SLAC-PUB-9655

February 2003

Analysis of Statistical Correlations and Intensity Spiking in the Self-Amplified Spontaneous-Emission Free-Electron Laser*

S. Krinsky^1

Stanford Linear Accelerator Center, Stanford, CA 94309

R.L. Gluckstern

Department of Physics, University of Maryland, College Park, MD 20742

Abstract

The narrow band chaotic output of the self-amplified spontaneous-emission free-electron laser (SASE FEL) exhibits intensity spikes. In the linear regime before saturation, we use an approach developed by Rice to determine probability distributions for the peak values of intensity in both the time and frequency domains. We also find the average number of spikes per unit time or frequency. In addition, we derive joint probabilities for the intensity in the output pulse to have values _1I and _2I at times _1t and _2t , and for the

spectral intensity to have values ^~_1I and ^~_2I at frequencies _1ω and _2ω . PACS: 41.60.Cr, 02.50.-r

Submitted to: Physical Review ST-AB

1 Permanent address: Brookhaven National Laboratory, Upton, NY 11973

* Work supported by Department of Energy contracts DE˘AC03˘76SF00515 and DE- AC02-98CH10886.

I. INTRODUCTION

The theory of high-gain single-pass free-electron lasers has been developing since the late 1970´s [1-5]. In the absence of an external seed laser, the SASE FEL starts up from the shot noise in the electron beam. Because SASE starts from the shot noise, a proper theory requires a statistical treatment of the output radiation [6-17]. Average properties of the output were studied in [6-12] and fluctuations were considered in [13-

17]. To describe the shot noise, one considers the arrival time of the individual electrons at the undulator entrance to be independent random variables, and one determines the statistical properties of the output radiation by averaging over the stochastic ensemble of arrival times. In the linear regime before saturation, it follows from the Central Limit

Theorem [18] that the probability distribution describing the spectral intensity ( )ωI , or the time-domain intensity ( )tI , is the negative exponential distribution [14]

I_I I e I I p_/ 1 )(_−

= , (1.1) and the intensity fluctuation is 100%.

The output intensity as a function of time exhibits spiking [13] (see Fig. 1), and the width of the intensity peaks is characterized by the coherence time [14,15], ωσ π / = cohT , where ωσ is the SASE gain bandwidth. The spectral intensity also exhibits spikes (Fig. 2), and the width of the spectral peaks is inversely proportional to the electron bunch duration ^bT .

At a fixed position z along the undulator, consider the energy in a single SASE pulse, ∫_{∝ b} T dt ztE z W 0 2),(

)( , (1.2) where bT is the duration of an electron bunch having uniform average density. For z fixed, one can think of dividing the pulse into M statistically independent time-intervals of width T^{coh} . The energy fluctuation within a single coherent region is 100%, but the fluctuation WW /σ of the energy in the entire pulse is reduced and given by [14,15] ( ) b coh W T T M W W W W ≡ ≡ − = 1 2 2 2 2σ . (1.3)

Figure 1. Intensity spiking in the time-domain (arbitrary units). The width of the peaks is characterized by the SASE coherence time _ωσπ /=_{coh}T .

bT

I ( )

1

< I ( ) >

coh T 1

Figure. 2. Intensity spiking in the frequency-domain (arbitrary units). In the single-shot spectrum shown on the left, the width of the peaks is inversely proportional to the electron bunch duration T_b. The average of many SASE pulses is illustrated on the right, and in this case the width is proportional to the gain bandwidth _{coh}T/πσ_ω = .

coh T

Here, M is defined [14,19] to be the number of modes in the radiation pulse. The energy per pulse is described by the gamma distribution [14,18,19], − Γ = − W W M W W W M M W p M M W exp 1 ) ( )( 1 . (1.4)

Let ( ) ( ) ( )tiziktzAtzE ss ω−

= exp , , be the radiated SASE electric field, where cks s = ω is the undulator resonant frequency. In the description (at fixed z) of the

statistical properties of the SASE output, two important quantities [14] are the field correlation function ( ) ( ) ( ) ( ) ( )^2_2 2 1 2 1 2 1 1 * tA tA t A tA t tg =

− (1.5)

and the intensity correlation function ( ) ( ) ( ) ( ) ( )^2_2 2 1

2 2 2 1 2 1 2 tA tA tA tA t t g = − . (1.6)

In the linear region before saturation, they are related by

( ) ( )^2_1

2 1 tg t g += . (1.7)

The energy fluctuation Wσ in a pulse can be expressed in the form ( )[ ] ( ) ∫ ∫ ∫_−^{=−−} = b b

b

b T T

T b T

b W tgdt T t t g dt dt T W 0 2 1 2 1 2 2 0 1 2 2 2 1 1 1 σ . (1.8)

Comparing Eqs. (1.3) and (1.8), we see that (when bcoh TT << ) the coherence time can

be expressed in terms of the field correlation function according to [14,19]

( )∫^{= 2}1^{tgdtT}coh^{. (1.9)}

In this paper, we advance the statistical description of SASE by applying the mathematical analysis of random noise developed by Rice [18]. Some of the results of our analysis were presented in ref. [17]. In the earlier work [14] reviewed above, two important distributions of a ^global~ nature were derived: the exponential distribution [Eq. 1.1)] applies to an arbitrary time or frequency, and the gamma distribution applies to

the total radiated energy. In this paper, we study what might be termed ^local~ statistical properties. In the time-domain, we determine the joint probability [Eq.(3.14)] that at a fixed position z along the undulator axis, the normalized intensity IIQ /≡ in the radiation pulse has the values Q^1 and Q^2 at times t^1 and t^2. We also find the probability per unit time [Eq. (4.10)] of observing a spike with maximum normalized intensity Q. In the frequency domain, we derive the joint probability [Eq. (3.21)] that the normalized spectral intensity has the values _~^1Q and _~^2Q at frequencies ^1ω and ^2ω . We also find the probability per unit frequency interval [Eq. (4.18)] of observing a peak in the frequency spectrum with maximum normalized intensity _~Q.

In Eq. (1.3), the number of modes M in the output pulse was defined in terms of the pulse energy fluctuation. Another quantity of interest is the number of intensity spikes sN (Fig. 1). Following Rice [18], we characterize the temporal spikes by the existence of local maxima of the intensity. From Eq. (4.14), we find that

./711.0711.0 cohb s TT M N = = . (1.10)

It is interesting to note that all known statistical properties of SASE derived in previous work [14] and in this paper can be derived from Rice´s study [18] of shot noise in telephone systems, see also ref. [19].

Our paper is organized as follows: In Section II, we review the calculations of field and intensity correlations for the SASE radiation. In Section III, we use the Central limit theorem to determine the joint probability distributions mentioned above. In Section IV, we find the probability per unit time of observing a spike with maximum normalized intensity Q. From this result, we determine the average number of temporal spikes per unit time. We also find the probability per unit frequency interval of observing a peak in the frequency spectrum with maximum normalized intensity_~Q. From this result, we determine the average number of spectral spikes per unit frequency. In Section V, we present an approximate calculation of the probability per unit time of observing a spike with maximum normalized intensity Q>>1. This gives one an intuitive (albeit mathematical) picture of the spikes making up the SASE output. A summary of our results is given in Section VI.

II. CORRELATIONS

We work within the classical, one-dimensional approximation, in the linear regime before saturation. The uniform density electron bunch contains N_e electrons and has length, L_b = cT_b , long compared to the coherence length of the output radiation. We restrict our attention to the radiated field inside the electron bunch sufficiently far from the back end so that coherent effects [12,20,21] can be neglected. The radiation field has the form, tizik^{ss}etzAtzE ω−

= ),(

),( , (2.1) with amplitude A given by ∑_=^− = e j s N j j i tzh e tzA 1 ). ,( ),( τ τω (2.2)

The resonant wavenumber ),1/(2^{22}_{0 wws} ak k + = γ where k_w is the undulator wavenumber, 0 2γ mc is the initial electron energy and a_w is the undulator strength parameter. The SASE green´s function is denoted by ( )tzh , and the arrival time of the j^{th} electron at the undulator entrance (z=0) by _jτ . The independent random variables _jτ (j=1,� ,N_e) are considered to be uniformly distributed over the interval _{bj} T≤≤ τ0 . We use brackets to represent an average over the arrival times. For the

uniform distribution, ∫ = bT b e j fdTN f 0 )( ) / ( )( ττ τ . We also introduce the shorthand

notation: ),(_1

1 tzA

A = and ),(_2

2 tzA

A = . The correlation of the amplitudes at a given position z along the undulator, at two different times is given by: ∑ ∑_=^−_=^{−−} = e ks j s e N j k j i i N k t h th e e A A 1 2 * 1 1 * 2 1 )()( τ τ τω τω

∑_=^− − ≅ eN j j j th th 1 2 * 1 ) ( ) ( τ τ ∫ ∞ ∞− − − ≅ )()

( 2* 1 τ τ τ th th d T N b e (2.3)

In Eq. (2.3) and in the following, we do not explicitly show the z-dependence of the functions, since we are working at fixed z. While deriving Eq. (2.3), we retain only the dominant contributions characterized by the absence of rapid phase variation. These correspond to keeping pair-wise equal summation indices from the A and A_* terms.

It is often useful to introduce the Fourier transform )( ωΔH , ^sωωω −=Δ , via ∫_Δ Δ = Δ )( 2 ) ( )( ω π ω ω H e d th ti . (2.4)

The correlation of Eq. (2.3) can now be expressed as ∫_{−ΔΔΔ≅ )(2} * 2 1_{21} ) ( 2 ) ( tti b e e H d T N A A ωω π ω (2.5)

The correlation of the intensities at two different times can be calculated as follows: ∑_{−−−−} = + − + − jklm m l k j i t h th t h th e A A_{mlkjs} )()()()( 2*21*1 ) ( 2 2 2 1 ττττ τ τ τ τ ω

)()()()()()

( 21*2*1 2 2 2 1 l jl jl l j j l j ththth th th th τττ τ τ τ −− − − + − − ≅∑ ∑ 2 2 1 2 2 1 )(*) ( ) ( ∑ ∑_− − + − = j j j j j th th th τ τ τ

2_*^{21}_{22}^1 AA A + = . (2.6)

This is the result of Eq. (1.7). Again we have kept only those terms without rapid phase variation.

Deep into the exponential gain regime, a saddle point analysis yields the Gaussian approximation to the green´s function zk zk i w zk i i w_w

w w e zk e e zkh 4 ) 3 )( 3(9 ) 3( 12/ 2

8 ), ( − + − + −≅ θ ρ ρ π ρπ θ , (2.7) where tzkk s w s ω θ − + = ) ( and ρ is the Pierce parameter [3]. We can write this asymptotic approximation in the form

2 ) ( )( − − − ≅ tt e th α χ , (2.8)

whereα and χ (complex) and ^−t (real) are functions of z. From Eqs. (2.7) and (2.8), we see that

zk i w s 4 ) 3(9^2ρω α + = . (2.9)

Taking the Fourier transform of (2.8), we find

2^2 2/)( * 2 2) (^ωσω αα π χ ω Δ− = Δ e H , (2.10)

zk_w s 2 * * 2 33 2 ωρ α α αα σ_ω = + = . (2.11)

Here, ωσ is the SASE gain bandwidth (see Fig. 2). Note that )( ωΔH has a dependence

on _sω that is not explicitly shown. Using the Gaussian approximation of Eq. (2.8) in Eq. (2.3) we derive 2 )2 1 2 ( 2 * 2 * 2 1 t t b e e T N AA^{−−} + = ωσ α α π χ . (2.12)

We define the normalized amplitude,

2),(/),(),( tzAtzAtza = , (2.13)

and use the notation a_1=a(z,t_1) and a_2=a(z,t_2). Under the approximations we are employing, 0_{2121} === aaaa , (2.14a)

12_{12}^*_{21}^*_{22}^*_{11} ,1 ivuaaaaaa +≡ = = , (2.14b)

12^2_2^2_1 1 β+≡aa , (2.14c)

2_{12}^2_{12}^{2*}_{2112} vuaa += = β . (2.14d)

Eqs. (2.14b) and (2.14c) provide the definitions of the quantities _{12}u , _{12}v , and _{12}β . We note that in terms of this notation, the field correlation introduced in Eq. (1.5) is given by

( )_*^{21} 2 1 1 aa t tg =

− and the intensity correlation introduced in Eq. (1.6) is

( )^{12} 2 1 2 1 β+= − t t g . In the high-gain regime before saturation, it follows from Eqs.

(2.12), (2.13) and (2.14d) that

2_{221} /)(12_{coh}Ttte −−= πβ , (2.15) where T^{coh} [14,15] is the coherence time, which is related to the rms bandwidth ^ωσ of the output SASE radiation by ωσ π = cohT . (2.16)

III. JOINT PROBABILITY DISTRIBUTIONS

In Eq. (2.2), the amplitude A is represented as a sum of independent random terms; it follows that probability distributions describing the output radiation are determined from the Central Limit Theorem [18]. The central limit theorem (see Appendix A) states that the distribution P(V) of the normalized sum NrrrV^N /)

(^{21} ++ + = � of N independent random vectors approaches the normal law as ∞→N . For simplicity consider 0=^jr ;

then as ∞→N , − →_− − − VMV M VP_T K 1 2/1 2/ 2 1 exp ) (det )2( )( π , (3.1) where ),...,(^{1 K} T V V V = is a K-dimensional row-vector (the superscript T indicates transpose) and V the corresponding column vector. The symmetric matrix M is comprised of the second moments:

= KK K K

K M μ μ μ μ μ μ � � �

2 1

1 12 11 (3.2) where

∫_{== )()( VPVVVdVV} kj_Kkjjk_{μ . (3.3)}

M_{-1} is the inverse of the matrix M. Note that when the central limit theorem applies, the distribution is Gaussian and hence is determined by the second moments. Under these

conditions, one need not compute all the higher moments to determine the distribution˙ a

great simplification.

As an illustration, consider the special case when _Nrrr ,...,,_{21} are two-dimensional

vectors with components, ),(_{jjj} yxr = . Again, we take 0==_{jj} yx so independence

implies 0= = =_{kj} k j k j yx yy xx )( kj ≠ . The second moments of the resultant

V=(X,Y) are:

N x x X^N 2 2 1 2 11 + + = = � μ , (3.4)

N y y Y^N 2 2 1 2 22 + + = = � μ , (3.5)

N yx yx XY^{NN} + + = = = � 1 1 21 12 μ μ . (3.6)

In this case, the central limit theorem implies that the probability distribution P(X,Y) for ∞ →N approaches the normal distribution

− + − − − = − ) (2 2 exp 2 ) ( ),(_2 12 22 11 12 2 11 2 22 2/1 2 12 22 11 μ μ μ μ μ μ π μ μ μ XY Y X Y X P . (3.7)

Returning to the FEL problem, let us express the normalized field amplitude

defined in Eq. (2.13) as

.^{ϕi}eQiyxa =+= (3.8)

Correlations of x and y are determined from Eqs. (2.14) and one finds: 2/1^{22} == yx

and .0=xy From the Central Limit Theorem, it is seen that the probability P(x,y)dxdy

for finding x between x and x+dx, and y between y and y+dy, is given by

2^2 1 ),(^{yx}e yxP^{−−} = π . (3.9)

The probability P(Q,ϕ )dQdϕ for finding Q between Q and Q+dQ, and ϕ between ϕ and ϕ ϕ d+ , is given by

QeQP_−= π ϕ 2 1 ),( . (3.10)

As shown by Rice [18], the Central Limit Theorem also enables us to determine the joint probability distribution describing the field amplitudes at two different times.

The required correlations are determined from Eqs. (2.14), and we find: 2/1 2 2 2 1 2 2 2 1 = = = = y y x x , 0^{2211} == yxyx , 2/^{122121} uyyxx == , and

2/^{12} 2 1 2 1 v xy yx =

−= . Taking the vector ),,,(^{2211} yxyxV_T = , the moment matrix M introduced in Eq. (3.2) and its inverse are given by

− − = 1 0 0 1 1 0 0 1 2 1 12 12 12 12 12 12 12 12

u v v u u v v u M , (3.11)

− − − − − − − − =_− 1 0 0 1 1 0 0 1 1 2 12 12 12 12 12 12 12 12

2 12 2 12 1 u v v u u v v u v u M . (3.12)

Also, one finds_{22}^{12}_2^{12} ) 1( det vu M − − = . It then follows from Eqs. (3.1) and (3.12) that

− − − + − − − − − − = ) 1( ) ( 2 ) ( 2 exp ) 1( 1 ) ,,,(

12 2 1 2 1 12 2 1 2 1 12 2 2 2 2 2 1 2 1 12 2

2 2 1 1 β β π xy yx v yy xx u y x y x y x y xP . (3.13)

Expressing x and y in terms of Q and ϕ via Eq. (3.8), and integrating over ^1ϕ and ^2ϕ , we obtain the probability P(Q^1,Q^2)dQ^1dQ^2 for finding normalized intensity between Q^1 and

Q^1+dQ^1 at time t^1, and Q^2 and Q^2+dQ^2 at time t^2 [18]:

− − = − − − −

12 2 1 12 0 12

1 1 2 1 1 2 1 ) ,(_{12} 2 12 1 β β β β β QQ I e e Q QP Q Q . (3.14)

I^0 is the Bessel function of imaginary argument of order zero. Note that when ^{21} tt → , then →^{12}β 1 and )( ) ,(^{21} 2 1_1 QQ e Q QP_Q −

→_− δ . Also, when ∞→−^{21} tt , then 0^{12} →β

where H is the Fourier transform of h, ]2/)(exp[)(),( 22202 ωσω ω Δ− = Δ zH z H .

From Eq. (3.19), we find ∑_{Δ+Δ+−ΔΔ=Δ} Δ jk i i^k s j s e e H H A A τωω τ ω ω ω ω ω ω )( ) ( 2 * 1 2 ~ * 1 ~^2 1 ) ( ) ( ) ( ) ( ∑_{Δ−ΔΔΔ≅}^j_{i jeHH τωωωω )(}2_*1_{12)()(} ∫^−_{Δ−Δ} Δ Δ ≅ 2/

2/ ) ( 2 * 1_{12} ) ( ) ( b b

T

T i b e ed T N H H τωωτ ω ω eN H H )() ( 2 * 1 ω ω Δ Δ = sinc Δ− Δ ) ( 2_1 2 ω ω bT . (3.20)

We define, 2 ~ ~ ~ ) ,( /) ,( ) ( ω ω ω Δ Δ = Δ zA zA a , 2 ~ ~ ) ( ) ( ω ω Δ = Δ a Q , and )(^1_~^1_~ ωΔ= QQ ,

) (^2 ~ 2 ~ ωΔ = Q Q . The joint probability ^2_~^1_~^2_~^1_~ ),( QdQdQQP that the normalized spectral intensities at frequencies ω^1 and ω^2 have values between ^1_~Q and ^1_~^1_~ QdQ + , and 2 ~ Q and ^2_~^2_~ Qd

Q + , respectively, is determined in a manner similar to the derivation in the time-domain leading to Eq. (3.14). We find,

− − = − − − −

12 2 ~ 1 ~ 12 0 12

1 1 2 ~ 1 ~ 1 2 1 ) , (_{12} 2 ~

12 1 ~

γ γ γ γ γ QQ I e e Q QP Q Q , (3.21) where = = − = 2 * 2 ~ 1 ~ 2 ~ 1 ~ 12 1 aa Q Q γ sinc − 2 ) (^2 1 2 bTω ω , (3.22) and sinc(x)=(sin x)/x. As in the time-domain, it is possible to write Eq. (3.21) in terms of

Laguerre polynomials.

IV. INTENSITY PEAKS

We can provide a statistical description of the spikes in the output, first in the time-domain and then in the frequency-domain. To prepare for the discussion of the intensity peaks, we first review the required mathematics developed by Rice [18]. Consider the stochastic function );,...,,(_{21} t F y_Nτ ττ = (4.1) and its derivative t F y ∂ ∂ =’ , (4.2)

where _Nτ τ ,...,_1 are random variables. Let ηξηξ ddtP );,( be the probability of finding y between ξ and ξξ d+ , and ’y between η and ηη d+ at time t. We first wish to determine the probability that there is a zero of the function F having positive slope somewhere in the interval ._{11} dtttt +<< Suppose 0<=ξy at t_1 and y=0 somewhere in dt tt t +<<_1 1 . If the slope at t_1 is 0>η , then F passes through zero at η ξ − =_1tt .

Hence, we require dtt t t +<−<_1 1 1 η ξ , i.e. 0<< − ξ ηdt . Therefore, the probability that

there is a zero of F with positive slope in dtttt +<<_{11} is given by ∫ ∫ ∫ ∞ − ∞ = 0 0 0 1 1 );,0(

);,( dt tPddt t P d d_η ηηη ηξ ξ η . (4.3)

We can now determine the probability p(y_1)dtdy that F has a maximum with value between y_1 and y_1+dy in the time interval t_1<t<t_1+dt. At a maximum, the derivative of F is zero and its second derivative is negative. From the result of Eq.(4.3), we see that

∫_{∞−}^{−= 0} 11 1 1 );,0,(

);( tyPd dtdy dtdy typ ς ς ς , (4.4) where );,,(_1t

P ςηξ is the probability density function for the variables ); ,...,

(_1 1 t F_Nτ τ ξ = , ( )_{1tt}tF_=∂∂=η , and ( )_1^{22}_{tt}tF_=∂∂=ς .

Let ^m m m ta a ∂ ∂= / )( and note that n_m^{nmnm} biaa_+^−= 2^{)*()(} , (4.5) ∫^∞_{∞−}^{ΔΔΔ} = m m zH d zK b )(),( 2 ) ( )( 2 ω ω π ω . (4.6)

The normalization K(z) is chosen so that b^0=1/2. We write iyxa += , ’’’ yixa += , ’’ ’’ ’’ yix a + = , where the prime denotes differentiation with respect to time t. Using the

Central Limit Theorem, Rice [18] determines )’’,’’,’,’,,( yxyxyxP . Taking

)’’,’,,’’,’,( yxyxyx

V_T = , the matrix M of second moments, Eq. (3.2), is

− − − − − − − −

=

4 3 2 3 2 1 2 1 0 4 3 2 3 2 1 2 1 0

0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 b b b b b b b b b b b b b b b b b b

M (4.7)

After computing the inverse of M, )’’,’’,’,’,,( yxyxyxP is determined from Eq. (3.1).

Rice then introduces ϕ ϕ sin , cos Ry R x = = , and takes the first and second time derivatives. By integrating over ’’,’, ϕϕϕ and , Rice determines )’’,’,( RRRP . He then notes that the probability p^t(R) dtdR that a maximum of the envelope R falls within the elementary rectangle dtdR is given by [see Eq. (4.4)]

∫^{∞−}_{−= 0 ’’’’)’’,0,()( RdRRRPRp}t_{. (4.8)}

independent of t. We use the variable Q=R_2, and we choose the normalization K(z) such that

2_{2 2/)(} 2 2 2 1 ) ,()(_{ωσω} ωσπ ω_{Δ−} = Δ e zGzK . (4.9)

The probability dtdQQp^t )( that a maximum of Q with value between Q and Q+dQ is found in time interval dt is determined by [18], ∑_∞^=_−^{+Γ}_+ =^0 2/ 2/ 3 4/1 ) 4 7 2 ( )2/ )(1 ( )2( 4 1 )(^n n Q coh t n Q n e Q T Q p . (4.10)

For Q>>1, the sum over n in (4.10) clearly peaks near n=Q. One can treat n as a continuous variable, convert the sum over n to an integral and use the method of steepest descent to obtain

) 2 1 1( 1 )( Q Q e T Q p Q coh t − ≈ − . (4.11)

Another method for evaluating the sum over n in (4.10) for large Q is to separate it into two pieces ∑ ∑ ∑^∞_= ∞

=

∞ = +Γ − + Γ = + Γ + 0

2/

0

2/

0

2/ ) 4 7 2 ( )2/( 2 1 ) 4 3 2 ( )2/( 2 ) 4 7 2 ( )2/ )(1 ( n n

n n

n n n Q n Q n Q n . (4.12)

Summing over alternate values of n and recognizing that the lower limit n=0 in the sums can be modified slightly without affecting the overall limit as ∞→Q , one obtains the

asymptotic approximation of Eq. (4.11) by noting that

2^/ 0 )1 ( )2/(_Q m m e m Q = + Γ∑^∞_=^{. (4.13)}

� � � � �

�

�

�

�

S �4 � 1

4

W W

Figure. 3. p_t(Q)/N_t dQ is the probability of a peak in the time-domain having normalized intensity between Q and Q+dQ (dimensionless variables).

The number of peaks per unit time is

coh t t T Q p dQ N 711.0 )( 0 = = ∫^{∞ . (4.14)}

The probability of finding a maximum with normalized intensity between Q and Q+dQ is p^t(Q)/N^t dQ, which is plotted in Fig. 3. The average peak height is 56.1=Q and the rms peak height fluctuation is 1.27. In Eq. (4.14) and Fig. 3, ( )Qpt is determined from

Eq. (4.10).

In the frequency domain,

∑^=_{Δ+−=Δ e jsN}^j_i^e_e^N_a^1_{)(} ~ 1 ) (_{τωω} ω . (4.15)

Defining _m m m a a ω∂ ∂= /_~ )(~ , we find n^m_{mn} n m b i a a^+_−= 2

*)(~)(~

, (4.16)

∫^−_{= 2/}^{2/2}_{1 b}^b_T^T_m^bm_{tdt}^T_{b . (4.17)}

Following Rice´s analysis [18], we find that the probability _{~~} )( QddQp ω^ω that a maximum of 2~ ~ a Q = with value between _~Q and _{~~} QdQ+ is observed in frequency interval dω is determined by ∑_∞^=_− − + Γ =^0 2/ ~ 4/32/ 4/9 4/1~ ~ ) 4 7 2 ( )4/5( 6 4 2/ )(_~^n_n n n Q b n A Q e Q T Q p π π ω , (4.18) independent of ω , with

1^0 =A , (4.19a) m n m n mn m m A )5/3)(1( ! )2/1 ( )2/3)(2/1( 0 + − − = ∑^=_{� , )1( ≥n . (4.19b)}

For ,1 ~ >> Q

− ≈_−^~ ~ ~ 2 1 1 3 2 )(_~ Q Q e T Q p_Q b π π ω . (4.20)

The number of peaks per unit frequency is

)2/(641.0)(^0_{~~} π ω ω bT Q pQd N = = ∫_{∞ . (4.21)}

The probability of finding a maximum with normalized spectral intensity between ^~Q and ~ ~ Qd Q+ is ^~ ~ /)( QdN Q p_ω ω , which is plotted in Fig. 4. The average spectral peak height

is 66.1 ~ = Q and the rms spectral peak height fluctuation is 1.29. In Eq. (4.21) and Fig.

4, ~ Q pω is determined from Eq. (4.18).

� � � � �

�

�

�

�

a �4 � S 1

a 4

Figure. 4. p_ω(^~Q)/N_ω d^~Q is the probability of a peak in the frequency-domain having

normalized intensity between ^~Q and ^~Q+d^~Q (dimensionless variables).

V. APPROXIMATE DESCRIPTION OF INTENSITY SPIKES

Motivated by the result for the conditional average, Eq. (3.17), it is reasonable to assume that the output is comprised of a series of peaks, and in the region near each maximum, the intensity profile can be approximated by 2 2 /)

(_{coh} p T tt peQ Q^{−−} =^π , (5.1) where Q_p is the maximum intensity of the peak centered about t=t_p.

Recall from Section IV that p_t(Q)dQdt is the probability of finding in the radiation output an intensity peak of magnitude between Q and Q+dQ, in time interval dt. Let us

consider an intuitive argument for determining the large Q behavior of p^t(Q). For large

Q^1, the probability of the intensity Q being greater than Q^1 can be evaluated in two ways.

First, it is equal to _1 1 Q Q Q e e dQ_− ∞ − ∫_{= . Alternatively, it can be written as} ∫_{∞ Δ} 1 ) ,( )(^1 Q t QQt Q p dQ , where ),(^1QQtΔ represents the region in t, under a peak having maximum value Q, for which the intensity is greater than Q^1. From Eq. (5.1), we find π ) /( 2 ) ,(_1 1 Q Qn T Q Qt^{coh} " = Δ . Equating these two expressions for the probability that the intensity Q be greater than Q^1, we derive the following integral equation for p^t(Q): 1

1 ) /( 2)(_{1 Q} Q coh t e Q Qn T Q p dQ_− ∞ = ∫^π_{" . (5.2)}

For large Q^1, the exponential behavior on the right hand side of Eq. (5.2) requires that )(

)( QFe Q p_Q t − → . If one changes the variable of integration to y=Q-Q^1, then

Eq. (5.2) becomes ∫ ∞ − =+ + 0 1 1 1) 1( ) ( 2 Q y n y Q F edy T^y coh " π (5.3)

Clearly, the important values of y are of the order of 1. Thus, for large Q^1, one has y<<Q^1 and ) 4 1( ) 1( 1 1 1 Q y Q y Q y n − ≅ + " . Expanding F(Q^1+y) for y<<Q^1 leads to [ ] ∫ ∞ − ≅ − + 0 2/3 1

2/3 2/1 1

2/1 1 1 1 4 )(’ )( 2 Q y Q y Q yF Q F edy T^y coh π . (5.4)

The solution of (5.4) for large Q^1 is ) 8 3 1( 1 )( 1 1 1 Q Q T Q F coh − ≅ . Thus the solution of Eq.

(5.2) for large Q is ) 8 3 1( 1 )( Q Q e T Q p_Q coh t − ≅_− . (5.5)

We see that the intuitive argument leads to a result differing from the precise asymptotic result of Eq. (4.11) only in that the factor 3/8 should be replaced by 1/2.

Let us extend the intuitive picture and suppose the output intensity is comprised of a sum of peaks,

∑^{−−≅}_p^{Ttt}p^{coheQtQ 22 /)()( "π , (5.6)}

where now we do not restrict Q_p to be large. Then we can approximate the average value of Q(t) by [see Eq. (4.14) and the discussion following it]

1.1)56.1(

711.0 ) ( )( 0 /) (^{22} = = ≅ ≅∫ ∫ ∞ ∞

∞− − − coh coh coh p t T tt p p t p p T T T Q N eQ Q p dt dQ tQ^{cohpπ} , (5.7)

in reasonable agreement with the exact value, 1, of this average. Similarly, let us consider the output intensity spectrum to be comprised of a sum of peaks

∑^≅_" "^{~~ )( Q}

Q ω sinc^2 − 2 ) (_bT_"ω ω . (5.8)

We can approximate the average of )(^~ ωQ by [see Eq. (4.21) and the discussion following it]

"_{"""}^~ 0

~ ~ ~ ) ( )( QQpd Qd Q ∫ ∫ ∞ ∞

∞− ≅_ωω ω sinc^2 b b T Q N T π ω ω_ω 2 2 ) (^~_" " ≅ −

06.1 2 )66.1( 2 641.0 = = b b T T π π , (5.9)

also in reasonable agreement with the exact value, 1.

VI. SUMMARY OF RESULTS

In this paper, we have used the approach of Rice [18] to extend our knowledge of SASE statistics. In earlier work [14], it was shown that the probability distribution for the intensity at a given time or frequency is the exponential distribution [Eq. (1.1)]. The field correlation ( )211 ttg − [Eq. (1.5)] and intensity correlation ( )212 ttg − [Eq. (1.6)] were also determined [14], as well as the gamma distribution [Eq. (1.4)] for the energy per pulse. In this paper, we have derived the joint probability P(Q_1,Q_2)dQ_1dQ_2 for finding normalized intensity between Q_1 and Q_1+dQ_1 at time t_1, and Q_2 and Q_2+dQ_2 at time t_2 :

− − = − − − −

12 2 1 12 0 12

1 1 2 1 1 2 1 ) ,(_{12} 2 12 1 β β β β β QQ I e e Q QP Q Q , (6.1) where _{2221} /)( 2 1 12 1_{coh}Ttte Q Q −−≅− = π β . In addition, we have determined the joint probability ^2_~^1_~^2_~^1_~ ),( QdQdQQP that the normalized spectral intensities at frequencies ω^1 and ω^2 have values between ^1_~Q and ^1_~^1_~ QdQ + , and ^2_~Q and ^2_~^2_~ QdQ + :

− − = − − − −

12 2 ~ 1 ~ 12 0 12

1 1 2 ~ 1 ~ 1 2 1 ) , (_{12} 2 ~

12 1 ~

γ γ γ γ γ QQ I e e Q QP Q Q , (6.2) where =−

= 12 ~ 1 ~ 12 QQ γ sinc − 2 ) (^2 1 2 bTω ω . In the time-domain (Fig. 1), we have derived the probability p^t(Q)/N^t dQ [Eq. (4.10) and Fig. 3] of finding a maximum with normalized intensity between Q and Q+dQ. The number of peaks per unit time was found to be coh t T N /711.0= . (6.3)

In frequency domain (Fig. 2), we have determined the probability _{~~} /)( QdNQp^{ωω} [Eq.

(4.18) and Fig. 4] of finding a maximum with normalized spectral intensity between _~Q and _~ ~ Qd Q+ . The number of peaks per unit frequency was found to be

)2/(641.0 π ω bT

N = . (6.4)

Many of the statistical properties of the radiation reviewed in the introduction to this paper have been verified experimentally [24]. In particular, it was observed that the fluctuations of the SASE radiation energy followed the gamma distribution [Eq. (1.4)], and the output of a narrow-band monochromator behaved as expected from theory.

Spikes in the spectral distribution of intensity have been measured experimentally [25-

27]. If experimental conditions are sufficiently controlled so that fluctuations are dominated by shot noise and not variations in experimental parameters such as charge, bunch length or emittance, then the distribution of peak heights can be measured and compared with the prediction of Eq. (4.18). Also, one can compare the number of peaks

23

[20] B.W.J. McNeil, G.R.M. Robb, D.A. Jaroszynski, Opt. Commun. 165 (1999) 65.

[21] Z Huang and K.J. Kim, Nucl. Instrum. Meth. A445 (2000) 105.

[22] G. Vannucci and M.C. Teich, J. Opt. Soc. Am. 71 (1981) 164.

[23] J.F. Barrett and D.G. Lampard, IRE Trans.-Information Theory IT-1 (1955) 10.

[24] M.V. Yurkov et al., Nucl. Instrum. Meth. A483 (2002) 51.

[25] Ayvazyan et al, Phys. Rev. Lett. 88, 104802 (2002).

[26] S.V. Milton et al, Science 292, 2037 (2001).

[27] A. Tremaine et al, Nucl. Instrum. Meth. A483 (2002) 51.

APPENDIX A: CENTRAL LIMIT THEOREM

Since the central limit theorem plays a central role in our analysis, we shall provide a short heuristic derivation of this important result. Let us consider N independent random variables x^1,� ,x^N satisfying jk k x j x j x δσ 2 ,0 =

= . Then in the limit ∞→N , we wish to determine the distribution of the normalized sum ∑ = = N j j x N S 1 1 (A1)

For ∞→N ,

2/ 2 2 2 2 2 1 1 1 exp σω σ ω ω ω − ≅ − ≅ ∑ = = e N

N N j j x N i S i e . (A2)

By definition, ∫= S i eSp dS S i e ω ω )( . (A3)

Taking the inverse Fourier transform, it follows from Eqs. (A2) and (A3) that 2 2/ 2 2 1 )( σ σπ S e Sp −

= , (A4) a special case of the central limit theorem.

24

APPENDIX B. THE SPECTRAL DENSITY

The real electric field ε is expressed in terms of the complex amplitude A by cc etzA tz tizik^{ss} . ),( 2 1 ),( + = − ω ε , (B1)

Since we consider z fixed and are only concerned with the time dependence, we shall

write ( )tε and ()tA , ignoring the functional dependence on z. It then follows that

)()( 4 1 )( )( 4 1 )()( 21* 2 * 1 2 1 tAtA t A tA t t + = ε ε (B2)

The correlation of the amplitudes can be expressed in terms of the Fourier transform of

the green´s function [Eq. (2.5)] as ( ) ( ) ∫^{−Δ}Δ^Δ≅^{)(2} 2 1^{21})( 2 ) ( * tti b e e H d T N t A tA ωω π ω (B3)

Using Eq. (B3) in (B2), we find

[ ]))((cos)(_2^{)(}_2)()(_{21} 2 2 1 tt H d T N t t s b e −Δ+ Δ Δ = ∫ ∞ ∞− ω ω ω π ω ε ε (B4)

In terms of the spectral density w(f) defined by Rice [18], this correlation of the electric

fields can be expressed as [ ] [ ] ∫ ∫ ∞ ∞ − = − = 0 0 2 1 2 1 2 1 )(cos) 2 ( 2 ) ( 2 cos)(

)()( tt w d t tf fw df t t ω π ω π ω π ε ε (B5)

Comparing Eqs. (B4) and (B5) we find Δ−+ Δ = Δ+ 2 2 ) ( ) ( 2 2 ω ω π ω ω H H T N w b e s . (B6)

As noted after Eq. (2.11), )( ωΔH has a dependence on _sω which we do not explicitly

show.