ω^2 ( 1 + r^2_1 + r^2_5 r^2 + r^2_1r^2_5 r^4 ) Ψ = 0 (9)

We see that the term ω^{2 r21+r25}_{r2} is always small compared to^3_{4r2} and can hence be dropped for any value of r.

The far region is defined as the region where we can also drop the^1_{r4} term. This requires 3 4r^2 ≫ ω^2r^2_1r^2_5

r^4

⇒ r ≫ ωr_1r_5. (10)

Thus the far approximation is valid for r ≫ ωr_1r_5. In this region the equation of motion simplifies to 1 r^3

∂_r(r^3∂_rΦ_1) + ω^2Φ_1 = 0 (11)

with the solution

Φ_1 = √ πω 2r^2

[αJ_1(ωr) + βN_1(ωr)] (12)

The near horizon region is defined as the region where we can drop the terms proportional to ω^2r^0 and ω^2r^{−2}.

As we said earlier, the term proportional to ω^2r^{−2} can always be dropped. The term ω^2 can be dropped provided 3 4r^2 ≫ ω^2 ⇒ r ≪ 1 ω (13)

This condition is definitely satisfied when r ≪ r_1, r_5. In this region the equation of motion simplifies to f r^3

∂_r(fr^3∂_rΦ_2) + ω^2r^2_1r^2_5

r^4 ( 1 + r^2_n r^2 ) Φ_2 = 0 (14)

with the solution [10] Φ_2= A(1 − v)^{−i(a+b)/2}F (−ia, −ib, 1 − ia − ib, 1 − v) v= r^2_0 r^2 a = ω 4πT_L b = ω 4πT_R (15)

We see that the near horizon approximation is definitely valid for r ≪ r_1, r_5, whereas the far approximation is valid for r ≫ ωr_1r_5. There is a large overlap region where both solutions are valid.We therefore expect a smooth matching of these two solutions without the need for an intermediate solution.

However, a puzzle was pointed out by the authors of [22]. The far region solution behaves for small r as

Φ_1 = √ πω^3 2 ( α 2 − 2β πω^2r^2 ) (16)

The near region solution behaves for large r as Φ_2= AE(1 + gv − abvln(v)) E= Γ(1 − ia − ib) Γ(1 − ia)Γ(1 − ib) (17) g= i 2 (a + b) + ab(1 − 2γ − ψ(1 − ia) − ψ(1 − ib)) where ψ is the digamma function and γ = −ψ(1).

These two expansions seem to have different behaviours. In particular, the second expansion has a^{ln(r)}_{r2} term which seems to dominate for small r. This is incompatible with the earlier statement that there should be a smooth matching.

For the resolution, we consider a particular case of this problem, when r_0 = 0. The differential equation for Φ in the range r ≪ r_1, r_5 is then 1 r^3

∂_r(r^3∂_rΦ̃_2) + ω^2r^2_5r^2_1 r^4 ( 1 + r^2_n r^2 ) Φ̃_2 = 0 (18)

with the solution Φ̃_2 = g_1F_0(η, α) + g_2G_0(η, α) η = − ωr_5r_1 4r_n α = ωr_1r_5r_n 2r^2

(19)

As before, we want to match Φ̃_2 to Φ_1 at large r. For large r, i.e. small α,

F_0(η, α) → C_0(η)α G_0(η, α) → 1 C_0(η) (1 + 2ηαln(2α)) ∼ 1 C_0(η) ⇒ Φ̃_2= g_1C_0(η) ωr_1r_5r_n 2r^2

+ g_2 1 C_0(η)

(20)

In this form, the matching of Φ̃_2 and Φ_1 is obvious. it is

g_2 = C_0(η) √ πω^3 2 α 2 g_1 = − 4β √ 2πω^3r_1r_5r_nC_0(η)

(21)

However, suppose we first impose the condition that Φ̃_2 at the horizon is ingoing. Then

Φ̃_2 = g_1(iF_0 − G_0) (22)

Now the large r behaviour of Φ̃_2 is

Φ̃_2 = g_1 [ iC_0(η)α − 1 C_0(η) (1 + 2ηαln(2α)) ] (23)

and we see the appearance of the^{ln(r)}_{r2} term. The analysis above shows that this term is not to be considered since it appears in conjunction with a constant term and is therefore always small.

The same is true in the more general case when r_0 ≠ 0. Hence the large r behaviour of Φ_2 is not as in (17), but rather

Φ_2 = AE(1 + gv) (24)

which can be matched smoothly onto the solution (16) giving the matching √ πω^3 2 α 2 = AE − √ 2 πω β = AEgr^2_0 (25) ⇒ β α = − gr^2_0πω^2 4 ≪ 1 The absorption amplitude is then

|A|^2 = 1 − |α − iβ|^2 |α + iβ|^2 (26)

which for small^β_α can be expanded to leading order as |A|^2 = −4Im ( β α ) (27)

The absorption cross-section is then found by σ_{abs} = 4π ω^3 |A|^2 = − 16π ω^3 Im ( β α ) (28)

In this case, we find (using properties of the digamma function given in the appendix of [22]) that σ_{abs} = π^3ωr^2_1r^2_5 e^{ωT}H − 1 (e^{ω2T}L − 1)(e^{ω2T}R − 1)

(29)

This is exactly the cross section obtained in [10] and agrees with the D-brane calculation of [8].

The only approximation made was that ωr_5 ≪ 1. Hence the D-brane calculation and the semiclassical calculation agree in this range. This is consistent with the arguments of [24] that the calculation is correct as long as we are in the moduli space approximation, which is ωr_5 ≪ 1.

IV. INTERMEDIATE SCALARS

A. Introduction

We now turn to a different problem of scalar scattering. This involves a new type of scalar that we will call ‘intermediate’ scalars.

The scalars we are considering are ultimately derived from a dimensional reduction of the fields of type IIB theory. We shall concentrate on the scalars coming from the dimensional reduction of the metric G_{μν} .

Recall that the five-brane is wrapped along directions x_5, x_6, x_7, x_8, x_9 and that the onebranes are oriented along x_5 (the momentum will also be along x_5.) In that case, the dimensional reduction of the metric G_{μν} provides the scalars G_{ij} , i, j = 6, 7, 8, 9, G_{55} and G_{5i}, i = 6, 7, 8, 9.

The scalars G_{ij} with both indices in (6789) directions are minimally coupled and are examples of the scalars considered in the previous section. The scalar G_{55} is a mixture of a ’fixed’ scalar and a minimally coupled scalar. Fixed scalars were considered in [23,14]. They have a cross-section that goes to zero as the frequency tends to zero, unlike the minimally coupled scalars which have a nonzero cross-section at zero frequency.

We will consider the third type of scalar, i.e. G_{5i}, with one index along the one-branes and one perpendicular to them. We shall call these scalars ‘intermediate’ scalars. They have an absorption cross-section which is different from both the minimally coupled and fixed scalars.

The fact that this scalar has a peculiar cross-section was already noted in [14], where the absorption cross-section for this scalar (as predicted by the D-brane model) was calculated. Our purpose here is to calculate the corresponding semiclassical cross-section and see if it matches the D-brane prediction.

The reason that this is an interesting test of the D-brane model will become clear when we review the D-brane calculation of [14]. It turns out that unlike the minimally coupled scalars, the intermediate scalars do not couple at leading order. The first relevant coupling occurs at the next order, and this coupling is not protected by a non-renormalization theorem. An agreement at this order would indicate a deeper correspondence between the two descriptions.

In fact, we find a disagreement. The semiclassical analysis at very low frequencies (the exact meaning of ’very low’ is defined later) produces a cross-section which goes to zero as a power of ω. The D-brane model produces a cross-section which goes to a nonzero constant at zero frequency.

We emphasize that this is not surprising, since there is no analogue of the nonrenormalization theorem here.

We begin by reviewing the D-brane calculation performed in [14], for completeness . We then construct the classical equation of motion for the scalar h_{5i}. We will do this in some detail, since some nontrivial manipulations are required.

We then calculate the absorption cross-section from this equation of motion. It turns out that this cannot be done exactly for the whole region of parameter space. We will instead perform the calculation for two different cases, r_0 = 0, ωr^2_5 ≫ r_n, and r_0 = 0, ωr^2_5 ≪ r_n . We can calculate the cross-section analytically in the first case. For the second case, we will not be able to find an exact cross-section but we can demonstrate the scaling behaviour.

B. Intermediate scalars: the D-brane computation

We review the calculation presented in appendix A of [14].

The metric scalars couple to the D-brane world-volume through the Born-Infeld action. I = −T_{eff} ∫ d^2σe^{−ϕ10} √ −detγ_{ab} γ_{ab} = G_{μν} (X)∂_aX^μ∂_bX^ν (30) We shall use indices i, j running over 6, 7, 8, 9 and indices m, n running over 5, 6, 7, 8, 9.

So in this notation, the volume of the 4-torus part of the 5-torus which is orthogonal to the one branes is V = det(h_{ij}), while the total volume is det(h_{mn}).

We expand the Born-Infeld action in fluctuations around flat space G_{μν} = η_{μν} + h_{μν} . We will take only h_{5i} to be nonzero.

One also needs to specify which fields are held fixed during this variation. This was worked out in detail in [14]. It turns out that the correct scalars which one should hold fixed are the scalars G_{ij} , the 5-radius R = √ G_{55} and the six-dimensional dilaton ϕ_6.

The first few terms in the resulting expansion in powers of derivatives of X are I = −T_{eff} ∫ (L_K + L_1 + L_3 + ..)

L_K= 1 2 (∂_+X^a∂_−X_a) L_1= 1 2 h_{5i}(∂_+ + ∂_−)X^i (31) L_3 = − 1 4 h_{5i}(∂_−X^i(∂_+X_a)^2 + ∂_+X^i(∂_−X_a)^2)

where we have introduced new derivatives ∂_+ = ∂_0 + ∂_5, ∂_− = −∂_0 + ∂_5.

The term linear in X is not relevant since it only couples to a scalar which carries momentum in an internal direction, i.e. a charged scalar. Note that there is no term quadratic in X which couples to h_{5i}. The first relevant term is cubic in X.

Using this coupling, one calculates the absorption cross-section. The final result is (for r_1 = r_5) σ_{abs}(ω) = π^3r^6_1 8 ω(e^{ωT}H − 1) (e^{ω2TL} − 1)(e^{ω2TR} − 1)

(ω^2 + 8π^2T^2_L + 8π^2T^2_R) (32)

In the extremal limit r_0 = 0, this reduces to

σ_{abs}(ω) = 2π^2r^3_n ω 2T_L 1 − e �ω_{2TL} ( 1 + ω^2 8π^2T^2_L ) (33)

If we also take ω ≫ T_L, this further simplifies to σ_{abs} = π^3ω^3r^6_1 8 (34)

On the other hand, for ω ≪ T_L, the cross section simply becomes

σ_{abs} = 2π^2r^3_n (35)

C. The Equation of Motion

We wish to find the classical equation of motion for an excitation of the field h_{51} ≡ h.

To compare with the D-brane calculation, we should keep the scalars G_{ij} , G_{55}, ϕ_6 fixed.

To simplify the calculation a little, we will instead take the scalars G_{ij} , G^{55}, ϕ_6 fixed while

h is excited. Usually G^{55} =^1_{G55} and so the two choices are identical. This is no longer true

if off diagonal elements G_{5i} are nonzero.

We find that the perturbed metric is of the form

G_{55} = R^2 + h^2 √ V G_{51} = G_{15} = h

G_{22} = G_{33} = G_{44} = G_{11} = √ V (36)

with the inverse metric

G^{55} = 1 R^2

G^{51} = G^{15} = − h R^2 √ V G^{22} = G^{33} = G^{44} = 1 √ V G^{11} = 1 √ V + h^2 R^2V

(37)

As we wished, G^{55} is fixed. We are however forced to vary G_{55}.

The point is that whether we take (G_{ij} , G_{55}, ϕ_6) to be constant, or whether we take

(G_{ij} , G^{55}, ϕ_6) to be constant, we get the same equation of motion for the field h. This is because G_{55} is varying by an amount of order h^2. The equation of motion for h is linear and of the general form

h + f(G_{ij} , G_{55}, ϕ_6)h = 0 (38)

If we vary G_{55} by an amount of order h^2, this leads to a change in the equation of motion which is second order in h and can thus be neglected. We can therefore allow G_{55} → G_{55}+^{h2√}_V . But as we have seen, this is equivalent to keeping G^{55} fixed.

Note that if G_{ij} , G^{55}, ϕ_6 are fixed, then so is the four-volume V_4 = det(G_{ij}), the five volume V_5 = det(G_{mn}) and the five-dimensional dilaton ϕ_5 = ϕ_6^{V4}_{V5} .

Let us now vary the Lagrangian to find the effective action for h. We will simplify by going to the extremal limit r_0 = 0 and also taking r_1 = r_5. As before r_n ≪ r_1. The moduli fields then take the form

R^2 = f_n f_1

R^2_∞ V = V_∞ (39)

Since the dilaton is constant, we can work with the string metric. The Lagrangian in string metric was derived by Maharana and Schwarz [25] and contains the relevant terms L = R − 1 4 ∂G_{mn}∂G^{mn} − G_{pq}(F^{(KK)p}_{μν} )(F^{(KK)q}_{μν} ) − G^{pq}H_{μνp}H_{μνq} − V_5(F^{(5−brane)}_{μν} )^2 (40) First we have the kinetic terms −^1_4 ∂G_{mn}∂G^{mn}. Using ∂(V ) = 0, we find − 1 4 ∂G_{mn}∂G^{mn} = − 1 4 [ ∂ ( h^2 R^2 ) ∂ ( 1 R^2 ) − 2∂h∂ ( h R^2 √ V )] (41) = 1 2 (∂h)^2 √ V R^2 (42)

Due to the presence of cross terms like G^{51}(H_{μν5})(H_{μν1}), we must first integrate out H_{μν1}^†. After doing so, we also integrate out H_{μν5}. We also perform a similar operation for the KK-gauge fields. In the end, we find a potential term [26]

yI would like to thank A.Tseytlin for pointing this out to me.

− ( 1 2 (∂_if_1)^2 f^2_1 ) h^2 R^2 √ V (43)

The full effective action for h is thus

L_h = 1 2 (∂h)^2 R^2 √ V − ( 1 2 (∂_if_1)^2 f^2_1 ) h^2 R^2 √ V (44)

The equation of motion is [26] −λω^2h − R^2 r^3 ∂_r ( r^3 R^2 ∂_rh ) + (∂_if_1)^2 f^2_1 h = 0 (45)

We want to solve this equation and find the absorption cross-section. Since an analytical

solution is not available, one must use the standard procedure of solving the equation in

several regions and then matching these solutions together.

In this case, even this procedure does not work for all the parameter range. Specifically,

if ωr^2_1 ≪ r_n, there are ranges of r where even the simplified equation is not analytically

solvable. We can, however, find out how the cross-section behaves as a function of the

various parameters r_n, r_1, r_0 although the exact numerical factors are unknown. (These can

however be found numerically).

In the parameter range where ωr^2_1 ≫ r_n, the procedure for finding an approximate

solution can be carried through and we can find an analytical expression for the cross-

section.

V. THE SEMICLASSICAL CALCULATION

A. High frequencies; ! Æ TL

The equation of motion is −λω^2h − R^2 r^3 ∂_r ( r^3 R^2 ∂_rh ) + 4r^4_1 r^2(r^2 + r^2_1)^2 h = 0 (46)

Recall that R^2 =^{fn}_{f1} R^2_∞.

We now assume ω ≫ T_L i.e. ωr^2_1 ≫ r_n.

For r ∼ r_n the equation of motion reduces to ( 1 + r^2_n r^2 ) ω^2r^4_1 r^4 h_1 + ( r^2 + r^2_n

r^3 ) ∂_r ( r^3 r^2 + r^2_n

∂_rh_1 ) = 0 (47)

Defining h_1 = √ r^2 + r^2_nΨ, we find ( 1 + r^2_n r^2 ) ω^2r^4_1 r^4 Ψ + 1 r^3

∂_r(r^3∂_rΨ) + Ψ √ r^2 + r^2_n r^3 ∂_r ( r^3 r^2 + r^2_n ∂_r √ r^2 + r^2_n ) = 0 (48)

The last term is always of order^Ψ_{r2n} and can be dropped relative to the first term. The

resulting equation is ( 1 + r^2_n r^2 ) r^4_1 r^4 ω^2Ψ + 1 r^3

∂_r(r^3∂_rΨ) = 0 (49)

which has the solution

Ψ = c_1F_0(η, r^2_1ωr_n 2r^2

)+c_2G_0(η, r^2_1ωr_n 2r^2 ) η= − r^2_1ω 4r_n (50)

Since we require an ingoing wave at the horizon, we require

c_1 = −ic_2 (51)

For r_n ≪ r ≪ ωr^2_1 , the equation of motion is

ω^2r^4_1 r^4 h_2 + 1 r ∂_r(r∂_rh_2) − 4 r^2 h_2 = 0 (52)

with the solution

h_2 = c_3J_2 ( ωr^2_1 r ) + c_4N_2 ( ωr^2_1 r ) (53)

To match these solutions, we first introduce an auxiliary function ξ satisfying

ω^2r^4_1 r^4 ξ + 1 r^3

∂_r(r^3∂_rξ) = 0 (54)

with the solution ξ = 1 r [ c_5J_1 ( r^2_1ω r ) + c_6N_1 ( r^2_1ω r )] (55)

For r > r_n, the differential equation (49) for Ψ approaches the differential equation (54)

for ξ. Hence the solutions should match smoothly, in particular, the large r expansions

should be the same. For large r [30],

Ψ → c_1C_0(η)( r^2_1ωr_n 2r^2

) + c_2 1 C_0(η)

= c_1 √ πr^2_1ω 2r_n ( r^2_1ωr_n 2r^2 ) + c_2 (√ 2r_n πr^2_1ω ) (56)

where we have used η ≪ 0 to write an approximate expression for C_0(η).

For large r, ξ → 1 r [ c_5 r^2_1ω 2r + c_6 2r πr^2_1ω ] (57)

Matching the two solutions, we find

c_5 = c_1 √ πωr^2_1r_n 2 c_6 = c_2 √ πωr^2_1r_n 2 (58)

Similarly for small r, define ξ =^ϕ_r . Then we find

ω^2r^4_1 r^4 ϕ + 1 r ∂_r(r∂_rϕ) − ϕ r^2

= 0 (59)

For r ≪ ωr^2_1, we can drop the last term. For small r, the differential equation (52) for h_2

then coincides with this equation.. Hence ϕ should approach h_2. In particular, their small

r limits should be the same.

For small r,

ϕ = [c_5J_1( r^2_1ω r ) + c_6N_1( r^2_1ω r )] → c_5 √ 2r πr^2_1ω cos ( r^2_1ω r ) + c_6 √ 2r πr^2_1ω sin ( r^2_1ω r ) (60)

h_2 → c_3 √ 2r πr^2_1ω cos ( r^2_1ω r ) +c_4 √ 2r πr^2_1ω sin ( r^2_1ω r )

giving c_5 = c_3, c_6 = c_4.

Combining with (58), we find

c_3 = c_1 √ πωr^2_1r_n 2 c_4 = c_2 √ πωr^2_1r_n 2 (61)

For r_1 ∼ r ≫ ωr^2_1 , we drop the term with ω. 1 r(r^2 + r^2_1)

∂_r[r(r^2 + r^2_1)∂_rh_3] −

4r^4_1 r^2(r^2 + r^2_1)^2 h_3 = 0 (62)

with the solution

h_3 = c_7 ( 1 + r^2_1 r^2 ) + c_8 ( 1 + r^2_1 r^2 )_{−1} (63)

We match the small r behaviour of h_3 to the large r behaviour of h_2.

For small r

h_3 → c_7 ( r^2_1 r^2 ) + c_8 ( r^2 r^2_1 ) (64)

For large r,

h_2 → c_3 ( ω^2r^4_1 8r^2 ) − c_4 ( 4r^2 πω^2r^4_1 ) (65)

Hence

c_7 = c_3 8 ω^2r^2_1 c_8 = −

4c_4 πω^2r^2_1

(66)

For r ≫ r_1, the equation of motion is

ω^2h_4 + 1 r^3

∂_r(r^3∂_rh_4) = 0 (67)

with the solution

h_4 = √ πω 2r^2

[αJ_1(ωr) + βN_1(ωr)] (68)

For small r

h_4 = √ πω^3 2 ( α 2 − 2β πω^2r^2 ) (69)

We match this to the large r behaviour of h_3

h_3 → (c_7 + c_8) + (c_7 − c_8) r^2_1 r^2

(70) which gives

c_7 + c_8 = √ πω^3 2 α 2 c_7 − c_8 = −β √ 2 πωr^4_1 (71)

Combining the various matching conditions, we find Im ( β α ) = − π^2ω^6r^6_1 64 (72)

The absorption cross section is then σ_{abs} = π^3ω^3r^6_1 4 (73)

which differs from the D-brane calculation (34), though only by a factor of 2.

B. Low frequencies; ! ø TL

We will now consider the case ω ≪ T_L, i.e. ωr^2_1 ≪ r_n. In this case we have the full

differential equation − ( 1 + r^2_n r^2 ) ( 1 + r^2_1 r^2

)_2 ω^2h − (r^2 + r^2_n) r^3(r^2 + r^2_1) ∂_r ( r^3(r^2 + r^2_1) (r^2 + r^2_n) ∂_rh ) + ( 4r^4_1 r^2(r^2 + r^2_1)^2 ) h = 0 (74)

We can divide the space into several regions as usual.

For r ≫ r_1, we get

ω^2h_4 + 1 r^3

∂_r[r^3∂_rh_4] = 0 (75)

with the solution

h_4 = √ πω 2r^2

[αJ_1(ωr) + βN_1(ωr)] (76)

For r_1 ∼ r ≫ ωr^2_1 , we find 1 r(r^2 + r^2_1)

∂_r[r(r^2 + r^2_1)∂_rh_3] −

4r^4_1 r^2(r^2 + r^2_1)^2 h_3 = 0 (77)

with the solution h_3 = c_7 ( 1 + r^2_1 r^2 ) + c_8 ( 1 + r^2_1 r^2 )_{−1} (78)

As before the matching gives

c_7 + c_8 = √ πω^3 2 α 2 c_7 − c_8 = −β √ 2 πωr^4_1 (79)

For small r, the second solution h_3 behaves as

h_3 → c_7 ( r^2_1 r^2 ) + c_8 ( r^2 r^2_1 ) (80)

In the near horizon region r ≪ r_n, the equation becomes

ω^2r^4_1r^2_n

r^6 h_1 + 1 r^3

∂_r[r^3∂_rh_1] − 4 r^2 h_1 = 0 (81)

with the solution

h_1 = 1 r [c_1J_ν(w) + c_2N_ν (w)] w = ( r^2_1r_nω 2r^2 ) ν = √ 5 4 (82)

To get an ingoing wave at the horizon, we require

c_1 = −ic_2 (83)

For large r, this solution behaves as

h_1 = 1 r [ c_1 (w 2 )ν 1 Γ(ν + 1) − c_2 ( 2 w )ν Γ(ν) π ] (84)

In the intermediate region r ∼ r_n, the equation becomes − (r^2 + r^2_n) r^3 ∂_r ( r^3 r^2 + r^2_n

∂_rh_2 ) + 4 r^2 h_2 = 0 (85)

Finding an analytical form for h_2 however seems to be impossible. We will instead use a

weaker scaling argument.

Defining ρ =^r_{rn} , the equation for h_2 can be rewritten

ρ^2 + 1

ρ^3 ∂_ρ ( ρ^3 ρ^2 + 1

∂_ρh_2 ) − 4h_2 ρ^2

= 0 (86)

There are two independent solutions which we call F_i(ρ), i = 1, 2. Then h_2 = c_3F_1 + c_4F_2.

For small ρ, the equation becomes 1 ρ^3

∂_ρ[ρ^3∂_ρF_i] − 4F_i ρ^2

= 0 (87)

Hence F_i ∼ ρ^n where n = −1 ± √ 5. Let us choose F_1 to be the solution that behaves as ρ^{−1+√5}, and F_2 to be the solution that behaves as ρ^{−1−√5}. Then matching with the near solution h_1, we find

c_4r^{1+√5}_n = 1 Γ ( 1 +^{√5}_2 ) ( r^2_1r_nω 4 )p_{52} c_1

c_3r^{1−√5}_n = − Γ ( √_5 2 ) π ( 4 r^2_1r_nω

)p_{52} c_2 (88)

For large ρ the equation simplifies to 1 ρ ∂_ρ[ρ∂_ρF_i] − 4F_i ρ^2

= 0 (89)

with linearly independent solutions ρ^2, ρ^{−2}.

So for large ρ,

F_1 = x_{11}ρ^2 + x_{12}ρ^{−2} F_2 = x_{21}ρ^2 + x_{22}ρ^{−2} (90)

where x_{11}, x_{12}, x_{21}, x_{22} are undetermined constants of order 1.

Matching to the intermediate solution h_3, we find

c_3x_{12} + c_4x_{22} = c_7 r^2_1 r^2_n

(91)

c_3x_{11} + c_4x_{21} = c_8 r^2_n r^2_1

(92)

We will henceforth forget about factors of order 1. To this accuracy, we have Im (c_3x_{12} + c_4x_{22} c_3x_{11} + c_4x_{21} ) ∼ ( r^2_1ω r_n )^√_5

(93)

It is now straightforward to calculate the cross section. Upto factors of order 1, we find

Im ( β α ) ∼ πω^2r^4_n r^2_1 ( r^2_1ω r_n )^√_5

(94)

and so the cross section is σ_{abs} ∼ r^3_n ( r^2_1ω r_n )^√_{5−1} (95)

which disagrees with the D-brane prediction (35). In particular, the expression above goes to zero for zero frequency, unlike the D-brane prediction which goes to a nonzero constant.

VI. CONCLUSIONS

We have found that for certain scalars, the D-brane model does not reproduce the semiclassical calculation. This was also consistent with the nonrenormalization arguments of [24]. This suggests that the D-brane model breaks down beyond the moduli space approximation.

On the other hand, there is at least one case where the D-brane model works beyond the moduli space approximation. This is the analysis of [14], where a fourth order hypermultiplet interaction was used to calculate the absorption cross-section for a fixed scalar. This was shown to agree with the semiclassical analysis, at least for r_1 = r_5. A calculation of higher angular momentum processes [19], which again goes beyond the moduli space approximation, also yielded results which were correct upto unknown constant factors.These results suggest that there might be a deeper reason for the D-brane-black hole correspondence. If so, there may be a way to reconcile the disagreement pointed out in this paper.

We emphasize that if the disagreement cannot be resolved, then one can distinguish a black hole from a D-brane even at very low frequencies. This may have implications for the information paradox in these models.

VII. ACKNOWLEDGEMENTS

I am indebted to A.Tseytlin for pointing out an important error in a previous version of this paper. I would also like to thank B.Kol, J.Rahmfeld and especially L.Susskind for discussions.

This work was supported in part by the Department of Energy under contract no. DE- AC03-76SF00515.

REFERENCES

[1] A. Strominger and C. Vafa, Microscopic Origin of the Bekenstein-Hawking Entropy, Phys.Lett. 379B (1996) 99, hep-th/9601029.

[2] C.G. Callan and J. Maldacena,D-Brane Approach to Black Hole Quantum Mechanics, Nucl. Phys. B472 (1996) 591, hep-th/9602043.

[3] G. Horowitz and A. Strominger, Counting States of Near Extremal Black Holes, Phys.Rev.Lett. 77 (1996) 2368, hep-th/9602051.

[4] G.T. Horowitz, J. Maldacena and A. Strominger, Nonextremal Black Hole Microstates and U-Duality, Phys. Lett. 383B (1996) 151, hep-th/9603109.

[5] J. Maldacena and L. Susskind, D-Branes and Fat Black Holes, Nucl. Phys. B475 (1996) 670, hep-th/9604042.

[6] S.R. Das and S.D. Mathur, Excitations of D-Strings, Entropy and Duality, Phys. Lett.

375B (1996) 103, hep-th/9601152.

[7] A. Dhar, G. Mandal and S.R. Wadia, Absorption vs. Decay of Black Holes in String Theory and T-Symmetry, Phys. Lett. 388B (1996) 51, hep-th/9605234.

[8] S.R. Das and S.D. Mathur. Comparing Decay Rates for Black Holes and D-Branes, Nucl. Phys. B478 (1996) 561, hep-th/9606185.

[9] S.R. Das and S.D. Mathur, Interactions Involving D-Branes, Nuc.Phys.B482 (1996) 153, hep-th/9607149.

[10] J. Maldacena and A. Strominger, Black Hole Greybody Factors and D-Brane Spectroscopy, Phys. Rev. D55 (1997) 861, hep-th/9609026.

[11] S.S. Gubser and I.R. Klebanov, Emission of Charged Particles from Four- and Five- Dimensional Black Holes, Nuc.Phys. B482 (1996) 173, hep-th/9608108 .

[12] A. Hashimoto and I.R. Klebanov, Decay of Excited D-branes, Phys. Lett. 381B (1996) 437, hep-th/9604065 .

[13] S.S. Gubser and I.R. Klebanov, Four-Dimensional Greybody Factors and the Effective String, Phys.Rev.Lett. 77 (1996) 4491, hep-th/9609076.

[14] C.G. Callan, S.S. Gubser, I.R. Klebanov and A.A. Tseytlin, Absorption of Fixed Scalars and the D-brane Approach to Black Holes, hep-th/9610172.

[15] S.P. de Alwis and K. Sato, Radiation from a Class of String Theoretic Black Holes, hep-th/9611189.

[16] I.R. Klebanov and M. Krasnitz, Fixed Scalar Greybody Factors in Five and Four Dimensions, hep-th/9612051.

[17] E. Keski-Vakkuri and P. Krauss, Microcanonical D-branes and Back Reaction, hepth/9610045.

[18] I.R. Klebanov and S.D. Mathur, Black Hole Greybody Factors and Absorption of Scalars by Effective Strings, hep-th/9701187.

[19] J. Maldacena and A. Strominger, Universal Low-Energy Dynamics for Rotating Black Holes, hep-th/9702015.

[20] S.W. Hawking and M.M. Taylor-Robinson, Evolution of Near Extremal Black Holes, hep-th/9702045.

[21] S. Das, A. Dasgupta and T. Sarkar, High Energy Effects on D-Brane and Black Hole Emission Rates, hep-th/9702075.

[22] F.Dowker, D.Kastor, and J.Traschen, U-Duality,D-Branes,and Black Hole Emission Rates: Agreements and Disagreements, hep-th/9702109.

[23] B.Kol and A.Rajaraman, Fixed Scalars and Suppression of Hawking Evaporation, hepth/9608126.

[24] J.Maldacena, D-Branes and Near Extremal Black Holes at Low Energies, hepth/9611125.

[25] J.Maharana and J.Schwarz, Noncompact Symmetries in String Theory, Nuc.Phys. B390 (1993) 3 ,hep-th/9207016.

[26] I.R. Klebanov and A.A. Tseytlin, unpublished.

[27] D.N. Page, Particle Emission Rates from a Black Hole: Massless Particles from an Uncharged Hole, Phys. Rev. D13 (1976) 198.

[28] W.G. Unruh, Absorption Cross Section of Small Black Holes, Phys. Rev. D14 (1976) 325.

[29] A.A. Starobinski and S.M. Churilov, Amplification of Electromagnetic and Gravitational Waves by A Rotating “Black Hole”, Sov. Phys. JETP 38 (1974) 1.

[30] M. Abramowitz and I.A. Stegun, Handbook of Mathematical Functions, National Bureau of Standards New York: Wiley (1964).

[31] M.Douglas, J.Polchinski and A.Strominger, Probing Five-Dimensional Black Holes with D-Branes, hep-th/9703031.