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Abstract 

The motivation of this thesis is to characterize the polarization state and spatial coherence of 

the diffraction-limited visible synchrotron radiation (SR) beam at Stanford Synchrotron 

Radiation Light Source (SSRL or SPEAR3). Polarization and spatial coherence are two 

important properties of SR beam, the reason lies in three aspects. Firstly, specific polarized SR 

can be used for detect the structure property of some material, so it is necessary to know the 

beam polarization before using them. Secondly, the theoretic SR field model (Schwinger's 

Equations) can be verified in the visible regime. Thirdly, beam polarization research is at the 

foundation for beam coherence research, particular for measuring the degree of spatial coherence  

using a double slit interferometer. 

A continuous scan system was first developed to accurately and efficiently characterize the 

SR polarization as a function of vertical observation angle relative to the accelerator mid-plane. 

Since the Stokes parameters can be used to characterize the beam polarization, so the 

polarization measurements are presented in the form of Stokes' parameters. Furthermore, in order 

to clearly analyze SR beam polarization and compare the measured results with model, beam 

polarization expressed in Stokes parameters are displayed on the Poincaré sphere.  

For a synchrotron radiation light source, beam spatial coherence is also an important 

property, because the transverse electron beam size can be derived from the measurement of 

spatial coherence, which is the core principle for measuring the electron beam transverse size 

using a two slit interferometer.    

To measure spatial coherence properties and thereby determine the electron beam size, a 

double slit interferometer was used. For measuring horizontal and vertical electron beam size,  

the double slits can be oriented with horizontal and vertical respectively. Moreover the whole 

electron beam profile can be measured by rotating the slits about the beam axis. The theoretical 

principle of the double slit interferometer to determine source size is known as the Van-Cittert 

Zernike theorem, which states that under monochromatic light conditions the interference 

visibility (or contrast) defined as a function of spatial frequency is the Fourier transform of the 

incoherent intensity distribution of the source. A rotated double slit interferometer was designed 

to fully measure the transverse electron beam profile. This a new method measures for the first 

time the electron beam profile with high resolution using visible light, including the rotation 

angle of the beam in the accelerator. The results and contributions contained in this thesis are 

summarized below. 

Study of field polarization in the diffraction limited visible SR beam 

To characterize beam polarization, a continuous scan system was developed at SSRL and 

tested for accuracy and reproducibility using ZnO powder diffraction in an x-ray diffraction 

configuration. For SR research applications, the continuous-scan method is advantageous when 
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used with large, high-inertia systems which require relatively long times to start, stop and 

mechanically settle. This system will be particularly valuable for high brightness diffraction-

limited storage ring light sources in the future.  

Next the visible SR beam polarization state was characterized in terms of Stokes parameters 

at 532nm wavelength. This wavelength was chosen due to a balance of small diffraction 

influence and available commercial optics including a narrow-band quarter wave plate optimized 

for operation at 532nm. The Stokes parameters provide a unique method to represent the beam 

polarization by measuring the beam intensity at a series of polarizer and quarter wave plate 

rotation angles. This was the first time the vertical profile of visible SR light has been 

represented in terms of Stokes parameters after the beam extraction mirror (measurement and 

theory). The precise measurements were enabled by development of the continuous-scan data 

acquisition system. 

One of the main findings in the beam polarization research was that the Rhodium-coated SR 

beam extraction mirror has a significant effect on both  σ and π mode field amplitude and causes 

a relative phase shift between the two components. Taking the effect of the Rhodium-coated 

beam extraction mirror into account, the measured polarization profiles for both the σ-mode and 

π-mode components as a function of vertical observation angle at the experiment station agree 

well with the theoretical model based on Schwinger’s equations and Fresnel’s law for reflection 

using a complex-valued thin-film refraction index for the Rh surface. The agreement indicates 

that Schwinger's equations are accurate in the long wavelength regime far from the x-ray critical 

energy and that the measurement system is reliable.  

Finally, the polarization state was represented by plotting the Stokes's parameters on the 

Poincaré sphere to produce a comprehensive and clear comparison of the measured beam 

polarization state with the model. Overall, the measured SR beam polarization state agrees well 

with the model developed under the condition using the theoretical expressions σ and π mode 

profiles and the measured phase variation when beam is reflected from the thin film Rh-coated 

mirror. The contribution of this part of work is to provide a unique view point for understanding 

the characterization of diffraction limited visible SR beam from both theory and measurement. It 

is our hope the knowledge will benefit the design of future diffraction limited storage rings and 

in particular SR diagnostic beamlines.  

 

Study of field spatial coherence in the diffraction limited visible SR beam 

In order to measure the electron beam size, a double-slit 'stellar' interferometer was used to 

characterize the spatial SR beam coherence.  The measurement system included a Herschelian 

reflective optics telescope with an objective lens to image the double-slit interference pattern 

onto a CCD camera. The reflective telescope geometry with a commercial telescope eyepiece 

provides accurate, low aberration results.  
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The goal of the measurement for SR beam spatial coherence was to derive the transverse 

source intensity distribution using the Van-Cittert Zernike theorem. A detailed derivation of the 

Van-Cittert Zernike theorem is provided to demonstrate the origin of the Fourier transform 

relation between incoherent source intensity distribution and fringe contrast evaluated as a 

function of spatial frequency. In this case a step-by-step theoretical derivation was developed for 

the Van-Cittert Zernike theory because often derivations in the literature are either incomplete or 

not clearly presented. Furthermore, because the transverse electron beam source profile has a 

Gaussian shape, a derivation is provided that relates the Gaussian profile of the fringe contrast as 

a function of spatial frequency to the Gaussian profile of the radiating source. This result is used 

to evaluate the horizontal and vertical electron beam size and agrees well with the online 

accelerator model.  

A derivation is also provided for rotation of the two-slit system using the two-dimensional 

form of the Van-Cittert Zernike theorem. The results are again applied to measurements in the 

SPEAR3 diagnostic beam line. The modulated fringe contrast profile can be used as a 

tomographic 'slicing' tool to extract the transverse electron beam intensity profile. This was the 

first time that the interferometer slits had been rotated to map the transverse particle beam 

profile. The new rotation technique also provides the tilt angle of the electron beam, and it is an 

important diagnostic method for accelerator research. 

  

Keywords: SR beam; Beam polarization; Stokes parameters; Poincaré sphere; Interferometer; 

Spatial coherence; Rotated double slits; Transverse beam size; Electron beam profile 
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Chapter 1:  Introduction 

1.1  Synchrotron Radiation Science  

Synchrotron radiation is produced when the charged particles are accelerated along a curved 

trajectory at relativistic velocities. The term “synchrotron” comes from a specific type of 

accelerator where the particles are guided by electromagnets to continuously travel around a 

circular path. Energy lost to synchrotron radiation is restored by a radiofrequency (RF) drive 

system with the arrival time of the charged particles synchronous with the RF drive power on 

each pass. Typical electron beam energies range from 1 billion electron volts (1 GeV) to 8 GeV 

depending on the accelerator design. The synchrotron radiation power loss scales as 88.4E
4
/R 

(kW) [1], where E is the beam energy (GeV) and R is the accelerator radius (meters), which 

means that the larger R, the less power loss, and the larger E, the more power loss. It is noted that 

it is more difficult to construct a larger R facility. Therefore, the E is limited by the R (i.e., 

difficulty to construct). For many intermediate energy synchrotron radiation sources the beam 

energy (E) is about 3 GeV and the accelerator radius (R) is between 25 to 250 m. Further, 

electrons  are used for the particle beam because they are with small mass and radiate efficiently. 

It is noted that a different class of modern synchrotron radiation machines known as FEL's use 

linear accelerators and operate on an “amplified” photon beam principle to produce a short pulse, 

high peak power synchrotron radiation. 

As shown in Figure 1.1, currently there are about 50 circular “storage ring” synchrotron 

radiation facilities in the world distributed over 23 countries [2,3]. Aerial views of some typical 

storage ring synchrotron radiation facilities are shown in Figure1.2. 

 

 

Figure 1.1: Locations of synchrotron radiation facilities worldwide (2016) [2,3]. 
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Figure 1.2: Typical storage ring light sources throughout the world [3] 

Since the 1970's synchrotron radiation (SR) has been widely used in many scientific fields 

such as physics, chemistry, biology, medicine science, and applied technology. The reason 

synchrotron radiation is a valuable research tool is that the SR beam is very intense, well focused 

and has a wide spectral distribution. An electron storage ring, for instance, emits bright photon 

beams with energies spanning from THz radiation to hard X-rays as shown in Table 1.1 and 

 

(a) APS Advanced photon source, USA. 

 

(b)Shanghai SSRF facility, China. 

 

(c) European SR facility ESRF, France. 

 

(d) Canadian light source CLS, Canada. 

 

(e) SACLA and Spring-8, Japan. 

 

(f) SESAME synchrotron, Jordan. 
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Figure 1.3. No other sources can provide the same high-brightness electromagnetic beam across 

this broad spectral region.  

Synchrotron radiation wavelengths between about 100nm to 0.01nm are very important 

because this is the size of proteins, molecules, the distance between atomic planes in crystals and 

even the size of individual atoms. The energy of individual SR photons can also correspond to the 

energy of chemical bonds and energy levels of bound electrons. The full spectrum of synchrotron 

radiation therefore has the correct wavelengths to study the atomic structure of solids, molecules, 

and biological structures.  

Table 1.1 Different Spectral ranges covered by SR [4] 

Photon energy, hν (eV) Photon wavelength, λ (nm) Spectral range 

0.01-1.8 10
5
-7×10

2
 Infrared 

1.8-3.1 7×10
2
-4×10

2
 Visible 

3.1-40 4×10
2
-31 Ultraviolet 

40-1.5×10
3
 31-0.8 Soft X-ray 

1.5×10
3
-10

4
 0.8-0.01 Hard X-ray 

 

1.2 Diffraction limited Synchrotron Radiation 

For synchrotron radiation light sources it is of great interest to have high photon beam 

brightness which is closely related to spatial coherence across the beam. Technically, brightness 

is the photon flux in a position-angle phase space defined by beam size and beam divergence. In 

recent years, dramatic increases in photon beam brightness from storage rings by up to a factor to 

1000 have been proposed for future research in physics, chemistry, biology, material science and 

other important fields of science [6], and advanced new facilities are planned for construction 

 

Figure 1.3: Scales lengths for the electromagnetic spectrum [5]. 
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around the world. The high beam brightness implies that the storage rings will produce diffraction 

limited X-ray beams, as shown in Figure 1.4. 

  

 

The conventional definition of a diffraction limited synchrotron radiation beam with 

wavelength λ is when the electron beam emittance or area in phase space at the radiating source is 

smaller than or equal to λ/4π. Further reduction of the particle beam emittance has no effect on 

the photon beam brightness because of diffraction effects at the radiating source. For shorter SR 

wavelengths, the particle beam emittance must be reduced further to produce a diffraction limited 

 

Figure 1.4: Typical electron beam profile in a 3rd generation storage ring light source (left) 

and a significant reduction in horizontal beam size to produce a diffraction limited X-rays 

(right) [6]. 

 

Figure 1.5: Log-log plot of photon wavelength as a function of photon beam energy. For 

500nm wavelengths in the visible light regime the SR is clearly diffraction limited at the 

10nm-rad SPEAR3 electron beam emittance. 
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beam. The first generation of diffraction-limited synchrotron radiation storage rings (DLSR) can 

produce diffraction limited X-ray beams with photon energies up to about 1 keV (λ = 1.24nm). 

At higher photon energies the photon beam is only “partially coherent” in the plane transverse to 

the propagation direction. Figure 1.5 shows the factor λ/4π  plotted as a function of photon 

energy. A horizontal line for the 10nm SPEAR3 electron beam emittance indicates that visible SR 

is strongly in the diffraction-limited regime.  

Because of the great interest in high-brightness beams, one of the most important and 

fundamental diagnostics is to measure the electron beam size. The conventional method to 

observe the beam profile is known as a beam profile monitor and is based on imaging of the 

visible SR beam. A profile monitor is basically a telescope to give a real image of the beam. Due 

to its convenience, such a monitor has been used with visible SR light for decades. Once the 

electron beam emittance is smaller than the photon beam emittance, however, the size and 

angular spread of the electron beam won’t influence the photon beam image. In these cases, the 

electron beam cannot be resolved at wavelength λ using conventional imaging systems.     

1.3 Polarization of the SR beam 

Polarization is another important property of synchrotron radiation. In this thesis, it is shown 

that the SR beam polarization can be modeled generally in terms of Schwinger's equations and 

also represented in terms of Stokes' parameters that describe the state of the propagating 

electromagnetic field. Depending on the amplitude and phase of two orthogonal electric field 

components, the polarization state may be linearly polarized, circularly polarized or in general 

elliptically polarized with either right-handed or left-handed helicity [7-8]. Polarized SR is 

frequently used in the UV regime where it strongly interacts with electrons, spin and binding 

energies to probe structural properties of matter [9]. Standard dipole SR is linearly polarized in 

the accelerating plane with increasingly elliptical polarization when observed above or below the 

acceleration mid-plane. However, the model for the SR beam polarization after reflection from a 

mirror surface or transmission through other beam line components must be carefully described. 

For the visible light in the SPEAR3 diagnostic beam line at SLAC, no prior experiments have 

been done to fully characterize the polarization state after reflection from the beam extraction 

mirror. In general, visible SR beam produced at the SPEAR3 diagnostic beamline provides a 

unique opportunity to characterize the polarization state of the SR beam in the diffraction-limited 

regime. In this thesis, starting with Schwinger's equations to model polarization at the source and 

using Fresnel's equations to model shallow-incidence reflection from a mirror surface, the SR 

beam polarization state is modeled and verified experimentally.  
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1.3.1 Continuous scan system to characterize beam polarization 

As part of this thesis work a computer-controlled system was developed at Stanford 

Synchrotron Radiation Lightsource (SSRL) to continuously move an X-ray detector in space and 

synchronously read back the detector signal. Traditionally the step-scan approach was used to 

move a detector to discrete locations and then measure the detector signal with the system at rest 

[14-17]. An advantage of the step-scan method is that high position precision can be achieved. 

Disadvantages include start/stop vibrations and an increase in data collection time - each data 

point requires the detector to accelerate, move, and decelerate, causing vibrations that eventually 

damp down. It is therefore desirable to minimize scan time while reducing vibrations in the 

system. Continuous-scan bypasses vibrational problems and reduces scan time. This technique 

can benefit experiments such as X-ray diffraction and X-ray adsorption studies [18-19]. After 

testing the continuous-scan system on an X-ray diffraction experiment at SSRL [20], the system 

was used to automate measurements of the visible SR beam polarization state on the SPEAR3 

diagnostic beam line [21-23]. The results of these studies are reported in Chapter 5. 

1.4 Spatial coherence of the SR beam 

The term “coherence” is often used to describe correlation properties in statistical systems 

such as found in applied physics, astrophysics or economics. For the study of electromagnetic 

radiation, coherence is used to describe the correlation between physical quantities of a single 

wave, or between several waves or wave packets. Temporal coherence is concerned with the 

correlation between waves at different points in time whereas spatial coherence is concerned with 

the correlation between waves at different points in space [24]. A mathematical 'plane wave' 

𝑒𝑖(𝑘𝑥−𝜔𝑡) propagating in time and space for instance, is perfectly coherent in both time and space. 

Similarly two waves are considered coherent if they have a constant relative phase and the same 

frequency.  Depending on the relative phase of two waves, when they interfere the waves will 

create an interference pattern just like waves on a lake of water. If more general waves are only 

partially coherent (not perfectly correlated) the interfering waves will have a characteristic 

contrast or “visibility” called the degree of coherence. In practice the degree of coherence can be 

measured by recording the visibility. For synchrotron radiation, the propagating wavefront in the 

beam has a certain amount of “spatial coherence” that can be characterized by sampling the beam 

at different points in space with a double-slit interferometer. 
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1.4.1 Double slit interferometers to measure electron beam size 

One of the main topics in this thesis concerns the use of a double slit “stellar” interferometer 

applied to visible light in the SPEAR3 diagnostic beam line. Double-slit interferometers have 

been used as a standard method to measure the size and profile of small objects based on 

interference of the two propagating beams transmitted through the two slits or pinholes. For 

example, to measure the angular dimension of the nearby star α-Orionis, Nobel Prize winner 

Albert Michelson developed the theory for and deployed a stellar interferometer in 1920 [25]. 

Michelson measured the diameter of α -Orionis using mirrors to direct light at two points from 

the star into the main telescope at Mt. Wilson, California to produce interference fringes. The 

zero-order fringes vanished when the mirrors were separated by a distance d=3.0734 m. 

Michelson's measurement gave an estimated angular diameter of φ = 0.047" as calculated from 

d ∙ φ =
λ

2
 where λ is the wavelength of the detected light. Based on the known distance of α -

Orionis to the telescope and the redshift of the emitted light, the stellar diameter was determined 

to be 240× 106 miles assuming a uniform luminous disk, or about 300 times the diameter of our 

sun.  

The principle of a double-slit interferometer was later applied to synchrotron radiation by 

Prof. Toshiyuki Mitsuhashi at the KEK Laboratory in Japan [26-28]. Prof. Mitsuhashi developed 

the double-slit interferometer to measure the electron beam size using a similar principle as 

Michelson but this time with a visible SR beam. According to the Van Cittert-Zernike theory, the 

intensity distribution of the source can be determined by performing a Fourier transform on the 

measured degree of spatial coherence as a function of slit separation or more technically “spatial 

frequency”. The electron beam size can therefore be derived by directly measuring the degree of 

spatial coherence of the SR light using the double-slit interferometer. 

In recent years, double slit interferometers have been widely used in the SR light source 

community [29-33]. For Michelson's interferometer, the ratio between the star diameter and the 

distance to the telescope was about1 × 10−7 . For SPEAR3, the ratio is about1~7 × 10−6 

depending on the electron beam cross-section. Based on the similarity, it is possible to develop an 

interferometer to monitor the electron beam profile at SPEAR3. The work in this thesis reports 

the first development of a “rotating” double-slit interferometer to map out the transverse beam 

size and presents measurements using different coupling between the horizontal and vertical 

electron beam size. 
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1.5 The scope and objective of the thesis 

The scope of research reported in this thesis is based on characterization of the electric field 

polarization properties and spatial coherence of the visible-light diffraction-limited synchrotron 

radiation from the SPEAR3 storage ring. 

Objective 1: Characterization of field polarization containing three parts. (1) Development of 

a continuous-scan system to measure the vertical beam intensity profile, (2) calculation of the 

beam polarization state as a function of vertical observation angle with a field polarizer oriented 

at different angles, and (3) build a model for beam polarization and compare with the measured 

results. 

Objective 2: Derive a model for operation of a double-slit interferometer in the visible SR 

beam, and construct an interferometer system to measure the spatial coherence to evaluate the 

electron beam cross-section. The transverse electron beam profile was then measured by rotating 

the double slits and repeated for different electron beam coupling conditions. 

1.6 Thesis organization  

Chapter 1 - Introduction to accelerators, synchrotron radiation, measurement of beam 

polarization and measurement of beam coherence. 

Chapter 2 - Overview of the Stanford Linear Accelerator Center (SLAC), Stanford 

Synchrotron Radiation Lightsource (SSRL), the SPEAR3 accelerator and the visible diagnostic 

beam line where much of this research work was carried out.  

Chapter 3 - Introduce basic concepts for electron beam dynamics in a storage ring and the 

physics of synchrotron radiation emission to model visible SR produced from the electron beam.  

Chapter 4 - Discussion of the principle, application and results of a continuous-scan system 

developed for application at SSRL beam lines as part of this work. The continuous-scan system 

was used to measure the visible beam polarization state.  

Chapter 5 - Development of a theoretical model and measurement results for the visible SR 

beam polarization in terms of Schwinger's equations and Stokes' parameters which are then 

plotted on a Poincaré sphere to represent the variation of polarization state. 

Chapter 6 - Development of a theoretical model for the double slit interferometer with 

measurement results in the horizontal plane, vertical plane and with rotated slits. The resolution 

of interferometer is explored and compared with a traditional X-ray pinhole camera measurement 

method.  

Chapter 7 - Summary with conclusions and possibilities for future work. 
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Chapter 2:  SPEAR3 diagnostic beamlines and methods 

2.1 Introduction 

SPEAR3, the synchrotron radiation storage ring at SLAC, has two independent diagnostic 

beamlines, (1) an X-ray pinhole camera, and (2) a visible SR beamline. The pinhole camera 

provides a direct measurement of the electron beam profile, while the visible SR beam can be 

split into several branches for a variety of experimental applications. Many electron and photon 

beam measurements are possible with the two diagnostic beamlines. Most of the research work 

presented in this thesis was conducted at the visible SR diagnostic beamline. The visible SR light 

is produced from a dipole magnet in SPEAR3, and then directed to the experimental station 

through conventional beamline optics, where it can be used to diagnose electron beam properties 

in the storage ring.  

In this chapter, we first briefly introduce the SLAC National Accelerator Laboratory, then 

describe the SPEAR3 diagnostic beamlines and diagnostic methods such as the X-ray pinhole 

camera for beam emittance measurements, time correlated single photon counting for bunch 

pattern measurements and a streak camera for bunch length measurements. My thesis topics on an 

automatic continuous-scan system, characterization of the visible SR beam polarization state and 

the use of a double slit interferometer to measure beam size are presented in Chapters 4, 5 and 6, 

respectively. The visible light experiments were conducted at the SPEAR3 diagnostic beamline. 

2.2 SLAC National Accelerator Laboratory (SLAC) 

 

 

Figure 2.1: Aerial view of SLAC showing the main linac accelerator, the LCLS hard X-ray 

FEL and location of the SPEAR 3 storage ring synchrotron. 
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SLAC National Accelerator Laboratory is one of the approximately 20 large science 

laboratories sponsored by the US Department of Energy and is operated by Stanford University. 

Since SLAC opened in 1962, it has hosted the longest particle accelerator in the world to help 

scientists discover the fundamental building blocks of matter. Six scientists have been awarded 

Nobel prizes for their work done at SLAC [34].  

Figure 2.1 shows an aerial view of the accelerator complex at SLAC. At this time two kinds 

of light sources, SPEAR3 at the Stanford Synchrotron Radiation Lightsource (SSRL) and the 

Linac Coherence Light Source (LCLS) are operating full time for advanced scientific research 

activities. Both light sources can provide very bright X-rays to reveal intimate details of chemical 

compounds, molecules and atoms. Chemical reactions can be studied in a wide range of organic 

and inorganic materials with the ability to make time domain movies of particle dynamics in this 

tiny realm. 

2.2.1 Stanford Synchrotron Radiation Light Source (SSRL) 

SPEAR3 is a third generation synchrotron radiation lightsource which can provide extremely 

bright SR ranging from infrared to X-rays. The high average power SR beam enables scientists to 

do research at the atomic and molecular levels in a wide range of disciplines such as drug design, 

toxic waste cleanup, high efficient battery research, archaeology and advanced electronics. For 

example, with an SR beam scientists can recover electronic properties of a sample by using X-ray 

absorption technology, or images can be acquired using X-ray diffraction or tomography. 

Chemical composition and structure ordering can be explored from X-ray absorption 

spectroscopy.  

 

 

Figure 2.2: Panoramic view of SPEAR3 looking West [35]. 



 

11 
 

A photograph of the SPEAR3 synchrotron at SLAC is shown in Figure 2.2, and the SPEAR3 

beamline configuration is shown in Figure 2.3. The accelerator magnet lattice structure is 

distributed over a 234 m circumference servicing 17 photon beamlines. Up to 30 experimental 

end stations are available for SR Users.  For historical reasons, the SPEAR3 storage ring is not a 

true 'circle' rather is constructed with 18 cells of magnets that bend and focus the beam. The 

magnet cells are separated by straight sections varying in length from 3.2 m to 7.6 m. The straight 

sections are used for installation of wigglers, undulators, beam injection components, beam 

diagnostics and four 476 MHz RF acceleration cavities. 
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Figure 2.3: Layout of the SPEAR3 accelerator complex and SR beam lines. The visible 

diagnostic beam line is indicated by a red arrow near the 'North Arc' indicator. 
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Table 2.1 Accelerator parameters for normal SPEAR3 operating conditions [36]. 

Parameter Symbol/unit Value 

Beam Energy E [GeV] 3 

Circumference C [m] 234.137 

Beam current I [mA] 500 

Revolution frequency f0 [MHz] 1.28 

Radio frequency 𝑓𝑟𝑓[MHz] 476.315 

Harmonic number h 372 

Bunch spacing Sb/c [ns] 2.1 

Bunch number M 280 

Bunch length 𝜎𝑧 [mm) 6 

Energy spread 𝜎𝐸 9.8× 10−3 

Damping times 𝜏𝑥/𝜏𝑦/𝜏𝑧 [ms] 4.0/5.3/3.2 

Horizontal tune 𝜈𝑥 14.1 

Vertical tune 𝜈𝑦 6.18 

Horizontal emittance 휀𝑦 nm*rad 10  

Vertical emittance 휀𝑥 pm*rad 14  

Vacuum pressure P [nTorr] 0.1-0.5 

As shown in Figure 2.4, the dipole magnets are large electromagnets with two opposite 

magnetic poles (North and South). The vertical dipole field extends across the path of the electron 

beam to bend the beam along the arcs of the storage ring and in the process generate broad 

spectrum synchrotron radiation. Quadrupole magnets are also electromagnets with four magnetic 

 

Figure 2.4: SPEAR3 dipole bending magnet. 



 

14 
 

poles to focus the electron beam. A serious complication with quadrupole magnets is the inability 

to focus particles of all energies with the same focal length. To compensate for this 

“chromaticity” effect, sextupole magnets are used with six magnetic poles. Sextupole magnets are 

non-linear components by nature and therefore create complicated particle dynamics that can 

compromise the ability to store electron beam in a synchrotron. The key parameters of the 

SPEAR3 accelerator are listed in Table 2.1.  

2.2.1.1 Accelerator Timing 

 

 

Timing is an important part of accelerator technology. In the SPEAR3 storage ring, for 

instance, the electron beam revolution time is 781 ns (1.28MHz). A 476 MHz radio-frequency 

 

Figure 2.5: Bunch pattern timing for SPEAR3. 

 

Figure 2.6: Schematic of storage ring pump-probe experiment and sample response in time. 
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drive system produces 372 RF “buckets” where electron bunches can be located. Typically about 

280 charge bunches are distributed in 4-6 bunch trains separated by 30 ns “dark spaces” to 

minimize ion accumulation in the bunch train. The time separation between buckets is 2.1ns.  

Charge injection into the 500 mA electron beam takes place on a fixed 5 minute time interval. 

During each injection period the 10 Hz booster synchrotron injects a single pulse into consecutive 

SPEAR3 buckets until full current is restored. Of significance, the arrival time of the injected 

charge must be sufficiently accurate to avoid the charge to spill into adjacent buckets [37]. A 

diagram showing the SPEAR3 timing structure is shown in Figure 2.5. A separate timing bunch 

is available for time-resolved pump/probe experiments. In this case a laser beam synchronized to 

the 1.28 MHz revolution clock is used to atomically “pump” or excite the sample under 

investigation and the SR beam is used to “probe” the sample using one of the experimental 

techniques mentioned above. As illustrated in Figure 2.6, the pump/probe method is used 

extensively in laser science and for many experiments performed at SPEAR3 and the Free-

Electron Laser facilities. 

2.2.1.2 Charge Injection 

As shown in Figure 2.7, electrons are initially generated in a 3.5 MV thermionic RF electron 

gun. The electrons then pass through an energy collimator and are accelerated to 100 MeV in 

three sections of S-band linac the same as the original SLAC accelerator structure. The 100 MeV 

beam is then injected into the booster synchrotron where it is ramped to 3 GeV and  finally 

transferred to the storage ring using a system of pulsed stripline kicker magnets and a DC septum 

magnet to merge the injected beam with the circulating stored beam. The process of transferring 

charge from the injector to the storage ring on a shot-by-shot basis has been studied at the visible 

light diagnostic beam line and is often referred to as charge accumulation.  

 

 

 

Figure 2.7: SPEAR3 electron gun and linear accelerator for initial beam production. 
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2.2.1.3 Synchrotron Radiation Production 

In a third generation SR light source, many straight sections are designed into the storage ring 

magnet lattice so that powerful SR can be produced from insertion devices such as wigglers and 

undulators shown in Figure 2.8 and Figure 2.9. The SR leaves the storage ring along a tangential 

direction to the electron beam and is transferred through beamlines to be used for different 

experiments. 

 

 

 

Figure 2.8: Photograph of a horizontally-deflecting wiggler magnet showing magnet poles, 

electron beam vacuum chamber and wiggler magnet strongback. 

 

Figure 2.9: In-vacuum undulator magnet in SPEAR3. 
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Wigglers cause electron beam deflections that are large compared with the natural emission 

angle of SR, resulting in broadband fan-shaped photon beam emission. Wiggler SR is similar to 

that produced by an individual bend magnet, but 2N times as intense due to repetitive electron 

bending over the length of a wiggler with 2N magnetic poles. The source depth of wiggler is its 

full length, typically several meters, whereas that of a bend magnet is just a few centimeters of 

the electron beam's curved path [38].  

Undulators cause smaller electron beam deflections, comparable in magnitude to the natural 

emission angle of the SR. The radiation emitted by an individual electron at the various poles in 

the magnet array creates a coherent “wavetrain” resulting in emission of a highly directional 

beam with photon energy concentrated in peaks in narrow energy bands at the harmonics of the 

fundamental energy. Due to the wavetrain structure of the SR emission, the radiation beam 

opening angle at any given wavelength is decreased by √𝑁 and thus the radiation intensity per 

solid angle tends to go as 𝑁2. By opening and closing the magnetic field gap in an undulator 

users can control the fundamental photon energy as well as harmonics of the fundamental on a 

so-call undulator “tuning curve”. Modern elliptically-polarized undulators can cause the electron 

beam to move on a helical trajectory to generate helically-polarized SR states ranging from linear 

to circular with either right-handed or left-handed helicity. Figure 2.10 compares SR beam 

emission produced by a bend magnet, a wiggler and an undulator. 

 

2.2.2 The Linac Coherent Light Source (LCLS and LCLS-II) 

As shown in Figure 2.11, the LCLS at SLAC was the first hard x-ray free electron laser 

(FEL) to operate in the world. The LCLS can produce extremely short (10's of femtoseconds), 

high instantaneous power (10
11

 Watt) coherent x-ray pulses to sample stations at a rate of up to 

120 times per second. The novel X-ray pulses can be used to produce snapshots in time on 

 

Figure 2.10: SR beam emission from dipole magnets, wigglers and undulators [39] 

Dipole: I~# electrons 

Wiggler: I~#poles*# electrons 

Undulator: I~#poles
2
*# electrons 
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detectors to reveal the structure of biological molecules, properties of materials, atomic motions 

and other fundamental physical and chemical information. 

 

 

Figure 2.12 shows an example where X-ray diffraction of a short high-power x-ray pulse 

incident on a sample is acquired before the sample was destroyed. Light travels approximately 

 

Figure 2.11: LCLS undulator showing magnet supports and individual 3.5 m fixed-gap 

undulator sections [40]. 

  

 

Figure 2.12: X-ray diffraction at the Linac Coherent Light Source [41] 
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0.3  µm in 1 femtosecond. The electronic sample structure can be reconstructed using iterative 

computer algorithms to retrieve the images which can in some cases be strung together to show 

time-resolved chemical reactions in movie format.  

The main difference between FEL radiation and storage ring undulator radiation is the 

amplification or “gain” of the photon beam intensity. In principle, an FEL is an optical amplifier 

that can be operated in either a single-pass mode, or for longer wavelengths, in a laser oscillator 

cavity configuration. For a single-pass FEL like the LCLS, an optical gain “resonance” condition 

occurs for a specific radiation wavelength, undulator period, magnetic field value and electron 

beam energy. At resonance, the emitted synchrotron radiation field acts back on the electron 

beam to create a “microbunch” structure with high peak currents where the spacing of the 

microbunches is equal to the wavelength of radiated SR beam. Electrons in each microbunch 

radiate more coherently compared to the original unbunched beam.  

As a result, the FEL beam intensity has many orders of magnitude higher brightness when 

compared to spontaneous radiation from a storage ring undulator.  FEL radiation also has a high 

degree of transverse (spatial) coherence and can have longitudinal (temporal) coherence. For hard 

x-ray FELs like the LCLS, the amplification process is known as SASE or Self Amplified 

Spontaneous Emission. For soft x-ray FELs laser pulses can used as a seed similar to standard 

laser  oscillator/amplifier systems.  

The most basic FEL undulator magnets have a fixed vertical magnetic field to produce 

horizontally-polarized synchrotron radiation. More modern machines use variable-gap undulators 

to “tune” the output wavelength of the FEL while the electron beam energy remains constant. For 

soft x-ray machines, undulators with helical magnetic field structure can be used to produce a 

coherent x-ray beams with arbitrary polarization states. 

In the near future, the XFEL in Hamburg, Germany, the LCLS-II at SLAC and others will 

make a major jump in scientific research capability. The new, sometimes superconducting-linac 

based systems will produce high repetition rate X-ray pulses with improved beam stability and 

very high average beam brightness. These new accelerators will enable scientists to conduct 

experiments in many scientific fields that advance development of new technology, energy 

research and have the potential to improve the quality of human life as we know it [41,42]. 

2.3 SPEAR3 visible diagnostic beamline  

For optimum accelerator performance it is important to have accurate diagnostics for the 

electron and synchrotron radiation beams. Of primary importance are the beam intensity, stability 

of the electron beam position and angle, transverse cross-section, bunch pattern and bunch length. 

For the photon beam it is also important to measure, model and understand the beam polarization 

state and coherence properties. It is often difficult to measure SR polarization and coherence in 

https://en.wikipedia.org/wiki/Micrometre
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the UV or x-ray part of the spectrum but this can be done with standard optical components in the 

visible part of the spectrum. For this reason most electron beam storage rings, some high-energy 

proton storage rings, and all FELs have visible SR beam diagnostics.  

For a high energy SR storage ring, the electron beam circulates inside a closed vacuum 

chamber in a shielded accelerator tunnel to protect against the high radiation hazard. Diagnostics 

either have to be inserted directly into the vacuum chamber or synchrotron radiation must be 

extracted to measure the beam properties. At SPEAR3, two diagnostic SR beamlines are available 

with a range of instruments. Here we describe the structure of the visible light diagnostic 

beamline where measurements were made for this thesis and discuss typical diagnostic methods 

to measure beam parameters using visible SR emission.  

 

As shown in Figure 2.13, SR emitted in a dipole magnet is transported through the diagnostic 

beamline and passes through a penetration in the concrete accelerator tunnel wall. The 

transmission line structure of the diagnostic beamline is shown in Figure 2.14(a). At a circulating 

beam current of 500 mA, approximately 250 W of broadband SR power enters the diagnostic 

beamline. A physical mask collimates the beam horizontally and vertically. As shown in Figure 

2.14(b), a water-cooled “cold finger” located 8.5 m from the SR source point intercepts ±0.47 

mrad of the hard X-ray beam at the mid-plane to remove about 98 % of the total beam power 

leaving only 5 W of UV/visible SR beam power to pass above and below the cold finger. Table 

2.2 presents the parameters for the aperture and the cold finger. Vertical acceptance angles are 

also listed in terms of γψ where the value of the relativistic Lorentz factor γ is 5868 at 3 GeV. 

Figure 2.15 shows the end station of diagnostic beamline where diagnostic experiments are 

conducted. 

 

Figure 2.13: (a) Dipole magnet source for the SPEAR3 visible light diagnostic beamline, and 

(b) the diagnostic beamline penetration through the tunnel wall. 
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Table 2.2: Horizontal and vertical apertures in the SPEAR3 diagnostic beam line. 

 Half aperture 

(mrad) 

Full aperture  

(mrad) 

Half  Full  

Horizontal  1.75 3.5 ------- ------- 

Vertical  3.05 6.09 17.88 35.76 

Cold finger  0.471 0.943 2.765 5.531 

As shown in Figure 2.16(a), after passing through the aperture/cold finger combination, the 

SR beam is reflected off a Rhodium-coated mirror at 81
○
 angle incidence to the normal. The Rh-

coated beam extraction mirror 9.63 m from source reflects photons up to several hundred eV. The 

downstream SiO2 vacuum windows only transmit photon energies below about 7.5 eV leaving 

only UV/visible/NIR components for beam diagnostics [43].  After the Rh mirror, the SR beam is 

directed to the experimental station via a pair of flat Aluminum mirrors each oriented 6.25
○ 

to the 

 

(a) 

 

(b) 

Figure 2.14: (a) Schematic of SPEAR3 diagnostic beam line, and (b) aperture mask and cold 

finger geometry. The mask is located 8.335 m from the source and the cold finger 8.488 m 

from the source. The inner mask dimensions are 29.2 mm×50.8 mm and the cold finger is 8 

mm tall. 
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normal. The Al mirrors are enclosed in a lead-lined box to shield any residual x-rays and align the 

SR beam on the optical bench. As illustrated in Figure 2.16 (b), the unfocused visible-light beam 

viewed about 16.5 m from the source point has the cold finger shadow in the center and contains 

signatures of edge diffraction around the perimeter. The resulting unfocused broadband SR light 

is ~60 mm x 100 mm with two rectangles of light above and below the shadow of the cold finger. 

Finally the total beam power through the beam line is on the order of <1 milli-Watt.  

 

 

 

Figure 2.15: Visible light diagnostic beamline end station outside the SPEAR3 tunnel. 

 

                                             (a)                                                                                             (b) 

Figure 2.16: (a) Schematic of the visible-light SR beam passing through the transport line 

showing both σ-mode and π-mode polarizations, and (b) image of the broadband unfocused 

SR beam on the optical bench. Both the shadow of the cold finger and edge diffraction 

fringes can be seen in the image. 
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Regarding beam polarization, Figure 2.17 shows a schematic representation of the SR beam 

intensity profiles for the horizontally polarized (𝜎 -mode) and vertically polarized (𝜋 -mode) field 

components radiated from the dipole magnet. The electric field is polarized in the electron beam 

acceleration plane for  𝜎-mode radiation and perpendicular to the acceleration plane for the  𝜋-

mode. In the visible regime, both 𝜎 and 𝜋 mode radiation have opening angles of a few mrad, and 

at all wavelengths the  𝜋 mode has a naturally-occurring “null” at the mid-plane. The 𝜎 and 𝜋 

mode components are ±90
◦
 out of phase at all wavelengths with a 180

◦
 phase reversal in the 𝜋-

mode upon passing through the null at the mid-plane. As illustrated in Figure 2.16(a) above, 

when the SR is reflected at the Rhodium extraction mirror both the field amplitudes and relative 

phase of the 𝜎-mode and 𝜋-mode radiation change. These effects are taken into account when 

theory is compared with measurement and the results are found to be accurate. In Chapter 4 of 

this thesis the automatic continuous-scan system is described that was used to measure the 

horizontal polarized (𝜎-mode) and vertically polarized (𝜋-mode) field components radiated from 

a dipole magnet. The 𝜎-mode and 𝜋-mode intensity profiles and relative phase shifts are then 

compared with theory in Chapter 5. 

2.3.1 Diffraction limited imaging of synchrotron radiation 

All optical systems are “aperture restricted” which causes some level of diffraction effects in 

the final image.  Consider for example, the 500 nm wavelength imaging optics arrangement 

shown in Figure 2.18. For simplicity a single lens of focal length f =
𝑟𝑝

2
  is taken at the distance 𝑟𝑝 

from the source to form a 1:1 image at the same distance 𝑟𝑝 beyond the lens. For large opening 

angles 𝜎𝛾
′  of light, only the central part of the lens is illuminated. The situation is similar to that of 

optical imaging with a lens of small size, which leads to a resolution that is limited by diffraction.  

For a lens with diameter D the resolution can be expressed as 

 

Figure 2.17: Top: Plan view of σ-mode SR emission cone. Bottom: elevation view of 𝜋-mode 

SR intensity profile.  
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d ≈
1.22𝜆

𝐷 𝑟𝑝⁄
≈

1.22𝜆

4𝜎𝛾
′

                                                           (2.1) 

 

Visible SR emitted from bending magnet with radius ρ is often used to form an image of the 

cross-section of the source to measure beam size. For visible SR, the opening angle of horizontal 

polarization is given by [44] 

𝜎𝑟
′ ≈ 0.41 (

𝜆

𝜌
)

1
3
                                                                 (2.2) 

According to Eq. (2.1), the resolution due to diffraction is 

d ≈
1.22𝜆

4𝜎𝛾
′

= 0.74(𝜆2𝜌)
1
3                                                       (2.3) 

Evaluating Eq. (2.3) for a wavelength λ=500 nm emitted from a SPEAR3 diploe magnet with 

bending radius =7.6m, the image resolution is only about 90 μm. For the SPEAR3 diagnostic 

beam line, the horizontal electron beam size is about 120μm, and the vertical beam size is about 

20μm, so the horizontal size is difficult to resolve and the vertical size cannot be resolved using 

the direct imaging method. In order to precisely measure the diffraction limited visible SR beam 

profile, the double-slit interferometer discussed in Chapter 6 was used to map the transverse 

electron beam profile with approximately 5 μm spatial resolution. 

 

 

 

 

 

 

Figure 2.18: Diffraction-limited imaging system. 

2𝜎𝛾
′  
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2.4 Diagnostic methods  

It is important to note that the synchrotron radiation emitted by individual electrons in the 

circulating beam contains both the transverse and longitudinal information needed to measure the 

3-dimensional profile of the electron bunches. Using reflective or refractive lenses, the visible SR 

beam can be focused in the transverse plane to form an “image” of the source. As shown above, 

however, the image, is naturally “diffraction limited” by the opening angle of the SR emission 

cone and/or beam line apertures so it is not possible to resolve small image sizes. For this reason 

the double-slit interferometer is used to measure beam size. In the longitudinal plane, the streak 

camera technique can be used to measure bunch length. Synchronized streak cameras have a 

resolution limit of about 3-4 ps compared to the nominal bunch length of 20 ps in SPEAR3. 

In this section several diagnostic techniques using visible and X-ray SR beams to characterize 

the SPEAR3 electron beam are presented. These include an X-ray pinhole camera to measure 

beam cross-section, a fast-gated camera to measure time-dependent transverse beam dynamics, a 

single-photon bunch pattern monitor, and a streak camera to measure bunch length. Beam 

polarization and interferometer measurement systems are the subject of Chapters 5 and 6 in this 

thesis. 

2.4.1 Beam size measurement using an X-ray pinhole camera 

The determination of transverse electron beam size and corresponding electron beam 

emittance is one of the most fundamental measurements in an electron storage ring. As discussed 

above one measurement is to image the visible SR beam with telescope optics to provide a real 

image of the electron beam. Due to diffraction phenomena, the telescope resolution with visible 

light is about 90µm. In recent decades, significant progress has been made to reduce the electron 

beam size below the resolution limit of visible light optics. As a result, the traditional X-ray 

pinhole camera method is often applied to measure beam size [45-49].  

 

 

Figure 2.19: Principle of a pinhole camera. 
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The principle of the “lenseless” pinhole camera is shown in Figure 2.19. Light rays from the 

object pass through a small pinhole to project an inverted image on the screen. The magnification 

(M) of the pinhole camera system is the ratio 𝑑2 𝑑1⁄ , where 𝑑1 is the distance from the object to 

the pinhole and 𝑑2 is the distance from pinhole to image plane. In the X-ray regime, diffraction 

effects from the pinhole are significantly reduced due to the short wavelength of the radiation 

field. 

Figure 2.20 shows a schematic of the x-ray pinhole camera at SPEAR3 used to image a 

source point in a dipole magnet. The geometric camera distances are 𝑑1 = 10m,  𝑑2 = 5.87m so 

the pinhole camera actually de-magnifies the image by M = 0.59. As shown in Figure 2.19, the 

SR beam passes through an aluminum window which blocks long wavelength components in the 

spectrum. Short wavelength components are limited by the drop-off of the natural SR spectrum. 

X-ray wavelengths near 8 keV pass through the ~30 μm × 25 μm Tantulum blades forming a 

rectangular pinhole aperture. The SR beam then illuminates a YAG phosphor screen which re-

radiates (scintillates) the beam image in the visible regime at approximately 550 nm wavelength. 

A metal-coated silicon mirror is used to reflect the image into a commercial telescope lens which 

focuses the YAG screen with 1:1 magnification on to a Allied Visions Manta CCD camera. A 

typical image from the X-ray pinhole camera is shown in Figure 2.21. The resolution of the 

SPEAR3 pinhole camera system is about 10μm. 

 

 

 

 

 

 

Figure 2.20: X-ray pinhole camera layout at SPEAR3 [50] 

 

Figure 2.21: Typical source image from the X-ray pinhole camera at SPEAR3. 



 

27 
 

 

 

2.4.2 Bunch pattern measurement via single photon counting 

 

As discussed in the next chapter of this thesis, the electron beam in a storage ring synchrotron 

consists of a series of electron “bunches” contained in electromagnetic potential wells or 'buckets' 

generated by a powerful radiofrequency drive system. For beam stability it is important to 

distribute the charge evenly in bunches and have an accurate way to monitor the charge 

distribution. One technique used at SPEAR3 to map the electron beam fill pattern is known as 

time correlated single photon counting (TCSPC). The TCSPC system at the diagnostic beamline 

is shown in Figure 2.22. To measure the fill pattern a commercial Picoharp300 pulse detector 

records the time difference between the 1.28 MHz Storage Ring Orbit Clock (SROC) and single 

photon detection events. A photodiode is used to detect single photons randomly emitted from 

electrons in each bunch. As the name TCSPC suggests, the rate of photons hitting the photodiode 

is attenuated to be in the single photon range, that is, the synchrotron radiation light must be of 

such low intensity that only one photon strikes the detector in a single counting interval of the 

1.28 MHz clock. The output of the photodiode is an analog TTL pulse for each photon arrival 

event and the Picoharp300 records the output signal in the desired data format forming a time-

correlated histogram of single photon events. By utilizing the TCSPC technique, the electron 

bunch pattern in the SPEAR3 storage ring can be mapped out to determine which buckets are 

filled and which buckets are empty. Since the photons are generated by the circulating electron 

bunch train in the ring, the amplitude of the histogram pulses can be evaluated to extrapolate the 

total charge in each bunch relative to each other. This information is used to confirm beam 

 

Figure 2.22: TCSPC system for SPEAR3 [37] 
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quality and in special cases used to monitor the purity of single isolated electron bunches for laser 

pump, X-ray probe experiments. 

 

2.4.3 Streak camera bunch length measurements  

Bunch length measurements are important to provide information on the longitudinal charge 

distribution and properties of the storage ring such as the longitudinal impedance. The bunch 

length and bunch profile can be affected by the total charge in a bunch or insertion devices with 

small gaps [51]. Moreover, as synchrotron radiation science moves toward THz applications and 

short X-ray pulses produced from several picosecond or even sub-picosecond electron bunches, 

the need to measure and evaluate the longitudinal bunch profile and potential 'bursting' instability 

effects become increasingly important [52-54]. 

 

 

 

Figure 2.23: Streak camera principle showing photocathode, sweep plates, multi-channel 

plate (MCP) and phosphor screen. 

 

Figure 2.24: (a) Hamamatsu C5680 streak camera, and (b) measurement of bunch length 

reduction during low-alpha experiments at SPEAR3 [55]. 
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At SPEAR3 the bunch length can be measured using a streak camera because visible SR has a 

pulse length identical to the duration of electron bunch. The principle of streak camera is shown 

in Figure 2.23. In the first stage, visible SR light generates photo-electrons which are accelerated 

away from the photocathode. The streak camera time resolution is achieved by a fast transverse 

deflection of the accelerated photoelectrons. After amplification in a multi-channel plate (MCP), 

the electrons hit a phosphorous screen where the longitudinal bunch structure is transferred to a 

spatial distribution which can be observed by a CCD camera. The time resolution is about 3.5 ps 

for the Hamamatsu C5680 streak camera operating in synchroscan mode at SPEAR3. A typical 

measurement result is shown in Figure 2.24 for both long and short bunches [53-54]. 

2.4.4 Transverse beam dynamics using a fast-gated camera 

During beam instability events, the transverse profile of an electron bunch in a storage ring 

can change rapidly with times scale as fast as one turn (781 ns in SPEAR3) or on the time scale 

of many milliseconds. For example, injected charge enters at an angle to the nominal beam orbit, 

oscillates about the orbit, and fully damps into the equilibrium distribution after about ten 

milliseconds. Some techniques such as turn-by-turn beam position monitors can provide partial 

information about transient injected beam dynamics. In that case only the bunch centroid is 

measured for each turn but the variation of beam size is not be monitored directly [56]. As a 

result, more elaborate measurements can made using fast gated cameras. 

 

 

Figure 2.25: Long term injected electron beam damping captured with a fast-gated PiMax 

camera. 
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For SPEAR3, it is important to understand the time evolution of charge injected into the 

storage ring. The large amplitude horizontal oscillations quickly filament, and exhibit non-linear 

x-y coupling before the electron bunch damps to the stored orbit. Figure 2.25 shows an example 

of the injection beam damping process. Here the charge distribution continues to smear in the x-y 

plane until the photon flux density becomes so low that details are difficult to resolve on the fast-

gated camera. The time sequence displayed in the figure shows that after several damping times 

(about 10 ms), the injected charge damps to the stored orbit [57-58]. The amplification and fast-

gating features of the PiMax camera makes these measurements possible. With the low light 

intensities in the visible SR beam line a normal CCD camera must integrate for several milli-

seconds to acquire a clear image. Due to diffraction effects the electron beam source size cannot 

be fully resolved with either a standard CDD camera or the fast-gated camera. 

2.5 Conclusion 

Visible SR emitted from a dipole magnet in SPEAR3 is transported down the diagnostic 

beamline to provide valuable opportunities for non-destructive diagnostic methods to measure 

electron beam parameters. One benefit of using visible light for diagnostics is that conventional 

mirrors, lenses, filters, polarizers, waveplates and cameras can be purchased with low cost and 

high efficiency. Of great interest to both accelerator physicists and the User community, it is 

possible to monitor transverse and longitudinal beam properties as well as overall beam stability. 

In this Chapter the basic layout of the SPEAR3 visible light diagnostic beam line was discussed 

along with sample diagnostic systems. The impact of the rhodium beam extraction mirror on both 

σ-mode and π-mode beam polarization components is the subject of Chapter 5. Of particular 

importance, diffraction effects from visible-wavelength light limits the ability to fully resolve the 

small size of the electron beam at the radiating source using conventional optics. The 

interferometer system discussed in Chapter 6 is one way to increase the effective resolution. The 

next chapter provides an overview of charged particle beam dynamics in a storage ring and 

properties of the emitted synchrotron radiation beam. 
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Chapter 3:  Electron beam dynamics and synchrotron radiation 

3.1 Introduction 

This chapter provides an overview of the basic theory for particle motion in an accelerator 

and outlines the classical derivation for synchrotron radiation emission. To accomplish this, the 

concepts of Lorentz force, synchrotron oscillations, betatron oscillations, and electron beam 

parameters such as beam emittance and beam size are introduced. Next the electromagnetic field 

pattern emitted by acceleration of relativistic charged particles is presented. More comprehensive 

introductions to beam dynamics in particle accelerators can be found in references [59-61].  

3.2 Lorentz force and synchrotron oscillations 

The trajectory of individual particles and to first order the entire particle beam distribution is 

defined by the magnetic field structure or “lattice” of a storage ring after construction. In the 

simplest case, electron trajectories in a storage ring are composed of straight lines and curves. 

Because the forces on an individual electron are not constant, as we will see below that the 

equations of motion are complicated and require computer simulations for all but the most basic 

configurations.  

As the electron beam travels around a closed, quasi-circular path of a storage ring it covers a 

relatively large distance in circumference (a few hundred meters to km) and passes through many 

bending and focusing magnets (hundreds to thousands). The individual electron trajectories 

typically have some angular divergence with respect to the design “closed orbit”, and without 

focusing optics the particles would soon hit the wall of vacuum chamber and be lost. Instead, the 

electron beam is constrained and accelerated by static magnetic fields and high-frequency 

electromagnetic fields, respectively, with the particle motion based on the Lorentz force equation 

[59]. 

�⃑� = 𝑒(�⃑⃑� + �⃑� × �⃑⃑�)                                                        (3.1) 

Here, �⃑� is the force applied to each electron moving at a relativistic velocity �⃑� very close to 

the speed of light, c=3× 108m/s. �⃑⃑� and �⃑⃑� represent the magnetic field (bending and focusing 

magnets) and electric field (acceleration), respectively. 

For modern storage ring applications, the electric field is supplied by radio frequency (RF) 

cavities operating in the 100's of MHz range. The longitudinal field in the cavities provides the 

electrons with the energy needed to compensate for power emitted as synchrotron radiation. In 

SPEAR3, for instance, each particle loses about 1 MeV of energy per revolution and the entire 

beam loses about 450 kW so this power must be restored by the RF cavities. In this case the 476 

MHz RF field oscillates exactly 372 times per revolution creating 372 “buckets” where electrons 
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can be stored in the beam. Since the RF field must always have the same orientation with the 

passage of electrons, the beam arrival time automatically adjusts to be synchronous with the 

phase of the RF field, hence the name “synchrotron”.  

 

As shown in Figure 3.1, the sinusoidal field in the RF cavities has a specific phase angle 𝜙 

with respect to the circulating electron beam known as the synchronous phase 𝜙𝑠. The electrons 

will receive the correct energy boost when they pass through the RF cavities at the synchronous 

phase. If an electron passes through the cavities too late (𝜙1 > 𝜙𝑠), it will receive less energy 

boost and consequently move inwards on average to a smaller orbit. As the relativistic electron 

velocity remains constant, the revolution period will be less and it will take less time to arrive 

back to the RF cavity. On the next pass the electron will arrive earlier or closer to the correct 

phase. Similarly, electrons will experience the opposite effect if they pass through the RF cavities 

too early [59].  

As a result, when electrons in a synchrotron storage ring pass through the RF cavities within a 

certain “phase acceptance” relative to the stable phase angle 𝜙𝑠 they will execute quasi-sinusoidal 

“synchrotron oscillations” about the stable reference phase 𝜙𝑠. As derived in reference [59], for 

small amplitude oscillations the longitudinal equation of motion can be linearized to the same 

form as a mass-spring simple harmonic oscillator (SHO). In this case, however, the oscillating 

variables are particle energy and particle arrival time instead of position and velocity. 

The potential well that contains the electrons is called the RF phase acceptance or RF 'bucket'. 

Electrons trapped in an RF bucket are referred to as an “electron bunch” so that the entire beam 

circulating around a storage ring is a sequence of discrete electron bunches separated by the 

oscillation period of the RF frequency. For each particle in a bunch the harmonic synchrotron 

oscillation motion is excited by either the emission of synchrotron radiation, collisions with other 

electrons within the bunch or collisions with background neutral gas particles. The motion of 

each particle is damped by an effect known as “radiation damping” where the longitudinal 

 

Figure 3.1: Principle of RF acceptance and phase-focusing stability. 
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acceleration in the RF cavities replaces energy lost in the transverse particle coordinates. The 

longitudinal damping time for individual electrons in a storage ring is typically about 5 ms or 

about 500 revolutions around the SPEAR3 storage ring. 

3.3 Betatron oscillations 

In a storage ring typically magnetic fields are responsible for bending and focusing the beam 

as it travels around the design trajectory. The fields generated by dipole and quadrupole magnets 

have components perpendicular to the electron trajectory. From Eq. 3.1 it is easy to see the force 

on the particles is perpendicular to both the electron velocity and the magnetic field. Dipole 

magnets have a mostly homogeneous vertical field so the Lorentz force is directed radially 

inward toward the center of the storage ring. Quadrupole magnets have a linear “gradient” field 

that causes a restoring force proportional to displacement of the particle from the design axis. In 

this way quadrupoles act like a glass lens on a light beam or the linear restoring force of a spring 

to focus the beam toward the center of the closed orbit. In modern synchrotrons the dipole magnet 

field structure also contains a quadrupole component to make the magnet lattice physically 

compact.   

 

Concerning the transverse beam dynamics, for quadrupoles the strength of the magnetic force 

varies with electron momentum and the transverse particle offset with respect to the magnet 

center. Depending on the magnet polarity, different focusing and defocusing forces are applied to 

the electrons in the bunch. Similar to longitudinal synchrotron oscillations, when an electron 

emits synchrotron radiation or collides with other particles it will begin to move in the direction 

transverse to the beam direction. The transverse motion known as a “betatron oscillation” in 

figure 3.2 is focused by quadrupole magnets to keep the beam small and compact and has a 

damping effect again from the RF cavities. Sextupole magnets with higher-order field structure 

 

Figure 3.2: Schematic drawing of a betatron oscillation around the ideal electron orbit. The 

gap section indicates that betatron oscillations do not repeat after each revolution. 
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are used to correct for chromatic aberrations caused by off-momentum particles. The combination 

of dipole, quadrupole and sextupole magnets must be carefully designed to maintain a highly 

non-linear “dynamic aperture” that will contain the betatron and synchrotron oscillations 

including particles that have both the design momentum and off-momentum characteristics. 

The derivation of the equation of motion for betatron oscillations is complicated because the 

restoring force is not constant as a function of time. By analogy, the motion would be like a mass-

spring system where the restoring force of the spring turns on and off in time, changes value, and 

even changes sign. For individual electrons, a betatron oscillation starts at a given azimuthal 

position 𝑠0 in the accelerator where the trajectory receives a “kick” in angle in the transverse 

coordinate. The following motion can be solved using differential equations in the horizontal and 

vertical planes defined for a so-called pseudo-harmonic oscillator [59]. 

𝑥′′ + 𝐾𝑥(𝑠)𝑥 = 0                                                                   (3.2) 

𝑦′′ + 𝐾𝑦(𝑠)𝑦 = 0                                                                   (3.3) 

In this case, 𝑥′′  and 𝑦′′  are the second order differential of electron displacement and the 

restoring forces 𝐾𝑥(𝑠) and 𝐾𝑦(𝑠) represent the quadrupole magnet fields and can include effects 

from the dipole magnets. In this form there are no damping terms proportional to  𝑥′ and 𝑦′ and 

no driving terms on the right hand side. For a full description of the motion, “radiation damping” 

effects and the driving terms come from higher-order magnetic fields must be included [59].  

To solve ordinary second-order homogenous differential equations we usually assume a 

sinusoidal solution with constant amplitude and phase. For the case of a storage ring synchrotron, 

the solution is found by allowing both the particle motion amplitude and phase to vary with 

position “s” in the storage ring. The amplitude or betafunction “𝛽′” is periodic in the ring 

circumference 𝑠, and follows the periodicity of the lattice but the phase advance or “tune” per 

revolution is not an integer number of oscillations. Together with numerical “size” constants 휀𝑥 

and 휀𝑦 for the amplitude of the motion the periodic beta-functions determine the envelop of a 

betatron oscillation. When we include the position dependent amplitude and phase of the 

oscillations, the solutions to the above equations can be expressed as [61] 

 𝑥(𝑠) = √휀𝑥𝛽𝑥(𝑠) cos[∅𝑥(𝑠)]                                       (3.4) 

𝑦(𝑠) = √휀𝑦𝛽𝑦(𝑠) cos[∅𝑦(𝑠)]                                       (3.5) 

where, 𝑥 and 𝑦 are the transverse displacement from the ideal orbit, 휀𝑥  and 휀𝑦  characterize the 

oscillation amplitude, 𝛽𝑥(𝑠) and 𝛽𝑦(𝑠) are betatron functions along the electron orbit and phases 

∅𝑥(𝑠) and ∅𝑦(𝑠) are functions of the distance 𝑠 along the closed orbit. The 𝛽-functions have the 
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units of meter/radian. Due to physical constraints from the repeating magnet lattice, the phase 

functions ∅𝑥(𝑠) and ∅𝑦(𝑠) are related to the beta-functions by  

∅𝑥,𝑦 = ∫
𝑑𝑠

𝛽𝑥,𝑦(𝑠)

𝑠

0

                                                      (3.6) 

Integrating once around the ring yields the “betatron tunes” which are important quantities for 

beam dynamics and orbit stability. 

From Eq. (3.4) and (3.5), the maximum amplitude of a betatron oscillation in either the 

horizontal or vertical direction at a given location 𝑠 can be expressed as 

𝑥, 𝑦𝑚𝑎𝑥(𝑠) = √휀𝑥,𝑦𝛽𝑥,𝑦(𝑠)                                                           (3.7) 

Where the units of the characteristic amplitudes  휀𝑥,𝑦 are meter-radian. The maximum angle of 

the oscillation at location 𝑠 is given by 

𝑥𝑚𝑎𝑥
′ , 𝑦𝑚𝑎𝑥

′ = √휀𝑥,𝑦 𝛽𝑥,𝑦(𝑠)⁄                                                        (3.8) 

According to the discussion in Chapter 2, it is important to keep both the beta-functions and 

the characteristic amplitude functions 휀𝑥,𝑦 small in order to have low amplitude single particle 

betatron oscillations and therefore small beam size. 

3.4 Beam emittance and beam size 

Emittance is a collective property of the charged particle beam distribution in an accelerator. 

Emittance is typically defined as a measure of the root-mean-square (rms) spread of particle 

coordinates in a position-momentum phase space and has the dimensions of meter-radian. Figure 

3.3 shows an example of particle beam distribution in position and angle in the 𝑥 − 𝑥′ phase 

space at a single position. The emittance is often defined as π  times the rms ellipse area in phase 

space. The shape and orientation of the phase-space ellipse changes with the betafunctions and 

their derivatives as a function of position in the accelerator. The area enclosed by the phase space 

ellipse remains constant and is therefore referred to as an “invariant of the motion” of the beam.  
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Referring to the discussion in Section 3.3 above, the importance of beam emittance can be 

recognized by calculating the root-mean-square (rms) beam size, 𝜎 = √𝜖𝛽  where  has the 

meaning of rms oscillation amplitude evaluated over all particles in the beam. Low emittance 

means that the particles are confined to a small cross-sectional area for a given value of the beta-

function. For synchrotron light sources, low emittance also means that the X-ray beam will have 

higher photon beam brightness and consequently a high degree of transverse coherence 
(

𝜆

4𝜋
)
2

𝑥 𝑦
. As 

discussed in Chapter 1, in a diffraction limited synchrotron light source the goal is to achieve 

𝜖 <
𝜆

4𝜋
 in each plane for the shortest possible wavelength 𝜆.  

More technically, the electron beam size at each position in the accelerator also depends on 

the off-momentum properties of the beam 

 𝜎(𝑠) = √𝜖𝛽(𝑠) + 𝜂(𝑠)
Δ𝑝

𝑝
                                                      (3.9) 

where 
Δ𝑝

𝑝
 is the rms momentum-spread and 𝜂(𝑠) is the local value for closed orbit dispersion. The 

increase in beam size due to energy spread is sometimes referred to as “effective emittance”. For 

modern machine design it is therefore important to minimize all quantities on the right-hand side 

of equation 3.9. Due to the statistical nature of synchrotron radiation emission, both the beam 

emittance 𝜖 and momentum spread 
Δ𝑝

𝑝
 have Gaussian distributions. 

 

 

 

 

 

 

Figure 3.3: Phase space ellipse in x,x' coordinates. 
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Table 3.1 Electron beam emittance for several modern SR lightsources [62]. 

Facility Location Energy (GeV) Emittance (nm-radian) 

BESSY-II Germany 1.7 6 

SPEAR3 USA 3.0 10 

Photon Factory Japan 2.5 28 

ALS USA 1.9 (2) 2 (0.052) 

APS USA 7.0 (6) 2.5 (0.08) 

ESRF France 6.0 3.8 

SPRING-8 Japan 8.0 (6) 3 (0.034) 

SSRF China 3 2.61 

NSLS-II USA 3 0.55 (0.03) 

BAPS(Planned) China 5 0.051 

Since synchrotron radiation emission occurs in the horizontal plane, the horizontal emittance 

can be calculated from first principles by balancing the time-averaged excitation of betatron 

oscillations against the effect of radiation damping [61]. Vertical emittance is determined by 

coupling between the horizontal and vertical beta-functions and dispersion functions. Most 

modern synchrotron storage rings operate with 1% emittance coupling or less to produce high 

photon flux density in the vertical dimension. Table 3.1 shows the horizontal emittance of several 

representative synchrotron radiation sources. Proposed upgrade values are shown in parenthesis. 

In time the emittance of various storage rings has evolved towards smaller values leading to 

higher photon flux density and higher beam brightness. Future “Fourth Generation” storage rings 

will have sufficiently small emittance to produce diffraction limited X-ray beams at photon 

energies in the range of 1 keV. 

3.5 Field emitted by accelerated charges 

When a charged particle undergoes acceleration it can emit electromagnetic radiation. For 

example, electrons oscillating at radio frequencies in an antenna emit radio waves. In this case, 

the velocity and acceleration vector directions are parallel. For acceleration of charged particles 

perpendicular to their velocity, such as when an electron passes through a dipole magnet, the 

direction of the particle is changed by the magnetic component of the Lorentz force on a circular 

trajectory. For the case when the electron velocity is small compared to the velocity of light, the 

radiation is emitted in a broad “dipole radiation” pattern as shown in Figure 3.4(a).  



 

38 
 

 

When the electron velocity is close to the speed of light, however, the emitted radiation power 

in the laboratory frame increases dramatically and the radiation pattern is folded into a sharp cone 

as shown in Figure 3.4 (b) with a characteristic opening angle 𝜃 = 𝑚0𝑐
2 𝐸𝑡𝑜𝑡⁄ = 𝛾−1  where 

m0c
2 is the particle rest energy and Etot is the total particle energy. This type of radiation is often 

referred to as synchrotron radiation after the discovery of highly directed beams of intense 

radiation from early synchrotrons. Since the electron rest energy 𝑚𝑐2  is 0.511MeV, the 

characteristic opening angle is only 1.0 milli-radian for a beam energy of 511 MeV and about 150 

micro-radian at beam energies near 3 GeV as in SPEAR3 or 3.5 GeV in the SSRF. 

In 1946 Nobel prize winner Julian Schwinger developed analytical formulas for synchrotron 

radiation emitted from a relativistic charged particle passing through a dipole magnet. For 

fundamental physical reasons, Schwinger divided the radiation into two polarization modes called 

the  σ-mode (horizontal polarization) and the π-mode (vertical polarization). Using a series of 

small-angle approximations for the case of transverse acceleration of highly relativistic particles, 

Schwinger derived formulas describing the angular-spectral distribution of synchrotron radiation 

as given in Eqs. (3.10) and (3.11), respectively. An important aspect of the derivation is the step 

where the equations of motion in the time domain are Fourier-transformed into the frequency 

domain to yield expressions for the spectrum of the light. The expression for the σ-mode is valid 

for the part of the electric field oscillating in the plane of the electron acceleration while the π-

mode electric field is perpendicular to the plane of acceleration [63]. 

         

                                 (a) 
𝑉

𝐶
≪ 1                               (b) 

𝑉

𝐶
≅ 1 

Figure 3.4: Emission pattern of electromagnetic radiation from an electron subject to 

transverse acceleration. (a) Electron moving at low velocity; and (b) electron moving at a 

velocity close to the speed of light. The sharp spatial peaking of the SR radiation cone and 

broad spectrum extending into the hard X-ray regime are useful features for synchrotron 

radiation research [60]. 
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𝐹𝜎 = (
3

2𝜋
)
3

(
𝜔

2𝜔𝑐
)
2
(1 + 𝛾2𝜓2)2𝐾2

3

2 (
𝜔

2𝜔𝑐
(1 + 𝛾2𝜓2)

3

2)                             (3.10)     

𝐹𝜋 = (
3

2𝜋
)
3

(
𝜔

2𝜔𝑐
)
2

𝛾2𝜓2(1 + 𝛾2𝜓2)2𝐾1
3

2 (
𝜔

2𝜔𝑐

(1 + 𝛾2𝜓2)
3
2)               (3.11) 

 

 

To graphically illustrate the angular and spectral dependence of these expressions, the power 

spectral angular distributions 𝐹𝜎 and 𝐹𝜋 are plotted in Figure 3.5 and Figure 3.6 as a function of 

normalized vertical observation angle 𝛾𝜓  and normalized radiation frequency 
𝜔

𝜔𝑐
 where 

𝜔𝑐 = 3𝜔0𝛾
3 2⁄  is the so-called critical frequency defining the spectrum of the radiation. Because 

of the normalization factors, the formulas for 𝐹𝜎 and 𝐹𝜋 are accurate for radiation covering a wide 

range of relativistic beam energies and dipole field values. From the plots it can be seen that the 

angular SR opening angle is wide at low frequencies and narrow at high frequencies. For a 3 GeV 

Figure 3.5: Normalized angular spectral power density for the σ-mode. 

Figure 3.6: Normalized angular spectral power density for the π-mode. 
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electron passing through a 1.25 Tesla dipole magnet, for instance, the photon energy at the 

critical frequency is about 7.5 keV and the characteristic opening angle is about 
1

𝛾
= 150 micro-

radian. The σ-mode is largest in the median plane (𝛾ψ = 0), with a peak close to the critical 

energy 𝜔𝑐 . The π -mode polarization is due to a geometric effect as a function of vertical 

observation angle and therefore vanishes in the median plane. More complicated calculations for 

𝐹𝜎 and 𝐹𝜋 can be made for insertion devices including configurations that have both horizontal 

and vertical fields to produce helically polarized SR light. 

Figures 3.7 and Figure 3.8 show the theoretical angular-spectral power density distributions 

𝐹𝜎 and 𝐹𝜋 at the experimental station of the SPEAR3 diagnostic beamline. It can be seen that the 

transmitted SR power is zero in a range from 𝛾ψ = -2.8 to +2.8 because this part of the SR 

emission is blocked by the cold finger. 

 

 

Figure 3.7: Power density for the σ-mode at SPEAR3 diagnostic beamline showing the 

shadow of the cold finger. 

 

Figure 3.8: Power density for the π  -mode at SPEAR3 diagnostic beamline showing the 

shadow of the cold finger. 
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Figure 3.9 shows the theoretical SR emission curves from a SPEAR3 dipole as a function of 

vertical observation angle at a single wavelength λ=532nm. In this case log (
ω

𝜔𝑐
) = log (

2.3305

7600
) =

−3.51 so the curves appear small on the contour plots of Figs. 3.7 and 3.8. Of interest, the peak 

σ-mode radiation power is about 3 times larger than the peak π-mode radiation power. This thesis 

presents experimental measurements of these curves in the visible part of the spectrum to 

compare with the theoretical values calculated from Schwinger's theory. In the following two 

Chapters a continuous-scan system developed to make the measurements is presented followed 

by analysis of the measured data. Of particular importance it was found that the Rhodium SR 

beam extraction mirror attenuates the σ-mode radiation power by about 75%. This result also has 

implications for the interferometer measurements presented in Chapter 6.  

3.6 Conclusion 

The electron beam in a synchrotron radiation storage ring is subject to strong electric and 

magnetic fields to replenish energy lost to synchrotron radiation and to bend and focus the beam, 

respectively. In the longitudinal direction, individual electrons execute “synchrotron oscillations” 

in momentum-arrival time phase space. Synchrotron oscillations are primarily excited by photon 

emission and damped by the synchrotron radiation damping mechanism. Collectively, the 

distribution of particles in longitudinal phase space gives rise to a Gaussian-profile bunch length 

which can be measured using techniques such as the streak camera discussed in Chapter 2.  

    In the transverse direction, individual particles execute “betatron oscillations” around the 

electron beam closed orbit defined by the dipole bending magnets, magnetic errors and magnet 

misalignments. Similar to the longitudinal case, the Gaussian distribution of betatron oscillations 

is damped by the synchrotron radiation damping mechanism to a constant equilibrium state. 

Fig 3.9: Calculated 532nm SR beam intensity distribution as a function of vertical observation 

angle at SPEAR3 diagnostic beamline. 



 

42 
 

Collectively, the betatron motion of the electrons can be defined by an ellipse in position-angle 

phase space whose area is the invariant quantity of beam emittance. Quadrupole focusing changes 

the orientation of the beam ellipse around the accelerator giving rise to modulations in electron 

beam size. Vertical dispersion and betatron coupling between the horizontal and vertical planes 

leads to vertical beam emittance and therefore vertical beam size. For high-brightness operation it 

is important to minimize beam emittance in both planes. In Chapter 6 measurements of the 

horizontal and vertical beam size are presented including the effect of horizontal-to-vertical 

betatron coupling. 

  SR produced from dipole magnets has two polarizations referred to as the σ -mode 

(horizontal) and π-mode (vertical). The theoretical power distributions were calculated in 1946 

by Julian Schwinger as a function of radiated frequency and vertical observation angle. For 

visible-light radiation the opening angle is a few milli-radian in the vertical direction. By using 

the continuous-scan system presented in the next section, measurements of both the horizontal 

and vertical polarization SR power profiles are compared with Schwinger's theory. In Chapter 5 

the measured polarization data is presented and analyzed in terms of Stokes' parameters to fully 

characterize the polarization state of the visible SR beam. 
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Chapter 4:  Development of a continuous scan system 

4.1 Introduction 

In order to collect data efficiently for an SR beamline experiment, a continuous scan system 

was developed at SSRL. The time efficiency and repeatability of the continuous-scan system 

were tested using X-ray diffraction from a ZnO powder, because its diffraction peak signal has a 

narrow width and stable position. The continuous scan results were then compared to step-scan 

results to verify accuracy [64]. One application of the continuous scan system was to characterize 

visible SR beam polarization at the diagnostic beamline [65-66].  

Traditionally, the step scan system is used for SR experimental data acquisition. The step-

scan measurement approach moves stepper motors to discrete positions, and collects the data 

while the detector is stationary. It is a simple and direct method to record data and has been used 

for many X-ray diffraction (XRD) [67-68], X-ray absorption [69], and X-ray tomography 

applications [70]. With the step-scan method, however, there are several potential drawbacks: 

(1) Finite motor acceleration/deceleration time is needed at each step. For example, the step 

size may be as small as 0.001° for an X-ray diffraction experiment [71], and the detector might be 

moved over as much as 50°, so approximately 50,000 data points must be acquired. As the 

detector is moved to each new position, additional time is needed per data point for the motor 

acceleration/deceleration process. The acceleration and deceleration time is 300 ms at SSRL 

beamline 2-1 and 500 ms at beamline 7-2. For the case at beamline 7-2, an extra 6.94 hr is needed 

to complete a 50° scan in 0.001° steps. The added time can be reduced if a larger step size is used 

but important diffraction peaks may be missed. 

(2) System vibrations can be introduced due to motor acceleration and deceleration at each 

position. These vibrations can decrease the signal quality by blurring the peaks. To decrease the 

effect of the vibrations, a settling time can be introduced, which will allow for the system to come 

to rest, but increases the data collection time. 

(3) Often motor accuracy strategies are implemented, such as backlash correction, to improve 

detector position accuracy. These algorithms also require additional time to complete the step 

scan process. 

(4) With longer scan time the probability of systematic instability increases. Variations can be 

caused by changes in temperature, beam intensity, or sample degradation. Although some 

variations can be accounted for, it is best to minimize data collection time to reduce these effects.  

Continuous-scan data acquisition by contrast offers an on-the-fly data measurement technique 

that avoids stopping motors to collect data at discrete positions and provides an alternative 

approach to bypass some of the drawbacks listed above. The new SSRL continuous-scan system 
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reported here executes a pre-programmed motor trajectory sequence to smoothly move motors 

and synchronously record the detected SR signal. Two types of experiment that can readily 

benefit from the continuous scan method are X-ray diffraction (XRD) and visible SR beam 

polarization measurements.   

To date, continuous scan systems have been developed at several laboratories using different 

commercially-available motor controllers and data acquisition modules. At the Advanced Photon 

Source (APS) for instance, four kinds of motor controllers are in use: Newport MM4005, 

Newport XPS, Aerotech Ensemble, and Pro-Dex MAXv. The APS system was developed using 

EPICS, where the memory of the Input/Output Controller (IOC) was limited, so the resulting 

maximum number of trajectory segments was limited to 2000 [72]. At the Diamond Light Source, 

a continuous scan system was developed based on the Zebra data acquisition module and has 

been used for X-ray tomography [73]. At Synchrotron Soleil, a continuous scan system has been 

used for X-ray microscopy and X-ray absorption with the whole system based on Tango and 

Python software [74-75].  

For the SSRL continuous scan system, the maximum number of trajectory segments is 4096. 

The entire system is controlled at the top level using SPEC software. SPEC is popular for 

instrument control and data acquisition at many synchrotrons around the world. It has built-in 

macro capability to run continuous-scan trajectories using commercial motor controllers such as 

the Galil DMC4183 and the Newport XPS. The disadvantages of the SPEC-supplied continuous 

scan macro are: (1) the lack of acceleration and deceleration segments before the start and after 

the end positions; (2) a small delay between reading the signal data and motor position data; and 

(3) the maximum scan time is 999 s. Therefore, it is desirable to develop a customized continuous 

scans system to improve on the current capabilities. 

This chapter presents the methodology of the improved continuous scan system, and its 

application the SPEAR3 diagnostic beamline. The continuous-scan capability at the diagnostic 

beamline uses an integrated in-house motor controller and counter/timer electronics, 

commercially available data acquisition hardware, and SPEC software to control the system. 

Preliminary test results using the SSRL continuous-scan system for ZnO powder diffraction 

experiments were reported by Li [76]. The continuous scan method has the potential to benefit 

the synchrotron radiation user community in the future, particularly as synchrotron radiation 

science moves toward high-brightness, diffraction-limited storage ring light sources (DLSR) [77].  

4.2 Continuous scan method at the SPEAR3 diagnostic beamline 

At the SPEAR3 diagnostic beamline, the continuous scan system was used to measure the 

unfocused visible SR beam intensity distribution and characterize the polarization state of the 

synchrotron radiation beam. Here, we describe the continuous scan methodology by presenting 
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the systematic components and its principle. The continuous scan system contains three main 

subsystems: motor controller, data acquisition, and timer. As shown in Figure 4.1, the three 

subsystems are integrated in a SSRL-developed hardware based on programmable logic ICs with 

embedded microprocessor, DRAM controller and communication interfaces. It provides accurate 

timing (10 ns resolution), 32 counter channels (32-bit, 10 mln counts/s maximum rate), 8 ADC 

channels (16-bit, 250 ksamples/s on each channel) with hardware support for averaging analog 

data over the data acquisition period. Four motor channels (stepper motor, arbitrary motion 

profile), 8 digital inputs and 8 digital outputs (TTL level) can be configured to synchronize scans 

with other instrumentation. The system includes data buffering and a 1-Gb Ethernet 

communication. A major advantage of combining motion, data collection and timing hardware in 

one unit is the ability to accurately synchronize all functions, which may be difficult or 

impossible with separate pieces of equipment and software-controlled timing, leading to 

minimum dead time between data points and maximum scan repeatability. In addition, 

programmable logic allows extended functionality of the same hardware for specific experiments 

by developing new logic configurations. Examples are photon absorber insertion control, 

collecting short data bursts at maximum rate for rapid scan tests, or laser timing control for pump-

probe experiments. 

 

The function of the continuous scan system at the diagnostic beamline is to measure physical 

properties of the unfocused SR beam intensity distribution as shown in Figure 4.2. The incoming 

SR beam intensity was measured using a Newport 818-UV sensor connected to a Newport 1815-

 

Figure 4.1: Diagram of the integrated control box 
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C power meter with the sensor mounted on a three axis stage shown in Figure 4.3. During the 

scan process, the beam intensity was measured along vertical or horizontal direction.  

 

 

Here, we take a single vertical beam intensity scan as an example to explain the principle of 

the continuous scan method. During a scan process, the motor controller continuously moves the 

vertical stepper motor to position the power meter at different vertical locations, while the counter 

continuously acquires the beam intensity signal. SPEC software monitors the scan and handles 

the collected data from the controller and counter. The trajectory of the power meter is defined in 

software by input parameters that specify the start position, end position, total number of data 

points, and counting time for each segment of the trajectory.   

Prior to initiating a data scan, the SPEC software macros automatically calculate operational 

parameters for each segment. These parameters include the velocity and acceleration for the 

 

Figure 4.2: Unfocused visible SR beam 

 

Figure 4.3: Block diagram of the continuous scan system 
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detector. All parameters are verified internally to ensure they are within system limits before the 

scan is executed.  

 

The three basic functional requirements (FR) for the continuous scan system are: 

FR-1: Create and execute the movement trajectory according to the input parameters. 

FR-2: Acquire data during the detector movement process. 

FR-3: Synchronize the detector data acquisition with the motor motion. 

The main principle for creating and executing a trajectory (FR-1) is to divide the whole 

trajectory into many discrete segments based on the total number of data points. Each segment in 

the trajectory will have specific settings so that it can maintain the correct motion path. These 

settings include the incoming velocity into the segment, constant acceleration for the segment, the 

displacement within that segment, and the total counting time for the segment. Appendix 1 

provides a detailed explanation of how to calculate the parameters for each segment.  

Specific values for each segment are calculated based on the scan settings provided by the 

operator and calculated based on velocity profiles. A general equation, Eq. 1, was formulated to 

be used with both constant and variable velocity scans. The velocity during the scan is simply 

based on the initial and final positions (s and f) and velocities (𝑣𝑖  and 𝑣𝑓  ), as well as an 

exponential factor (p) for scaling how the velocity changes with position. 

𝑣(2𝜃) = 𝑣𝑖 + (𝑣𝑓 − 𝑣𝑖) [
|2𝜃 − 𝑠|

|𝑓 − 𝑠|
]

𝑝

                                                    (1) 

The other motion parameters in the trajectory are calculated to fulfill the velocity profile. For 

a scan with a constant velocity, the velocity terms will be the same and the acceleration for each 

segment will be set to zero. When the velocity is changing during a scan, the acceleration is 

calculated to best match the profile.  

Once the segment motion parameters are calculated for a particular scan, they are compiled 

into a numerical array and sent to the motion controller shown in Table 1, each row representing 

one segment. The communication between the motion controller and SPEC is maintained 

continuously during the scan.  
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Table 4.1: Motion parameters for continuous scan. 

Segment Flag 
Countin

g Time 

Velocit

y 

Acceleratio

n 
Distance 

Acceleration 0 0 t0 v0 a0 d0 

Counting 

1 1 t1 v1 a1 d1 

… … … … … … 

n 1 tn vn an dn 

Deceleration n+1 0 tn+1  vn+1 an+1  dn+1 

 

To fulfill FR-2 and collect the data during the scan, a count flag is utilized. The flag value 

will be either 1 or 0 to enable or disable data acquisition in each segment, respectively. For the 

acceleration and deceleration segments before the start position, the flag is 0, which means the 

counter/timer is idle. The flag is set to 1 for all segments between the start position and the end 

position, which indicates the counter/timer will count voltage-to-frequency pulses during the 

specified segment when the detector is moving. When each segment is finished, the next segment 

will be executed automatically with a latency time of about 1 ns. 

To fulfill FR-3 (synchronicity condition), the continuous-scan signal intensity is not recorded 

at a single, fixed position, but instead summed over the entire segment. As shown in Figure 4.4, 

continuous scan data collection begins half the distance before the center of a defined acquisition 

segment and terminates half the distance after the center. For example, the signal recorded with 

the central detector position at 10mm over a segment 0.1mm is the result of integrating photon 

counts between 9.95mm and 10.05 mm. As shown in Figure 4.5, for a conventional step scan, the 

detector stops at each position and counts for a pre-defined signal integration time. 
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Figure 4.4: Synchronized continuous scan motor position and collected data. 

 

 

Figure 4.5: Step scan motor position and data position. 
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Figure. 4.6 shows a schematic flow chart for a continuous scan process. The motor first 

advances to the start position, and then accelerates to the specified velocity as calculated 

according to the time and distance parameters for the first segment. As soon as the detector 

accelerates to the start position, the detector begins to measure the signal. The data acquisition 

software then continuously integrates within each segment and records the resulting measurement 

values in memory. The measured counts are reset to zero before the next cycle begins. The 

process is repeated until the last scan segment has been executed. A similar flow chart for the 

step-scan method is shown in Figure 4.7. 

 

Figure 4.6: Flow chart for continuous scan. 
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Based on the above discussion for a one dimensional continuous scan, two dimension 

continuous mesh scans are described in Figure 4.8. Two dimensional scans are a combination of 

one axis continuous scan with a one axis step scan. For instance, during a continuous mesh scan 

at the SPEAR3 diagnostic beamline, the detector was moved continuously along x-direction 

while the beam intensity data from the detector was collected synchronously with the motor 

position. The detector was then moved one step size in the y-direction and the system repeated 

the scan in x direction again. The fast, continuous-scan system is therefore useful for the long 

time two dimensional data acquisition process (>5hour). 

  

Figure 4.7: Flow chart for step scan. 
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4.3 Repeatability of the continuous scan system 

 

With conventional step-scan data acquisition, measurement accuracy depends on motor 

position reproducibility, dwell time and the corresponding signal-to-noise ratio of the detector. 

With continuous-scan data acquisition, two additional considerations come into play, namely, 

data synchronization between motor position and detector readback, and overall speed of the 

continuous-scan system. Depending on the application, the accuracy of peak position can be 

improved by using finer scan segments and similarly the accuracy of the peak area can be 

improved by integrating longer in each segment to improve detector counting statistics. 

 

Figure 4.8: Principle of continuous mesh scan 

 

Figure 4.9: Configuration of the diffraction system at SSRL BL 2-1. 
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To test the repeatability of continuous scan system, a series of ZnO powder diffraction 

measurements were conducted at SSRL beamline 2-1. An annotated photograph of the 

experimental configuration is shown in Figure4.9. The zinc oxide (ZnO) powder sample was 

chosen because it has narrow diffraction peaks which span a wide range of scattering angles at 

12.5 keV X-ray beam energy. The ZnO sample was first installed in a capillary, and then 

manually aligned to the X-ray beam using a 5 degree-of-freedom stage. 

4.3.1 Repeatability of the constant velocity continuous scan 

 

Table 4.2 Fitted peak position, RMS width and integrated area for five 100-segment scans. 

100 segment scan Peak position (°) RMS width (°) Integrated Area 

Scan 1 20.2950±0.0009 0.01382±0.00091 40.61±3.55 

Scan 2 20.2950±0.0010 0.01339±0.00096 41.43±3.94 

Scan 3 20.2952±0.0009 0.01333±0.00091 42.53±3.82 

Scan 4 20.2954±0.0009 0.01362±0.00087 39.70±3.34 

Scan 5 20.2953±0.0008 0.01368±0.00086 40.62±3.40 

Continuous scan data was acquired between 20.0° and 20.5° to cover a single ZnO powder 

diffraction peak at 12.5 keV photon energy. It is important to collect sufficient data points in 

order to properly fit a diffraction peak with a Gaussian and it is commonly considered acceptable 

to collect 8 to 12 data points above the full width half max of the peak [68]. Experiments should 

be tailored to sufficiently meet this criterion. To test system repeatability, five back-to-back scans 

were performed each with 100 continuous-scan segments covering a 0.005° angular range with 1 

s integration time per segment. Thus the scan velocity was 0.005°/s and the total scan time was 

 

Figure 4.10: Five ZnO diffraction peak scans centered near 20.3° with 0.005° angle interval 

per data point, 0.005 °/sec scan velocity and 100 data points per scan. 
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100 s. The raw data are plotted in Figure 4.10 and results from numerical Gaussian curve fitting 

shown in Table 4.2.  

Comparing peak positions from Table 4.2, the fitted results indicate the scans are consistent 

to the third decimal with a 95% confidence uncertainty of approximately 0.001° or 20% of a 

single measurement segment. The standard deviation in peak position over all 5 scans is only 

0.0002°. Since each individual scan segment spanned 0.005°, the data indicates reliable electro-

mechanical synchronization between the stepper motor and data acquisition system. Scan-to-scan 

numerical deviations are likely due to mechanical vibrations, digitization effects and/or detector 

noise which impacts the quality of the numerical curve fit. The reproducibility in the peak 

position of 5 sequential scans is less than the uncertainty in any single measurement 

demonstrating excellent synchronization in the data scans. 

4.3.2 Repeatability of different velocity continuous scan 

 

Table 4.3 Fitted peak position and line width sigma for five different continuous scan velocities. 

Segment number Velocity (°/s) Peak position (°) RMS width (°) Integrated Area 

100 0.0050 20.2953±0.0008 0.01368±0.00086 40.62±3.40 

150 0.0033 20.2962±0.0007 0.01332±0.00073 41.64±2.99 

201 0.0025 20.2965±0.0005 0.01346±0.00052 40.54±2.10 

300 0.0017 20.2958±0.0004 0.01363±0.00042 40.68±1.67 

500 0.0010 20.2958±0.0004 0.01348±0.00034 41.82±1.39 

The flexibility to perform continuous scans at different velocities is important for rapid 

identification of diffraction peaks during preliminary sample screening runs. The comparison of 

 

Figure 4.11: ZnO diffraction peak scans using five different scan velocities. 
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continuous scan measurements at different scan velocities was studied, in this case by reducing 

the detector velocity from 0.005°/s, to 0.0033°/s, 0.0025°/s, 0.0017°/s and 0.001°/s. In each case, 

the corresponding number of scan segments was increased from 100, to 150, 201, 300, 500 with a 

constant integration time of 0.5s per segment. The raw data for each scan is plotted in Figure 4.11 

with the Gaussian fit results listed in Table 4.3. Visually the reproducibility of the data scans 

appears accurate, but referring to Table 4.3 the center position is not as quite as accurate as the 

data reported above. Similar to Section 4.3.1, the number of data points above the full width half 

max is sufficient to properly fit the Gaussian curve through the data and differences in the peak 

location can be attributed to noise and spread based on the number of data points collected. As a 

result, we believe the SSRL continuous scan system produces well-synchronized diffraction peak 

scans over a range of different scan velocities. Significantly faster scan velocities and variable 

velocity scan are discussion in the published paper [64]. 

4.4 Continuous scan limitations 

Despite some of the time saving advantages of the continuous scan method, there are some 

limitations to the technique. 

 (1) The continuous scan system requires the total range of the detector to be slightly larger 

than the measurement range due to the initial acceleration and final deceleration segments. This 

means that the detector cannot collect data up to the software or hardware limits because there 

will not be room for the acceleration and deceleration segment. 

(2) The maximum number of segments in the continuous scan system is limited to 4096. For 

a total number of data points more than 4096, the continuous scan system was re-launched with a 

new scan after 4096 data points had been collected.  

4.5 Application to measurement of the visible SR beam intensity distribution 

As described in Chapter 2, the visible SR beam at the diagnostic beamline is produced from a 

bending magnet, then reflected from the Rh-coated mirror to the optical bench for analysis. The 

measurement of beam intensity over the whole beam area provides an understanding of the 

unfocused beam intensity distribution, which can be analyzed further to characterize beam 

polarization and spatial coherence. Figure 4.12 shows the configuration of the beam polarization 

measurement system installed on a three axis continuous scan stage. For the total beam intensity 

measurement, the quarter wave plate and polarizer were first removed. The intensity distribution 

was then measured with and without a wavelength bandpass filter. The components of the system 

are listed in Table 4.4 and the motion parameters are shown in Table 4.5. 
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Table 4.4: Components of the continuous scan system. 

Name Model Provider 

SPEC  Version 6.02.08 Certified Scientific Software  

In house-motor controller  Firmware V2.18, Hardware V1.0b     SSRL (USA) 

Vexta step motor PK596BUA Oriental  Motor  Co.,  LTD  

Vertical stage M062-LS03E Danaher Motion 

Rotated stage URS50BPP Newport(USA) 

Beam detector 818-UV Newport 

Power meter 1815-C Newport 

V to F converter N101VTF Nova R&D Inc (USA)  

Counter/timer PCI-6602 National Instruments (USA)  

 

Table 4.5: Motion parameters. 

Name Horizontal stage Vertical stage Rotated stage 

Steps per degree 6300 6400 711 

Backlash (steps) 50 50 5 

Acceleration time (ms) 100 100 10 

Steady state rate (Hz) 12000 12000 2100 

Base rate (Hz) 500 100 100 

 

Figure 4.12: Beam intensity scanning system: 1-Vertical stage, 2-Iris, 3-Bandpass filter, 4- 

Quarter wave plate, 5- Rotation stage, 6-Detector. 
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Figure 4.13 shows the beam intensity distribution measured with no filter or polarizer, and 

Figure 4.14 shows the beam intensity distribution measured with a 10nm fwhm wide filter 

centered at 430nm (blue). 220×128 data points were collected over the whole area with 0.3s 

count time at each positon. The total continuous mesh scan time was about 5 hours. By 

comparing Figs. 4.13 and 4.14, it can be seen that edge diffraction effects are less significant 

when the light passes through the 430nm filter due to the fact that longer SR wavelengths diffract 

more strongly from limiting apertures in the SR beam line. 

                

 

 

Figure 4.13: Total beam intensity mesh scan with no wavelength bandpass filter and no field 

polarizer in the unfocused visible SR beam path. 

 

 

 

 

Figure 4.14: Total beam intensity mesh scan with a 10nm fwhm bandpass filter centered at 

430nm and no field polarizer in the beam path. 
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Figure 4.15 shows a single vertical beam intensity distribution scanned at the center position  

0 mrad in the horizontal direction. A total of 241 data points were collected with 0.3s counting 

time at each position along vertical axis, and the scan time for each curve was 73s. Figure 4.16 

shows the horizontal beam intensity distribution scanned at an observation angle of -1.5 mrad 

along the vertical axis to be outside of the cold finger shadow. 321 data points were collected 

 

Figure 4.15: Total beam intensity along the vertical direction. For this scan no bandpass filter 

was uses, the beam polarizer was removed and the horizontal scan position was set to 0 m 

rad. The resulting beam intensity scan is therefore a combination of horizontal and vertical 

polarization components. Edge diffraction effects can be seen to the left and right and at the 

and cold finger shadow in the center. 

 

Figure 4.16: Total beam intensity along the horizontal direction. For this scan no bandpass 

filter was uses, the beam polarizer was removed and the vertical scan position was -1. 5mrad. 
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with 0.3s counting time at each position along horizontal axis, and the scan time is for each curve 

was 97s. Comparing data runs repeated 5 times for the vertical beam intensity scan and 5 times 

for the horizontal scan shows that the continuous scan system has good repeatability. In cases 

such as the x-y intensity mesh scan of the visible SR beam, the continuous scan method clearly 

provides a fast and accurate means to measure the data with spatial high accuracy. 

4.6 Conclusion 

A new continuous scan system was developed at SSRL and tested for accuracy and 

reproducibility using ZnO powder diffraction in an x-ray diffraction configuration. The time 

efficiency of a continuous scan depends on the segment integration time, which can be 

significantly improved when the counting time is much less than the moving time. The 

continuous-scan method is advantageous when used with large, high-inertia systems which 

require relatively long times to start, stop and mechanically settle and will be particularly 

valuable for high-flux, high brightness diffraction-limited storage ring light source applications in 

the future. The continuous scan system was then applied to the SPEAR3 diagnostic beamline to 

analyze the unfocused visible SR beam polarization state and under various operating conditions.  

In the next chapter, vertical visible SR beam intensity profiles acquired with the continuous 

scan system reported here are analyzed with an additional automatically-controlled beam 

polarizer. The results are compared with fundamental synchrotron radiation emission theory and 

cast into the formalism of Stokes' parameters to characterize the beam polarization state as a 

function of vertical observation angle. In this case, each vertical scan can be considered a 'slice' 

along the x=0 axis of Figure 4.13 as demonstrated in Figure 4.15. 
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Chapter 5:  Polarization Measurement and Modeling  

5.1 Introduction 

For many applications it is important to know the SR beam polarization state as a function of 

the vertical observation angle. This chapter presents measurements of the visible light SR beam 

intensity as a function of the vertical elevation and beam polarizer rotation angle. The 

measurements are processed to yield Stokes' parameters, and compared with a mathematical 

model derived from Schwinger's equations taking into account reflection at the rhodium-coated 

SR beam extraction mirror. The Stokes parameters are then used to solve for the characteristic 

beam polarization ellipse parameters as a function of the vertical observation angle, and finally 

beam polarization state is plotted on the Poincaré sphere. The visible SR beam polarization agrees 

well with the model predicted result when reflection from the thin film rhodium-coated beam 

extraction mirror. For the work presented in this chapter, the continuous-scan system described in 

Chapter 4 was used to scan the measurement system in the vertical plane and to rotate the beam 

polarizer. 

5.2 Beam polarization state 

 

Beam polarization is a property that can be used to specify two orthogonal electric field 

components and their relative phase in a propagating monochromatic electromagnetic wave. As 

seen in Figure 5.1, the propagating electric field of the wave can be resolved into Cartesian 

coordinates with two components 𝐸𝑥  and 𝐸𝑦 , or alternatively right and left-hand circular 

polarization components. Depending on the field amplitudes and phase difference between 𝐸𝑥 

and 𝐸𝑦, the beam polarization can be linear, circular, or in general elliptical. As shown in Figure 

5.2, when 𝐸𝑦 is zero the beam has linear horizontal polarization, and when 𝐸𝑥  and 𝐸𝑦 have equal 

 

Figure 5.1: Polarized light. Two components 𝐸𝑥  (𝜎 -mode) and 𝐸𝑦  (𝜋 -mode) plotted in 

Cartesian coordinates with beam propagation in the z-direction. In classical 

electromagnetism, the tip of the electric field vector traces out a characteristic beam 

polarization ellipse. 
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amplitude with zero phase difference the beam has linear polarization at 45°. The field is 

elliptically polarized when an arbitrary phase shift is introduced between 𝐸𝑥  and 𝐸𝑦. Circular 

polarization is a special case that occurs when 𝐸𝑥= 𝐸𝑦 and the phase shift is exactly ±90° [78]. 

 

By solving the wave equation for field propagation, it is easy to show that the two transverse 

electric field components of monochromatic light can be represented by  

𝐸𝑥 = 𝐸𝑜𝑥 cos(𝜔𝑡 − 𝑘𝑧 + 𝛿𝑥) = 𝐸𝑜𝑥𝑒
𝑖(𝜔𝑡−𝑘𝑧+𝛿𝑥)                                  (5.1) 

𝐸𝑦 = 𝐸𝑜𝑦 cos(𝜔𝑡 − 𝑘𝑧 + 𝛿𝑦) = 𝐸𝑜𝑦𝑒
𝑖(𝜔𝑡−𝑘𝑧+𝛿𝑦)                                 (5.2) 

As shown in Fig. 5.3, the electric field polarization ellipse can be found by eliminating the 

propagation factor 𝜔𝑡 − 𝑘𝑧 between (5.1) and (5.2) to yield [79-80] 

𝐸𝑥
2(𝑡)

𝐸𝑜𝑥
2

+
𝐸𝑦

2(𝑡)

𝐸𝑜𝑦
2

− 2
𝐸𝑥(𝑡)

𝐸𝑜𝑥

𝐸𝑦(𝑡)

𝐸𝑜𝑦
cos 𝛿 = sin2 𝛿                                      (5. 3) 

where 𝛿 is the relative phase between 𝐸𝑥  and 𝐸𝑦. 

 

Solving for the rotation angle 𝜓 and ellipticity 𝜒 angle of the ellipse in terms of electric field 

amplitudes 𝐸𝑜𝑥, 𝐸𝑜𝑦 and phase difference 𝛿 results in 

 
Figure 5.2: Examples of electric field polarization (from left to right: linear horizontal, linear 

45°, elliptical polarization, right handed circular and left handed circular.) 

 

Figure 5.3: Example of a rotated field polarization ellipse. a, b are the lengths of major and 

minor axes, 𝜓 is the ellipse rotation angle and 𝜒 is the ellipticity angle. 
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tan 2𝜓 =
2𝐸𝑜𝑥𝐸𝑜𝑦 cos 𝛿

𝐸𝑜𝑥
2 − 𝐸𝑜𝑦

2
                                                             (5. 4) 

sin 2𝜒 =
2𝐸𝑜𝑥𝐸𝑜𝑦 sin 𝛿

𝐸𝑜𝑥
2 + 𝐸𝑜𝑦

2
                                                               (5. 5) 

5.3 Beam polarization in terms of Stokes Parameters 

As the electric field components described by Eqs. 5.1 and 5.2 propagate in space, the tip of 

the field vector will trace out an ellipse in a plane transverse to the propagation direction. The 

period of oscillation for visible light is the order of T = 2𝜋 𝜔⁄ = 10−15sec, which is too short to 

allow direct experimental observation of the ellipse. Another limitation is that the polarization 

ellipse is only applicable to fully polarized light. For the usual case of partially polarized light or 

un-polarized light, the monochromatic plane wave model is seriously limited. Therefore, it is 

necessary to find an alternative method to describe polarized light in terms of measured or 

observed quantities. In 1852, Sir George Gabriel Stokes found that an arbitrary partially 

polarization state could be described in terms of four parameters now known as the Stokes' 

parameters. His theory was based on experiments carried out with partially polarized and fully 

un-polarized light. Since the amplitude of electric field oscillates too fast for direct observation, 

only the intensity of light can be measured, which is the time average of the square of the 

amplitude  𝐼 =< 𝐸∗𝐸 > . This suggests that the unobservable instantaneous beam polarization 

state can be described by measuring the average light intensity [80]. At SPEAR3, visible SR 

beam intensity measurements were made to deduce the four Stokes parameters, to give a 

complete description of the visible SR beam polarization state in the diagnostic beamline.  

For these measurements, the Stokes parameters were used to describe the polarization state of 

light using a field polarizer and a birefringent quarter wave-plate. In general, the Stokes 

parameter measurement process is valid for un-polarized light, partially polarized light, fully 

polarized light, and in the case of synchrotron radiation, arbitrary polarization and right or left 

field helicity. 

Referring to Figure 5.3, the beam polarization ellipse can be described by the length of the 

major axis (b), length of the minor axis (a) and an ellipse rotation angle ψ.  A fourth parameter 

can also be used to define the helicity of the field (right or left handed). To measure the helicity, it 

is possible to use a 'wave plate' which retards the phase of one transverse field component with 

respect to the other. In a Cartesian coordinate system, a wave plate with fast axis orientated in 

horizontal direction delays the phase of the vertical field component by φ, so the output field 

emerging from the wave plate is [80] 
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𝐸𝑥
′ = 𝐸𝑥                                                                                (5.6) 

𝐸𝑦
′ = 𝐸𝑦𝑒

−𝑖𝜑                                                                        (5.7) 

 

If the light then passes through an electric field polarizer oriented at angle θ to the x-axis 

(Fig. 5.4), the transmitted electric field can be expressed as 

E = 𝐸𝑥
′ ∙ cos 𝜃 + 𝐸𝑦

′ ∙ sin 𝜃 = 𝐸𝑥 ∙ cos 𝜃 + 𝐸𝑦𝑒
−𝑖𝜑 ∙ sin 𝜃                            (5.8) 

 

Squaring Eq. (5.8) to obtain the time-averaged beam intensity and using trigonometric 

double-angle formulas yields a compact expression for beam intensity 𝐼(𝜃) 

𝐼(𝜃) = E ∙ 𝐸∗ =
1

2
[(𝐸𝑜𝑥

2 + 𝐸𝑜𝑦
2 ) + (𝐸𝑜𝑥

2 − 𝐸𝑜𝑦
2 ) cos 2𝜃 + (2𝐸𝑜𝑥𝐸𝑜𝑦 cos 𝛿) cos𝜑 sin 2𝜃

+ (2𝐸𝑜𝑥𝐸𝑜𝑦 sin 𝛿) sin 𝜑 sin 2𝜃]                                                                                (5.9) 

Where again 𝜃 is the polarizer rotation angle,  𝜑 is the phase delay from the wave plate and 

(𝜑=90° for quarter wave plate), 𝛿 = 𝛿𝑦 − 𝛿𝑥 is the phase difference between 𝐸𝑥 and 𝐸𝑦, and time 

averages are implied. In terms of Stokes' parameters, Eq. 5.9 can be re-written as 

𝐼(𝜃) =
1

2
[𝑆0 + 𝑆1 cos 2𝜃 + 𝑆2 cos𝜑 sin 2𝜃 + 𝑆3 sin𝜑 sin 2𝜃]                    (5.10) 

where 

𝑆0 = 𝐸𝑜𝑥
2 + 𝐸𝑜𝑦

2 = 𝐼(0°) + 𝐼(90°)                                                       (5.11a) 

𝑆1 =  𝐸𝑜𝑥
2 − 𝐸𝑜𝑦

2 = 𝐼(0°) − 𝐼(90°)                                                      (5.11b) 

𝑆2 = 2𝐸𝑜𝑥𝐸𝑜𝑦 cos 𝛿 = 𝐼(45°) − 𝐼(135°)                                           (5.11𝑐) 

𝑆3 = 2𝐸𝑜𝑥𝐸𝑜𝑦 sin 𝛿 = 𝐼
45°
𝑞𝑤𝑝

− 𝐼
135°
𝑞𝑤𝑝

            .                                       (5.11𝑑) 

On the right hand side of Equations 5.11, the terms 𝐼(0°), 𝐼(45°), 𝐼(90°)  and 

𝐼(135°) represent the beam intensity measured with the transmission axis of polarizer orientated 

at 0°, 45°, 90°, and 135° respectively. 𝐼
45°
𝑞𝑤𝑝

, and 𝐼
135°
𝑞𝑤𝑝

 are the beam intensity measured with the 

 

Figure 5.4: Optical field emerging from a polarizer 
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fast axis of the quarter wave plate in horizontal direction and the transmission axis of polarizer 

orientated at 45° and 135°. 

Equations 5.11 [a-d] provide both a measurement recipe for the Stokes parameters and 

quantitative expressions for the Stokes parameters in terms of the propagating field. Physically, 

S0 is the total beam intensity and S1 is the difference between beam polarization components 

measured along the x and y coordinate axes, which define the horizontal and vertical polarization 

directions. S2 is a relative measure of beam polarization at 45° and 135°and can be thought of as 

sampling the major and minor axis of the beam polarization ellipse. S3 measures the helicity or 

'handedness' of the light due to the 90° phase shift introduced by the quarter waveplate. For the 

measurements of S0, S1, S2 a polarizer is inserted into the path of the optical system and the beam 

intensity is measured by rotating the transmission axis of the polarizer to 0°, 45°, 90° and 135°. 

The measurement of S3 requires insertion of a quarter wave-plate in front of the polarizer with the 

fast axis oriented horizontally to provide a relative phase shift of π/2  or 90° between the 

orthogonal field polarization components.  

5.4 Modeling of beam intensity distribution with Schwinger's Equations  

The SR beam polarization state depends on the amplitude and the relative phase shift between 

the electric field components 𝐸𝑥 and𝐸𝑦. As discussed in Chapter 3, the theoretical amplitudes for 

𝐸𝑥  and 𝐸𝑦  can be calculated using Schwinger’s equations for beam intensity as a function of 

vertical observation angle for a given SR radiation frequency. Schwinger's formulas for the 

single-particle intensity distributions with horizontal polarization 𝜎  mode and vertical 

polarization 𝜋 mode from a dipole magnet were shown to be [81] 

𝐹𝜎 = (
3

2𝜋
)
3

(
𝜔

2𝜔𝑐
)
2
(1 + 𝛾2𝜓2)2𝐾2

3

2 (
𝜔

2𝜔𝑐
(1 + 𝛾2𝜓2)

3

2)                              (5.12𝑎)     

𝐹𝜋 = (
3

2𝜋
)
3

(
𝜔

2𝜔𝑐
)
2

𝛾2𝜓2(1 + 𝛾2𝜓2)2𝐾1
3

2 (
𝜔

2𝜔𝑐

(1 + 𝛾2𝜓2)
3
2)               (5.13b) 

Here ω = 2𝜋𝑓 is the angular frequency of the SR, 𝜓 is the vertical observation angle, 𝛾 is the 

relativistic Lorentz factor for the radiating charges and 𝜔𝑐  is the “critical frequency” 

characteristic of the radiation power spectrum. 𝐾1/3
2  and 𝐾2/3

2  are modified Bessel functions. By 

inspection 𝐹𝜎 is finite at the orbit mid-plane and 𝐹𝜋 has a null at the mid-plane, where 𝛾𝜓 = 0. 

The functional arguments 𝜔/𝜔𝑐and 𝛾𝜓 are normalized so the equations for SR emission are valid 

over a range different magnetic fields and charged particle beam energy.  

For visible light, it is of interest to experimentally validate these expressions in the regime 

where ω ≪ 𝜔𝑐 by comparing with measured results. The key parameters for measurements made 

at the SPEAR3 diagnostic beam line are defined in Table 5.1.  
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Table 5.1: SPEAR3 diagnostic beam line parameters at 3 GeV  

Parameter Value 

Observation wavelength  532 nm 

Observation angle  (𝜓)     -3.5 to +3.5 mrad 

Lorentz factor (𝛾)               5860.8 

Critical Energy (ℎ𝜈𝑐, 𝜔 𝜔𝑐⁄ )               7.6 keV, 3x10
-4

 

       

Using Equations (5.12) and (5.13), the theoretical intensity profiles for the σ-mode and π-

mode components are plotted in Figure 5.5 for three different visible-light wavelengths. Since the 

SR beam emission pattern behaves as though 'diffracted' at the source, shorter wavelengths have a 

narrower opening angle. In each case the theoretical maximum for the σ mode intensity is about 3 

times larger than the π mode component.  

5.5 Extraction mirror influence on the electric field polarization 

A schematic of the diagnostic beam line extraction mirror is shown in Figure 5.6. After 

passing through the physical apertures and past the cold finger, long-wavelength SR light is 

incident on a flat, Rhodium-coated pickoff mirror located 9.63 m from source. Due to geometric 

constraints, the incidence angle is 81° relative to the normal. Any X-ray components reflected by 

the mirror are absorbed by the SiO2 vacuum windows leaving only UV/visible/IR components for 

beam diagnostics. After the Rh mirror, the SR beam is directed to the experimental station by a 

 

Figure 5.5: Theoretical σ and π mode angular beam intensity distribution at λ=430nm, 532nm 

and 650 nm (Blue-σ mode, red- π mode). 
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pair of flat aluminum mirrors each oriented 6.25° to the normal. The Al mirrors are enclosed in a 

lead-lined box to shield any residual X-rays and align the SR beam on the optical bench [82]. 

 

As stated in Section 5.2, the beam polarization state depends on the field amplitude and 

relative phase between the two orthogonal components [86]. Any influence on the field amplitude 

or relative phase will result in a variation of the beam polarization state. Therefore, the SR beam 

polarization will be changed after reflection from the extraction mirror surface due to field 

amplitude attenuation and phase shifts. As described by Figure 5.6, the visible SR beam is 

reflected onto the optical bench by the thin film rhodium-coated mirror and a pair aluminum 

mirrors. The main extraction mirror was manufactured with 600Å Rhodium deposited on a 50Å 

chromium adhesive layer on a monolithic Si block [82]. As a result, the refractive index 𝑛𝑟and 

extinction index 𝑘𝑖 exhibit ‘thin film’ properties as found in reference [83]. The corresponding 

reflection coefficients for 3 wavelengths listed in Table 5.1 were calculated using Fresnel’s laws 

for reflection at a metallic surface (see Appendix B.1) using the complex index of refraction 

𝑛 = 𝑛𝑟 + 𝑖𝑘𝑖 for the thin rhodium film. Appendix B.2 shows the equivalent calculation for a bulk 

Rh-coated mirror which was found to be incorrect. 

 

 

Figure 5.6: Reflection from the rhodium-coated SR beam extraction mirror. Both the σ-

mode and the π -mode are attenuated and undergo phase shift at the mirror surface.  

 

Figure 5.7: Electric field phase shift at the thin-film Rh beam extraction mirror. Black arrows 

are the original phase, red arrows are phase difference after reflection from the mirror 

surface. (Left-above the middle plane, right-below the middle plane). 
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The shallow-incidence reflection angle 81° to the normal in combination with the thin-film 

Rh mirror surface properties results in ~75% power loss in the horizontal field polarization 

component (𝜎-mode radiation). As shown in Appendix B.3, 81° incidence angle is near the 

minimum of the power transmission curve for the -wave (σ -mode) polarization component. For 

532nm wavelength, the phase shift induced by the thin film Rh mirror is shown in Figure 5.7 and 

Table 5.2 for both the σ  -mode and π  -mode polarizations. The almost normal-incidence Al 

mirrors have only a small effect on beam polarization state, as shown in Table 5.3. 

 

Table 5.2: Reflection properties for a thin film Rh-coated Mirror [83, 84]  

 

 

 

 

 

 

 

 

 

 

 

 

 

Parameter Value 

Wavelength (nm) 430 532 650 

Refractive index (nr)  2.30 2.63 2.94 

Extinction index (ki)  3.01 3.31 3.65 

Reflection coefficient 𝑟𝑠(π-mode) 0.95 0.957 0.96 

Reflection coefficient 𝑟𝑝 (σ-mode) 0.54 0.508 0.50 

Intensity ratio 𝐼𝑝/𝐼𝑠=(𝑟𝑝 𝑟𝑠⁄ )2 0.3231 0.2818 0.2713 

π mode phase shift ∆∅𝑆, deg -176.24° -176.73° -177.04° 

σ mode  phase shift ∆∅𝑃, deg 125.60° 119.56° 112.08° 

Phase difference ∆∅𝑆−𝑃, deg           

(a=above midplane, b=below)                            

a=148.16° 

b=328.16° 

a=153.71° 

b=333.71° 

a=160.88° 

b=340.88° 
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Table 5.3: Reflection properties for aluminum mirrors [84,85,88] 

5.6 Measurement procedure and results 

Since both Schwinger's equations and the Stokes parameter formalism require a well-defined 

set of polarization axes, the first step in the experimental procedure was to align the axis of the 

beam polarizer with the 𝜎 -mode and π -mode radiation components. The criteria for this 

adjustment was to identify polarizer angles which 'balanced' the 𝜎-mode and π-mode intensity 

profiles above and below the accelerator mid-plane. The alignment process was complicated by a 

combination of beam loss and phase shift at the Rhodium mirror, vertical alignment of the cold 

finger, SR beam steering, and edge diffraction from beamline apertures.  

5.6.1 Beam intensity scanning results 

The continuous-scan data acquisition system described in Chapter 4 was used to control the 

polarizer rotation angle and vertical elevation angle of the intensity monitor. For each vertical 

elevation scan, a stepper motor moved the detector system while the control system 

synchronously recorded the beam intensity for a given polarizer angle. The ability to acquire the 

position/polarization mesh scan in continuous scan mode is important because each mesh scan 

contains about 90,000 data points and requires ~9 hr for the measurement. The ability to acquire 

many data points on a dense grid is important because the incident beam contains steep intensity 

gradients and complex edge diffraction components.  

Parameter Value 

Wavelength (nm) 430 532 650 

Refractive index (nr)  0.55 0.9 1.34 

Extinction index (ki)  5.07 6.21 7.47 

Reflection coefficient 𝑟𝑠(π mode) 0.96 0.96 0.95 

Reflection coefficient 𝑟𝑝 (σ mode) 0.96 0.96 0.95 

Intensity ratio 𝐼𝑝/𝐼𝑠=(𝑟𝑝 𝑟𝑠⁄ )2 1.00 1.00 1.00 

π mode phase shift ∆∅𝑆  -158.14° -162.26° -165.38° 

σ mode  phase shift ∆∅𝑃 22.22° 18.05° 14.88° 

Phase difference ∆∅𝑆−𝑃,                            

(a-above, b-below)  

a=179.64° 

b=359.64° 

a=179.69° 

b=359.69° 

a=179.74° 

b=359.74° 
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Figure 5.8: 430nm elevation angle-polarizer-angle mesh scan. The polarizer was rotated from 

0° to 180° in 0.5° step increments and the vertical elevation angle scanned from -3.5mrad to 

3.5mrad with 0.028 mrad increments.  

 

 

Figure 5.9: 532nm mesh scan with same conditions as Figure 5.8. 
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For these measurement, each vertical profile scan covered 125 mm and contained 250 data 

points requiring 75 seconds to scan. The equivalent vertical observation angle was ±3.5 mrad 

measured at 0.028 mrad increments. For the full mesh scan the polarizer was rotated from 0° to 

180° in 0.5° increments. Figure 5.8 shows the result of a complete mesh scan measured at λ=430 

nm wavelength. The angular beam intensity profile corresponding to Schwinger's theory and 

shadow of the cold finder are clearly visible along the vertical elevation axis, and the attenuating 

effect of the polarizer rotation is seen along the 'polarizer angle' axis.  As shown in Figures 5.9 

and 5.10, at longer wavelengths (λ =532 nm and λ =650 nm) edge diffraction from the upper and 

lower beam line apertures and cold finder are more pronounced.  

5.6.2 Comparison of measured beam intensity with model 

Vertical elevation scans with the polarizer oriented at 0° and 90° were extracted from the 

intensity mesh data presented in the previous Section. The 0° and 90° scan data was then 

compared with the model calculated from Schwinger's Equations 5.12 and 5.13 [87]. In Figure 

5.11, data from the mesh plot in Figure 5.8 (blue) is compared with the theoretical values (red 

dash) for λ=430 nm wavelength. In terms of the beam profile width, the measured data is in good 

agreement with the theoretical calculations for both σ -mode and π-mode field polarizations. For 

λ=532nm and 650nm, the same result is shown in Figures 5.12 and 5.13 demonstrating accurate 

scaling of the theory with wavelength.  The cold finger shadow and edge diffraction effects that 

are seen in the measured data increase at the top and bottom beamline apertures for longer 

wavelengths that have SR larger opening angles and naturally stronger diffraction. 

 

Figure 5.10: 650nm mesh scan with same conditions as Figure 5.8. 

Note that diffraction fringes become increasingly visible for longer wavelengths. 
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In all three plots, the solid red curves represent the theoretical values scaled in magnitude to 

match the measurements. The scaling was carried out by first adjusting an overall numerical 

factor to make the theoretical π-mode calculations agree with the measured π-mode intensity. 

The theoretical σ-mode curve was then further scaled to agree with the measured σ-mode data. 

This second scaling required an additional reduction of about a factor of 3 in the theoretical σ-

mode intensity. As discussed above and seen in Appendix B.3, the additional loss of σ-mode 

beam intensity is the result of the shallow incidence angle on the thin-film rhodium beam 

extraction mirror. The measured results agree well with Fresnel reflectivity calculations taking 

into account the complex index of refraction for the thin-film rhodium mirror surface.  In the 

beam line design phase, bulk rhodium factors were used for index of refraction leading to an 

over-estimate of the mirror reflectivity for the σ-mode radiation. The calculated ratio between σ -

mode and π -mode reflectivity agrees well with the measured data indicating the thin-film 

rhodium surface model for the beam extraction mirror is correct. 

 
Figure 5.11: 430nm 𝜎 and π mode beam intensity distribution from model and measurement. 

Blue=Measured, solid red=model with mirror attenuation, red dash=source point. 
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5.6.3 Determination of Stokes' Parameters 

Vertical profiles for the first two Stokes' parameters S0 and S1 were calculated from the 

measured beam intensities 𝐸𝑜𝑥
2  (σ -mode) and 𝐸𝑜𝑦

2  (π -mode) reported above. The raw data 

collected using a 532nm filter, the theoretical profile at the SR source and scaled theoretical 

values taking into account field attenuation at the Rh mirror are plotted in Fig. 5.14 and 5.15. 

 

Figure 5.12: 532nm 𝜎 and π mode beam intensity distribution from model and measurement. 

Blue=Measured, solid red=model with mirror attenuation, red dash=source point. 

 

Figure 5.13: 650nm 𝜎 and π mode beam intensity distribution from model and measurement. 

Blue=Measured, solid red=model with mirror attenuation, red dash=source point. 
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Next, in order to evaluate S2, vertical scan data was extracted from the mesh scan when the 

field polarizer was oriented at 45° and 135°. Figure 5.16 shows measured result in blue. From the 

raw data it is clear that the 45° polarizer orientation nearly extinguishes the light for positive 

vertical observation angles (above the mid-plane) and transmits most of the light at negative 

observation angles (below the mid-plane). The result is opposite when the polarizer is oriented at 

135°. These measurements give a clear indication the SR light has near-linear polarization with 

the ellipse polarization axes oriented along lines at 45° and 135°. The theoretical profiles 

evaluated at the SR source point (red dashed curve in Figure 5.16) were calculated using 

Schwinger's equations taking into account the field polarizer and no effect from the rhodium 

mirror. In this case the natural phase angle for SR emission is 𝛿 =90°.  

 

Figure 5.14: Stokes' parameter 𝑆0  plotted as a function of vertical observation angle. 

Blue=Measured, solid red=model with mirror attenuation, red dash=source point. 

 

 

Figure 5.15: Stokes' parameters S1 plotted as a function of vertical elevation. Blue=Measured, 

solid red=model with mirror attenuation, red dash=source point. 
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𝐼(45°) = 𝐸𝑜𝑥
2 + 𝐸𝑜𝑦

2 + 𝐸𝑜𝑥 𝐸𝑜𝑦 cos 𝛿                                           (5.13a) 

𝐼(135°) = 𝐸𝑜𝑥
2 + 𝐸𝑜𝑦

2 − 𝐸𝑜𝑥 𝐸𝑜𝑦 cos 𝛿                                        (5.13b) 

The model profiles with field attenuation and phase shift at the extraction mirror (solid red 

curve in Figure 5.16) were calculated with the field reflectivity factors reported in Table 5.2:  

0.508 for the σ-mode and 0.957 for the π-mode. The corresponding phase angles are 𝛿 =153.71° 

above the accelerator mid-plane and 333.71° below the mid-plane. The black curve in Figure 5.16 

was calculated using Equations 5.13a,b where in this case 𝐸𝑜𝑥 and 𝐸𝑜𝑦 were the theoretical values 

from Schwinger's equations and the relative phase 𝛿 was calculated from measured value shown 

in Fig. 5.17. It can be seen that by using the measured phase in the model the calculated black 

curve fits well to the measured blue curve.   

 

As demonstrated in Table 5.1, it is expected that the phase between the σ -mode and π -mode 

changes after reflection from the rhodium-coated mirror and the variation is constant as a 

function of vertical elevation angle. However, as seen in Figure 5.17, the phase variation derived 

using Eq. 5.11c shows the phase angle is approximately constant below the mid-plane and has a 

gradient above the mid-plane. The reason might be due to presence of the cold finger, distortion 

of the extraction mirror or thermal influence and needs to be further investigated. 

 

Figure 5.16: 𝐼(45°)  and 𝐼(135°)   beam intensity distribution. Blue=Measured, solid 

red=model with scalar phase, black=model with mirror phase, red dash=source point. 

𝐼45° 𝐼135° 
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Stokes' parameter S2 is plotted in Figure 5.18. In for these measurements data is extracted 

from the mesh plot for the field polarizer rotated 45
○
 and 135

○
 and taking the difference. 

Referring to Figure 5.16 we expect S2 to be positive for observation angles below the accelerator 

mid-plane and negative above the mid-plane due the near-linearity of the SR light and the 180
○ 

phase transition in vertical field polarization above and below the mid-plane. The four curves in 

Figure 5.18  represent the raw measured data, the calculated value for S2 using a constant phase 

shift at the at the beam extraction mirror, the calculated value using the spatially-varying phase 

reported in Figure 5.17 and finally the theoretical S2 value expected at the SR source point. The 

source point radiation has S2=0 because the relative phase is 𝛿 =±90
○ 

between 𝐸𝑥 and 𝐸𝑦 above 

and below the mid-plane, i.e., substituting into Equation 5.11(c), S2= 2𝐸𝑥𝑜𝐸𝑦𝑜 cos 𝛿 = 0 for all 

vertical observation angles. 

 

Figure 5.17: Phase difference ∆∅𝑆−𝑃 reflected from Rh-coated mirror. 
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In order to analyze polarization helicity, recall a quarter wave-plate will convert linearly 

polarized light into circular polarized light and vice versa. In our case the quarter wave-plate was 

inserted with fast axis aligned horizontal so the vertical π-mode light was delayed 90
○
. For the S3 

measurement a quarter wave-plate with fast axis horizontal was installed upstream of the 

polarizer and the measurement repeated. Following the prescription for measurement of S3 (Eq. 

5.11d) the polarizer was again oriented at 45
○
and 135

○
 and vertical scans of beam intensity 

recorded. Both the raw data and the calculated curves based on Schwinger's model are plotted in 

Fig. 5.19, again using the model phase angle of δ=153.71° (above middle plane) and 333.71° 

below the middle plane. The difference between the 45°and 135° data yields polarization helicity. 

As expected, the phase retarding effect of the QWP causes the polarization state to change 

from a near-linear condition (Fig. 5.16) to a more circular state (Fig. 5.19), i.e. the length of 

major and minor axes of the beam polarization ellipse are now more equal in magnitude and the 

relative phase between 𝐸𝑥 and 𝐸𝑦 is closer to 90°.  

 

Figure 5.18: Stokes' parameters S2 plotted as a function of vertical elevation. Blue=Measured, 

solid red=model with scalar phase, black=model with mirror phase, red dash=source point. 
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S3 indicates the handedness of the polarization ellipse, and is plotted in Fig. 20 as a function 

of vertical angle. We can see that S3>0 below the middle plane and S3<0 above the middle plane, 

which means that the beam is right-hand polarized polarization below the accelerator mid-plane 

and left hand polarized above the mid-plane. The handedness of polarization depends on the  

rotation of the endpoint of the field vector that describes the ellipse. For the convention adopted 

here, an observer looking at an incoming beam, right handed polarization occurs where the tip of 

the electric vector describes a circle in clockwise direction. 

 

 

Figure 5.19: 𝐼45°
𝑄𝑊𝑃

 and 𝐼135°
𝑄𝑊𝑃

 beam intensity distribution. Blue=Measured, solid red=model 

with scalar phase, black=model with mirror phase, red dash=source point. 

𝐼45°
𝑄𝑊𝑃

 𝐼135°
𝑄𝑊𝑃
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5.6.4 The SR beam polarization ellipse 

Using the theoretical expressions for SR field amplitudes and relative phase δ, we can now 

plot the SR beam polarization ellipse as a function of vertical elevation angle. The polarization 

state at different 7 vertical positions (0, ±1mrad, ±2mrad, ±3mrad) are plotted in Figure 5.21. The 

red-dash curves represent the ‘ideal’ beam polarization state at the source point where the field 

amplitudes are calculated before the rhodium mirror. The theoretical relative phase δ=90° so the 

polarization ellipses are upright. 

The blue solid lines are the measured results, which are significantly different from the source 

point because of the field amplitude attenuation and the phase shift when reflected from the 

rhodium extraction mirror. The solid red line represents the model polarization using the complex 

index of refraction for thin-film rhodium and the black line is the result when the measured 

relative phase after reflection from mirror surface is used. We can also see that the measured 

result, modeling with scalar phase and modeling with mirror phase variation all overlap well. 

By examination, it is found that the rotation angle of the polarization ellipses in Fig. 5.21 

decreases above the middle plane and increases below the middle plane. As seen in Fig. 5.22 the 

ellipse rotation angle increases from 0° at the middle plane (0 mrad) to about 60° below the mid-

plane, and decrease to about -60° above the mid-plane. This variation of rotation angle agrees 

well with the measurement result, the model with scalar phase, and the model with mirror phase. 

 

 

  

Figure 5.20: Stokes' parameters S3 plotted as a function of vertical angle. Blue=Measured, 

solid red=model with scalar phase, black=model with mirror phase, red dash=source point. 

 
 



 

79 
 

 

 
Figure 5.23 shows the variation of polarization ellipticity angle as a function of vertical 

observation angle. By comparing the red-dash curve (no mirror) with the solid blue and black 

curves (beam extraction mirror) it is clear the beam extraction mirror has a large impact on the 

ellipticity angle χ. The solid red curve is the result of using the theoretical value for phase shift of 

  

Figure 5.21: SR beam polarization ellipse as a function of vertical elevation angle. 

Blue=Measured, solid red=model with scalar phase, black=model with mirror phase, red 

dash=source point. 

 

  

Figure 5.22: Rotation angle of the polarization ellipse as a function of vertical observation 

angle. Blue=Measured, solid red=model with scalar phase, black=model with mirror phase, 

red dash=source point. 
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the fields at the thin-film Rhodium surface.  The blue curve is the measured data and the black 

curve is the model when the Schwinger field amplitudes are used with the measured phase shift. 

 

5.6.5 Poincaré sphere representation of Stokes beam polarization parameters  

In order to provide a graphical representation of the beam polarization state, the Stokes 

parameters aree plotted on a Poincaré sphere in this Section. The Stokes parameters described in 

Section 5.3 can alternatively be expressed in terms of the rotation angle 𝜓 and ellipticity 𝜒 of 

polarization ellipse as [79,80]. 

𝑆2 = 𝑆1 tan 2𝜓                                                                    (5.14) 

𝑆3 = 𝑆0 sin 2χ                                                                      (5.15) 

Furthermore, for a fully polarized beam, the relationship among the four Stokes' beam 

intensity parameters is 

𝑆0
2 = 𝑆1

2 + 𝑆2
2 + 𝑆3

2                                                              (5.16) 

Substituting Eqs. (5.14 and 5.15) into Eq. (5.16) results in the following expressions for the 

Stokes parameters in terms of total beam intensity S0, the rotation angle 𝜓 and ellipticity 𝜒 for the 

beam polarization ellipse: 

𝑆1 = 𝑆0 cos 2𝜒 cos 2𝜓                                                       (5.17) 

𝑆2 = 𝑆0 cos 2𝜒 sin 2𝜓                                                       (5.18) 

𝑆3 = 𝑆0 sin 2𝜒                                                                     (5.19) 

  

Figure 5.23: Ellipticity angle of the polarization ellipse as a function of vertical observation 

angle. Blue=Measured, solid red=model with scalar phase, black=model with mirror phase, 

red dash=source point. 
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By analogy, it is well known that spherical coordinates r, θ, φ are related to the Cartesian 

coordinates x, y and z by  

x = r sin 𝜃 cos𝜙                                                                 (5.20) 

y = r sin 𝜃 sin𝜙                                                                 (5.21) 

z = r cos 𝜃                                                                            (5.22) 

The relations for 𝑆1, 𝑆2, 𝑆3 are mathematically identical to the relations for x, y, z under the 

angular transformations 

θ = 90° − 2χ                                                                      (5.23) 

𝜙 = 2𝜓                                                                                (5.24) 

As a result, the polarization state of beam can be expressed in terms of the beam polarization 

ellipse parameters 𝜓 and 𝜒 and then plotted on the Poincaré sphere shown in Fig. 5.24.  The 

radiation is linear polarized when the vector [S1, S2, S3] lies on the equator (S3=0), and becomes 

circularly polarized when vector points to either of the two poles (S1=0, S2=0). 

 

Using the Poincaré sphere representation, measurements for the polarization state of the 532 

nm SR beam component and the corresponding model are plotted in Fig. 5.25. The figure shows 

the trajectory of the beam polarization state as a function of vertical observation angle in two 

different views. The blue line is the beam polarization state before the rhodium-coated extraction 

mirror. In this case the SR beam is linear polarized at the accelerator mid-plane corresponding to 

a point on the equatorial plane of the Poincaré sphere. Above the mid-plane, the SR polarization 

changes from pure linear polarization to elliptical with right-hand helicity. The polarization is 

 

Figure 5.24: Field polarization state plotted on the Poincaré sphere. For SR, point 'p' on the 

surface of sphere is fully polarized, 𝜓  and χ  are the rotation angle and ellipticity of 

polarization ellipse. 
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changes left-hand elliptical below the mid-plane. The reason for the change between right-hand 

and left-hand helicity is the 180° phase shift of the π-mode radiation at the accelerator mid-plane. 

Before the rhodium beam extraction mirror, the beam polarization ellipse rotation angle 𝜓 is 

always zero due to the phase difference of 90° between the σ-mode and π-mode radiation. 

The red line shows the model beam polarization state using the theoretical value of refraction 

index for the thin-film Rhodium mirror. The green line is the measured result, and finally the pink 

line is the model when the calculated value is used for the phase shift between 𝐸𝑥  and 𝐸𝑦  is 

extracted from measurements of S2. The shadow of the cold finger blocking the SR beam at the 

accelerator mid-plane, introduces a gap in the green and pink trajectories.  All along the green 

and pink curves the measured result agrees well with the model value when we use the measured 

phase. 

 

5.7 Conclusion 

In this chapter beam polarization data acquired using the automatic continuous-scan system 

was presented to show the vertical beam intensity profile as a function of the field polarizer 

rotation angle.  By inserting different bandpass filters, 'mesh scans' recording the intensity profile 

for each polarizer setting were measured at center wavelengths of 430 nm, 532 nm, and 650 nm. 

By analyzing the data at 0° and 90° polarizer angle, it was found that the measured σ-mode and 

 

Figure 5.25: Two views of a Poincaré sphere representation of 532 nm visible SR beam 

polarization state plotted for all vertical observation angles. The upper half of the sphere 

shows the beam polarization below the accelerator mid-plane and the lower half above the 

mid-plane. (Red=model, green=measured, magenta=model with measured phase shift, 

blue=SR source) 
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π-mode beam intensity profiles agree well Schwinger’s theory in terms of SR emission opening 

angle. This result indicates that Schwinger’s classical-field SR equations are valid in the visible 

portion of the spectrum well below the critical frequency and that the measurement system is 

reliable. Of interest for the SPEAR3 case, it was found that the σ-mode and π-mode field 

attenuation and the phase shift are changed due to the complex refraction index of the rhodium-

coated extraction mirror when the SR beam with an incidence angle of 81°.  

The electric field polarization state at the diagnostic station was described using the Stokes 

parameters formalism for the 532 nm measurements where diffraction effects are not too large 

and an optically matched quarter wave plate was available. It was found that the measured 

polarization state is significantly changed relative to the source point due to the influence of the 

in-vacuum Rh-coated beam extraction mirror. By applying Fresnel's equations for reflection at 

the metal mirror to the theoretical SR intensity profile, agreement is found between measurement 

and model. By extracting the electric field properties from the Stokes' parameters, the beam 

polarization parameters S0-S3 were plotted as a function of vertical observation angle. Finally the 

normalized Stokes' parameters were plotted on the Poincaré sphere to graphically illustrate the 

evolution of the SR beam polarization state as observed off-axis.  

These results should benefit scientists who are interested in the SR beam polarization and 

visible SR beam diagnostic technology, in particular those who want to perform similar beam 

characterization experiments at other synchrotron light sources. Specifically it is demonstrated 

that the analysis requires special attention for the beam extraction mirror. The understanding of 

the beam polarization profile also benefits measurement of the transverse electron beam size 

using a two-slit stellar interferometer as discussed in Chapter 6.  
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Chapter 6:  Double-slit interferometer beam size measurements 

6.1 Introduction 

At the SPEAR3 diagnostic beamline, synchrotron radiation is produced when electrons pass 

through the homogeneous field of a dipole bending magnet. At a fixed position along the curved 

trajectory, the electron beam in the storage ring can be taken as an SR source point, including any 

depth of field effect along the trajectory. The SR light emitted from each electron has different, 

random phase photons so the light is considered temporally incoherent for wavelengths shorter 

than the bunch length. The distance from the source point to the experimental bench is about 16.5 

m, which is much greater than electron beam cross-section, about 120μm×20μm in the horizontal 

and vertical directions. As demonstrated in the last Chapters, the visible SR beam at the 

experimental bench has an opening angle of a few milli-radian. Because of the small source size 

the light is partially coherent in the transverse plane and can therefore make interference fringes. 

 

It’s important to note that the term 'coherence' for a radiation beam can be defined in both the 

longitudinal direction of light propagation and in the transverse direction. As shown in Fig. 6.1, 

longitudinal or 'temporal' coherence can be measured with a classical amplitude splitting 

'Michelson interferometer'. Michelson's amplitude-splitting interferometer was used to 

demonstrate the absence of an 'ether' that could guide the propagation of electromagnetic waves. 

When light has longitudinal coherence the wavefronts arrive in a regular, correlated pattern in 

time similar to laser light.  

  
Figure 6.1: Graphical representation of transverse and longitudinal coherence measurements 

for a classical radiating source [89]. 
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Transverse or 'spatial' coherence relates to the physical property that the light is correlated at 

two different points in space. Michelson's double-slit or 'wavefront-splitting' interferometer can 

be used to interfere light from two different points in space to measure spatial coherence. In 

general, light or waves of any kind have a 'degree of coherence' in both the longitudinal and 

transverse directions. 

The degree of spatial coherence can be measured directly using a double-slit interferometer. 

Moreover, from analysis of the contrast in the interference fringe pattern, the size of the source 

can be measured for incoherent light. This is known as the Van Cittert-Zernike theorem [90-92] 

which applies to temporally incoherent light in the far field (a 'thermal' source). The Van Cittert-

Zernike theorem states that under monochromatic light conditions fringe contrast measured with 

a double-slit interferometer as a function of slit separation (spatial frequency) is the Fourier 

transform of the incoherent intensity distribution at the source.  

This Chapter first provides a theoretical framework for the Van Cittert-Zernike theorem to 

demonstrate the Fourier transform nature of a double-slit stellar interferometer operating in the 

far-field regime. Horizontal and vertical double-slit interferometer systems were prepared to 

measure the spatial coherence of the visible SR beam in horizontal and vertical direction, and we 

present the method for fast vertical and horizontal electron beam size analysis for a Gaussian 

source. A new technique, axial rotation of the interferometer slits about the beam propagation 

axis is shown to yield the transverse electron beam profile and the corresponding beam coherence 

ellipse in reciprocal space. As an application to machine tuning, the vertical interferometer is 

used along with an automatic optimization program to control vertical beam size. For these 

measurements a pinhole camera was used in parallel as a background measurement to observe the 

electron beam size at a separate location. 

6.2 Theoretical framework for the double-slit interferometer 

Analysis of the fringe pattern from a double-slit interferometer in the far field of an 

incoherent radiating source is often based on the Van Cittert-Zernike theorem. In essence, the 

theorem states that under proper paraxial and monochromatic light conditions the fringe contrast 

evaluated as a function of spatial frequency defined by the slits is the Fourier transform (FT) of 

the incoherent intensity distribution of the source. In practice, by measuring the fringe contrast ′γ′ 

as a function of slit separation one can deduce the source profile by performing an inverse Fourier 

Transform of the measured data. The result is similar to Michelson's stellar interferometer 

constructed to measure the angular diameter of α-Orionis as described in reference [93]. 

The application of a double-slit interferometer to measure the electron beam size using 

visible-light synchrotron radiation opened the door to high-resolution measurements in charged 

particle accelerators [94-96]. The double-slit interferometer has since been used at light sources 



 

86 
 

all over the world including both storage rings and free-electron lasers [97-104]. In the next 

sections we first present a simple derivation of Fraunhofer diffraction of an ideal plane wave 

through single and double slits followed by a derivation of the Van Cittert-Zernike theorem. The 

Van Cittert-Zernike derivation highlights the FT relation between the source size and fringe 

contrast of the interference pattern. Experimental measurements and analysis of the partially 

coherent beam interference contrast are presented.  

6.2.1 Single-slit Fraunhofer diffraction 

 

Fraunhofer diffraction is defined as a far-field approximation for a diffracted wave when the 

emitting source and observation screen are both far from the aperture producing the diffraction 

phenomena. The 'linear phase' approximation is mathematically more simple than the 'quadradic 

phase' approximation for Fresnel diffraction and leads to a Fourier Transform interpretation of the 

interference pattern in terms of plane waves. 

For single-slit Fraunhofer diffraction, as seen in Fig. 6.2, assume for simplicity the square slit 

is in a one-dimensional 𝑦′  plane, with the origin at the slit center. The diffracting screen is 

illuminated by a single monochromatic plane wave diffraction at the slit that propagates from left 

to right with wavelength 𝜆 . The amplitude of the plane wave is 𝐸0 , and the diffraction 

phenomenon is observed in the plane 𝑦 to the right. The diffracted wave field amplitude 𝐸(𝜃) can 

be derived from Fraunhofer diffraction theory by assuming at each point 𝑦′ in the aperture an 

infinitesimal spherical wave is re-radiated in the sense of Huygen's principle. Integrating over all 

these waves yields the field pattern at the observation screen. 

To calculate the diffracted field, the integral becomes 

 

Figure 6.2 Single slit Fraunhofer diffraction pattern demonstrating 'sinc' nature of the field 

patter when a wave diffracts through a square aperture [105]. 

 

θ 
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𝜋𝑎𝑙
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                                            (6.1) 

Note that 𝑙 in Eq. (6.2) is the direction cosine for point 𝑦 respect to the slit center, and can be 

written as 

𝑙 =
𝑦

√𝐷2 + 𝑦2
= sin 𝜃                                                          (6.2) 

For D≫y, sin 𝜃 is a small value, so 𝑙 ≈ 𝜃. 

Replacing 𝑙 in Eq. (6.1) with 𝜃, the field amplitude 𝐸(θ) at position 𝑦 on the observation screen 

becomes  

𝐸(𝜃) = 𝐸0

sin
𝜋𝑎𝜃
𝜆

𝜋𝑎𝜃
𝜆

= 𝐸0𝑠𝑖𝑛𝑐(
𝜋𝑎𝜃

𝜆
 )                                         (6.3) 

At optical frequencies the diffracted signal observed at the observation screen is beam intensity,  

                            

In general, when the electric field in the diffracting aperture is expressed as a linear 

combination or 'spectrum' of monochromatic plane waves arriving at different angles with 

arbitrary amplitude and phase, the diffracted signal is the Fourier transform of the electric field in 

the aperture [105-107]. 

 

 

 

 

 

 

 

 

  𝐼 = 𝐸(𝜃) ∙ 𝐸(𝜃)∗ = 𝐸0
2𝑠𝑖𝑛𝑐2(

𝜋𝑎𝜃

𝜆
 )                                                     (6.4) 
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6.2.2 Double-slit interference  

 

For the double-slit case there is now interference between the two slits as seen in Fig.6.3. 

Assume the double slit system is again in the 𝑦′ plane, and is illuminated by a monochromatic 

plane wave with wavelength 𝜆. The field amplitude along 𝑦′ direction is 𝐸0, and the interference 

pattern is observed in the 𝑦 plane. The amplitude 𝐸(𝜃) of the interference pattern on the screen 

can be derived in the same way as the single-slit case using the Fourier transform result of 

Fraunhofer diffraction theory:  

𝐸(𝜃) =
1

𝑎
∫ 𝐸0𝑒
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𝑑𝑦′                             (6.5) 

where 𝑙 =
𝑦

√𝐷2+𝑦2
= sin 𝜃 is again the directional cosine of point 𝑦 with respect to the center 

position between the two slits. Evaluating the integrals we have 

𝐸(𝜃) =
𝐸0

𝑎

1

−
2𝜋
𝜆

𝑖𝑙
𝑒−

2𝜋
𝜆

𝑖𝑙𝑦′

|
−
𝑑
2
−
𝑎
2

−
𝑑
2
+
𝑎
2
+

𝐸0

𝑎

1

−
2𝜋
𝜆

𝑖𝑙
𝑒−

2𝜋
𝜆

𝑖𝑙𝑦′

|
𝑑
2
−
𝑎
2

𝑑
2
+
𝑎
2
                           (6.6) 

𝐸(𝜃) =
𝐸0

𝑎

1

(−
2𝜋
𝜆

𝑖𝑙)
(−2𝑖 sin

𝜋𝑙𝑎

𝜆
) (𝑒

𝜋𝑖𝑙𝑑
𝜆 + 𝑒−

𝜋𝑖𝑙𝑑
𝜆 )                                   (6.7) 

 

 

 

Figure 6.3: Double slit interference produced from a plane wave. 𝐸0  is the incident field 

amplitude, d-the separation between two slits, a-slit width and D-the distance between slits 

and screen. Field intensity (square of the field amplitude) at the screen shows the 

characteristic sinc
2
 envelop function and the (1+cos 𝜃) interference pattern [105]. 
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According to the Euler equations 

𝑒𝑖𝛼 = cos 𝛼 + 𝑖 sin 𝛼                                                                       (6.8) 

𝑒−𝑖𝛼 = cos 𝛼 − 𝑖 sin 𝛼                                                                    (6.9) 

We can add Eq. (6.8) to Eq. (6.9) to reveal the expression  

2 cos 𝛼 = 𝑒𝑖𝛼 + 𝑒−𝑖𝛼      .                                                                (6.10) 

Defining the quantity 𝛼 =
𝜋𝑙𝑑

𝜆
 yields 

2 cos
𝜋𝑙𝑑

𝜆
= 𝑒

𝑖
𝜋𝑙𝑑
𝜆 + 𝑒

−𝑖
𝜋𝑙𝑑
𝜆                                                               (6.11) 

Substituting Eq. (6.11) into Eq. (6.7), the field pattern 𝐸(𝜃) can be expressed as 

𝐸(𝜃) =
𝐸0

𝑎

1

𝜋𝑙
𝜆

sin
𝜋𝑙𝑎

𝜆
2 cos

𝜋𝑙𝑑

𝜆
                                                    (6.12) 

When D ≫ 𝑦, it is again possible to make a far-field approximation  𝑙 =
𝑦

√𝐷2+𝑦2
≈ sin 𝜃 ≈ θ so 

that 𝐸(𝜃) becomes 

𝐸(𝜃) = 2𝐸0

sin
𝜋𝑎𝜃

𝜆
𝜋𝑎𝜃

𝜆

cos
𝜋𝑑θ

𝜆
                                                      (6.13)   

Defining the quantity β =
𝜋𝑎𝜃

𝜆
, Eq. (6.13) can be written  

                     

where again the 𝑠𝑖𝑛𝑐 term is due to diffraction from the single slits and now the cosine term 

represents interference between the two slits. 

The field intensity as viewed on the screen can be expressed as  

𝐼(𝜃) = 𝐸(𝜃) ∙ 𝐸(𝜃)∗ = 4𝐸0
2𝑠𝑖𝑛𝑐2β cos2

𝜋𝑑θ

𝜆
                                   (6.15) 

To see the 'cosine' modulation of the interference pattern more clearly, we can use the double 

angle formula  

 cos2 𝜋𝑑θ

𝜆
=

1+cos
2𝜋𝑑𝜃

𝜆

2
                                                        (6.16) 

and finally Eq. (6.15) can be re-written to give an expression for the angular distribution of the 

intensity: 

𝐸(𝜃) = 2𝐸0

sin β

β
cos

𝜋𝑑θ

𝜆
= 2𝐸0𝑠𝑖𝑛𝑐β cos

𝜋𝑑θ

𝜆
                                    (6.14) 
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It is worth noting that the field pattern derived above is equivalent to the Fourier transform of 

the field in the double slit aperture. In the next section this result is extended to include the field 

from a distributed thermal source illuminating the double slits. 

6.2.3 Interference with an extended source - the Van-Cittert Zernike Theorem 

Now we examine the one-dimensional case where the double silt system is illuminated by an 

extended thermal source such as synchrotron radiation as shown in Fig. 6.4. The time averaged 

amplitude of the source distribution varies in the  𝑦𝑠 dimension to the left. Since the phase of 

each emitter at the j
th

 position 𝑦𝑗
𝑠 is random, the field at the two slits is temporally incoherent but 

can have a degree of spatial coherence. We also assume that the light is quasi-monochromatic 

with center frequency 𝜔𝑜 and a small bandwidth so that the phase of the field fluctuates randomly 

over time intervals much longer than the oscillation period 2𝜋 𝜔𝑜⁄ .  

 

Consider first a classical light wave emitted from point  𝑦𝑗
𝑠  that propagates through the two 

slits and calculate the field at position 𝑦 on the observation screen. We can define 𝐸1(𝑦𝑗
𝑠) and 

𝐸2(𝑦𝑗
𝑠) as the field components on the screen at point 𝑦 that are transmitted through slits 1 and 2, 

respectively. In the far field 𝐸1(𝑦𝑗
𝑠) and 𝐸2(𝑦𝑗

𝑠) have approximately the same amplitude 𝐸0(𝑦𝑗
𝑠) 

and as derived above the resulting field pattern on the observation screen is 2𝐸0𝑠𝑖𝑛𝑐
𝜋𝑎𝜃

𝜆
cos

𝜋𝑑θ

𝜆
.  

As before, the 𝑠𝑖𝑛𝑐  term comes from diffraction at the single slits and the interference term 

𝐼(𝜃) = 2𝐼0𝑠𝑖𝑛𝑐2β (1 + cos
2𝜋𝑑𝜃

𝜆
)                                      (6.17) 

 

 

Figure 6.4: Two slit intensity pattern from an extended source [108]. 𝑎 is the slit width，d is 

the separation between the two slits, R is the distance from the source to the two slits plane, D 

is the distance from the two slits plane to the image plane.  
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comes from the phase difference of the two fields traveling different path lengths from each of 

the slits.   

To calculate the interference pattern for an extended source we need to add up all the field 

contributions from source points 𝑦𝑗
𝑠  and square the result to arrive at intensity. Referring to Fig. 

6.4, the two fields 𝐸1(𝑦𝑗
𝑠) and 𝐸2(𝑦𝑗

𝑠) can be written as [108]: 

𝐸1(𝑦𝑗
𝑠) = E(𝑦𝑗

𝑠)𝑠𝑖𝑛𝑐α 𝑒𝑖{𝑘[𝑟1(𝑦𝑗
𝑠)+𝑑1(𝑦) ]−𝜔𝑜𝑡+φ(𝑦𝑗

𝑠)}                          (6.18) 

𝐸2(𝑦𝑗
𝑠) = E(𝑦𝑗

𝑠)𝑠𝑖𝑛𝑐α 𝑒𝑖{𝑘[𝑟2(𝑦𝑗
𝑠)+𝑑2(𝑦) ]−𝜔𝑜𝑡+φ(𝑦𝑗

𝑠)}                          (6.19) 

where α =
𝜋𝑎𝜃

𝜆
, k =

2𝜋

𝜆
 is the wave number, 𝜔𝑜  is the angular frequency of the light, and an 

arbitrary phase factor φ(𝑦𝑗
𝑠) is included for light emission at each different source point. The 

cumulative field at point 𝑦 on the screen is found by summing over the source point index, j. The 

total field at point 𝑦 on the screen is therefore 

𝐸𝑡𝑜𝑡𝑎𝑙(𝑦, 𝑑) = ∑[𝐸1(𝑦𝑗
𝑠) + 𝐸2(𝑦𝑗

𝑠)]

𝑗

                                     (6.20) 

Importantly, the total field depends on the source distribution, the wavelength, the distance 

from source to the slits, the slit separation, and the distance from the slits to the observation 

screen. In practice, factors that contribute to high spatial coherence are small source size, longer 

wavelength and small slit separation. For the Van-Cittert Zernike theorem we need to analyze the 

dependence of spatial coherence on the slit separation d. Referring again to Fig. 6.4, the total 

observed beam intensity at point y is 

𝐼𝑡𝑜𝑡𝑎𝑙(𝑦, 𝑑) = 𝐸𝑡𝑜𝑡𝑎𝑙(𝑦, 𝑑) ∙ E𝑡𝑜𝑡𝑎𝑙
∗ (𝑦, 𝑑)                                  (6.21) 

Substituting Eq. (6.20) into Eq. (6.21) gives the product of two summations 

𝐼𝑡𝑜𝑡𝑎𝑙(𝑦, 𝑑) = [∑[𝐸1(𝑦𝑗
𝑠) + 𝐸2(𝑦𝑗

𝑠)]

𝑗

] [∑[𝐸1(𝑦𝑚
𝑠 ) + 𝐸2(𝑦𝑚

𝑠 )]

𝑚

]

∗

       (6.22) 

where j and m are statistically independent summation indices. 

Multiplying the two sums in Eq. (6.22), 

𝐼𝑡𝑜𝑡𝑎𝑙(𝑦, 𝑑) = ∑[𝐸1(𝑦𝑗
𝑠)𝐸1(𝑦𝑚

𝑠 ) + 𝐸2(𝑦𝑗
𝑠)𝐸2(𝑦𝑚

𝑠 ) + 2𝑅𝑒𝐸1(𝑦𝑗
𝑠)𝐸2

∗(𝑦𝑚
𝑠 )]

𝑗,𝑚

  (6.23) 

Inserting the field expressions from Eq. (6.18) and Eq. (6.19) into Eq. (6.23), the total intensity at 

the screen can be written 
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𝐼𝑡𝑜𝑡𝑎𝑙(𝑦, 𝑑) = 𝑠𝑖𝑛𝑐2𝛼 ∑[|E(𝑦𝑗
𝑠)||E(𝑦𝑚

𝑠 )|𝑒𝑖𝑘[𝑟1(𝑦𝑗
𝑠)−𝑟1(𝑦𝑚

𝑠 )]𝑒𝑖[φ(𝑦𝑗
𝑠)−φ(𝑦𝑚

𝑠 )]

𝑗,𝑚

+ |E(𝑦𝑗
𝑠)||E(𝑦𝑚

𝑠 )|𝑒𝑖𝑘[𝑟2(𝑦𝑗
𝑠)−𝑟2(𝑦𝑚

𝑠 )]𝑒𝑖[φ(𝑦𝑗
𝑠)−φ(𝑦𝑚

𝑠 )]  

+ 2𝑅𝑒|E(𝑦𝑗
𝑠)||E(𝑦𝑚

𝑠 )|𝑒𝑖𝑘[𝑟1(𝑦𝑗
𝑠)−𝑟2(𝑦𝑚

𝑠 )]𝑒𝑖𝑘[𝑑1(𝑦)−𝑑2(𝑦)]𝑒𝑖[φ(𝑦𝑗
𝑠)−φ(𝑦𝑚

𝑠 )]]      (6.24) 

At this point one can take the time average of Eq. 6.24 to simulate the measurement. Since 

the SR source is temporally incoherent, the phase φ(𝑦𝑗
𝑠) of each photon emitted at the source is 

independent from point to point and over time. This assumption is appropriate for longitudinally 

incoherent thermal source emission such as light from a star or temporally incoherent synchrotron 

radiation but would be incorrect for a longitudinally coherence source such as a laser. By 

averaging over time, the phase terms in the exponential  𝑒𝑖[φ(𝑦𝑗
𝑠)−φ(𝑦𝑚

𝑠 )]
 average to zero except 

when j=m. Physically this means the photon emission from independent radiators (electrons) is 

uncorrelated.  Mathematically this condition can be described using the Kronecker delta-function 

leading to the expression  

 〈𝑒𝑖[φ(𝑦𝑗
𝑠)−φ(𝑦𝑚

𝑠 )]〉𝑡 = 𝛿𝑗,𝑚 = {
1     𝑗 = 𝑚
0     𝑗 ≠ 𝑚

     .                                  (6.25) 

Under the thermal source assumption, the time-averaged beam intensity at the observation 

screen 〈I𝑠𝑐𝑟𝑒𝑒𝑛(𝑦, 𝑑)〉𝑡 becomes  

〈𝐼𝑠𝑐𝑟𝑒𝑒𝑛(𝑦, 𝑑)〉𝑡 

= 𝑠𝑖𝑛𝑐2𝛼 ∑[|E(𝑦𝑗
𝑠)|

2
+ |E(𝑦𝑗

𝑠)|
2
+ 2𝑅𝑒|E(𝑦𝑗

𝑠)|
2
𝑒𝑖𝑘[𝑟1(𝑦𝑗

𝑠)−𝑟2(𝑦𝑗
𝑠)]𝑒𝑖𝑘[𝑑1(𝑦)−𝑑2(𝑦)]]

𝑗

  (6.26) 

To simplify the phase terms in the exponents we can make far-field approximations under the 

conditions 𝑅 ≫ 𝑑, 𝑅 ≫ 𝑦𝑠 and 𝐷 ≫ 𝑑 and 𝐷 ≫ 𝑦 

 

𝑟1(𝑦𝑗
𝑠) = √(

𝑑

2
− 𝑦𝑗

𝑠)2 + 𝑅2 ≅ 𝑅 [1 +
(
𝑑
2

− 𝑦𝑗
𝑠)

2

2𝑅2
+ ⋯]                    (6.27) 

𝑟2(𝑦𝑗
𝑠) = √(

𝑑

2
+ 𝑦𝑗

𝑠)2 + 𝑅2 ≅ 𝑅 [1 +
(
𝑑
2 + 𝑦𝑗

𝑠)
2

2𝑅2
+ ⋯]                      (6.28) 
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𝑑1(𝑦) = √(
𝑑

2
− 𝑦)

2

+ 𝐷2 ≅ 𝐷 [1 +
(
𝑑
2 − 𝑦)

2

2𝐷2
+ ⋯]                      (6.29) 

𝑑2(𝑦) = √(
𝑑

2
+ 𝑦)

2

+ 𝐷2 ≅ 𝐷 [1 +
(
𝑑
2 + 𝑦)

2

2𝐷2
+ ⋯]                      (6.30) 

Using these approximations to calculate the path length difference between a source point and 

slits and between the slits and a point on the observation screen we have   

𝑟1(𝑦𝑗
𝑠) − 𝑟2(𝑦𝑗

𝑠) ≅ −
𝑑𝑦𝑗

𝑠

𝑅
                                                         (6.31) 

𝑑1(𝑦) − 𝑑2(𝑦) ≅ −
𝑑𝑦

𝐷
                                                           (6.32) 

It is worth noting that both of these path length terms are linear in the variables representing the 

slit separation distance 'd' and the  radiating source points. In the derivation to follow we see that 

integration over the phase term 
𝑘𝑦𝑗

𝑠

𝑅
 forms the basis for interpreting the Van Cittert-Zernike 

theorem as a linear-phase Fourier transform relation. To see this more clearly, we can express the 

wavenumber 𝑘 as 2π/λ to write the linearized phase difference between the source and the slits as 

𝑘(𝑟1 − 𝑟2) = 2𝜋 (
𝑑

𝜆𝑅
)𝑦𝑗

𝑠 = 2𝜋𝑓𝑠𝑦𝑗
𝑠                                            (6.33) 

where the spatial frequency is defined as  𝑓𝑠 = (
𝑑

𝜆𝑅
). From the theory of Fourier transforms the 

two conjugate variables that appear in the Van Cittert-Zernike are 𝑓𝑠  and 𝑦𝑗
𝑠 . It is the Fourier 

transform of the source distribution function ∫ 𝐼(𝑦)𝑒−2𝜋𝑓𝑠𝑦𝑗
𝑠

𝑑(𝑦𝑗
𝑠) that gives rise to non-zero 

contrast in the interference pattern. 

To complete the derivation, we substitute the linearized phase terms from Eqs. (6.31) and Eq. 

(6.32) into the expression for the field interference intensity pattern evaluated at the screen   

〈𝐼𝑠𝑐𝑟𝑒𝑒𝑛(𝑦, 𝑑)〉𝑡 = 2𝑠𝑖𝑛𝑐2(𝛼) ∙ (∑𝐼(𝑦𝑗
𝑠)

𝑗

+  Re{𝑒−𝑖𝑘
𝑑𝑦
𝐷 ∑𝐼(𝑦𝑗

𝑠)

𝑗

𝑒−𝑖𝑘
𝑦𝑗

𝑠𝑑

𝑅 }  )       (6.34) 

where 〈∙∙∙〉𝑡 indicates time average. The Kronecker-delta relation was used to reduce the double 

summation to the sum over a single variable, j and the source intensity distribution is defined as 

𝐼(𝑦𝑗
𝑠) ≜ 𝐸(𝑦𝑗

𝑠)𝐸∗(𝑦𝑗
𝑠). 

Factoring out the total source intensity ∑ 𝐼(𝑦𝑗
𝑠)𝑗  gives the relation 
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〈𝐼𝑠𝑐𝑟𝑒𝑒𝑛(𝑦, 𝑑)〉𝑡 = 2𝑠𝑖𝑛𝑐2α ∙ ∑𝐼(𝑦𝑗
𝑠)

𝑗

∙ (1 + Re{
𝑒−𝑖𝑘

𝑑𝑦
𝐷 ∑ 𝐼(𝑦𝑗

𝑠)𝑗 𝑒−𝑖𝑘
𝑦𝑗

𝑠𝑑

𝑅

∑ 𝐼(𝑦𝑗
𝑠)𝑗

})       (6.35) 

To express the Van-Cittert Zernike theorem in integral form we pass to the limit of 

infinitesimal radiators across the continuous light source distribution. In this case Eq. (6.35) 

becomes  

〈𝐼𝑠𝑐𝑟𝑒𝑒𝑛(𝑦, 𝑑)〉𝑡 = 2𝐼0 ∙ 𝑠𝑖𝑛𝑐2α ∙ (1 + Re{
𝑒−𝑖𝑘𝑑

𝑦
𝐷 ∫ 𝐼(𝑦𝑠)

∞

−∞
𝑒−𝑖𝑘𝑑

𝑦𝑠

𝑅 𝑑𝑦𝑠

∫ 𝐼(𝑦𝑠)
∞

−∞
𝑑𝑦𝑠

})      (6.36) 

where 𝐼0 = ∫ 𝐼(𝑦𝑠)
∞

−∞
𝑑𝑦𝑠 is the total field intensity on each slit. 

The factor γ (
𝑑

𝜆𝑅
) appearing in Eq. (6.37).  

                         

Eq. (6.37) is referred to as the 'complex degree of coherence' and contains the spatial Fourier 

transform of the source distribution in the numerator. Re-writing Eq. 6.36 in terms of γ(𝑑), we 

have 

                         

which is the famous Van Cittert-Zernike theorem relating the incoherent source intensity to the 

interference fringe contrast from a double-slit aperture [107-108]. In the literature for particle 

accelerator applications, the complex degree of coherence is often written simply γ(𝑑) since the 

radiation wavelength and distance R from the source to slits is fixed. 

For the case γ(𝑑) = 1  (a perfect monochromatic plane wave), Eq. 6.38 becomes the 

expression for the double-slit interference pattern with full contrast from Section 6.2.2 above. 

When γ(𝑑) < 1 it is possible to measure the maximum and minimum values of the interference 

pattern experimentally at each value of slit separation to find γ(𝑑): 

γ(𝑑) =
𝐼𝑠𝑐𝑟𝑒𝑒𝑛 
𝑚𝑎𝑥 − 𝐼𝑠𝑐𝑟𝑒𝑒𝑛 

𝑚𝑖𝑛

𝐼𝑠𝑐𝑟𝑒𝑒𝑛 
𝑚𝑎𝑥 + 𝐼𝑠𝑐𝑟𝑒𝑒𝑛 

𝑚𝑖𝑛
                                                  (6.39) 

 From Eq. (6.37) we can form the inverse Fourier transform to solve for the intensity distribution: 

γ (
𝑑

𝜆𝑅
) =

∫ 𝐼(𝑦𝑠)
∞

−∞
𝑒−𝑖𝑘𝑑

𝑦𝑠

𝑅 𝑑𝑦𝑠

∫ 𝐼(𝑦𝑠)
∞

−∞
𝑑𝑦𝑠

                                                 (6.37) 

 

〈𝐼𝑠𝑐𝑟𝑒𝑒𝑛(𝑦, 𝑑)〉𝑡 = 2𝐼0𝑠𝑖𝑛𝑐2α (1 + Re {𝑒−𝑖𝑘𝑑
𝑦
𝐷 ∙ γ (

𝑑

𝜆𝑅
)})                      (6.38) 

 



 

95 
 

𝐼(𝑦𝑠) = ∫ 𝐼(𝑦𝑠)

∞

−∞

𝑑𝑦𝑠 ∙ ∫ γ (
𝑑

𝜆𝐷
)

∞

−∞

𝑒+𝑖𝑘𝑑
𝑦𝑠

𝑅 𝑑 (
𝑑

𝜆𝐷
)                         (6.40) 

This Fourier Transform relation is simplified below for the case of a Gaussian source distribution. 

In general, when the slit separation 𝑑 increases, the visibility γ(𝑑)  decreases, so the interference 

contrast tends to zero. When the separation of the two slits is small,𝑒−𝑖𝑘𝑑
𝑦𝑠

𝑅 ≅ 1 and the visibility 

γ(𝑑)  is close to 1, which indicates high visibility. 

6.2.4 Fourier transform of a Gaussian beam distribution 

It is known that the intensity distribution of the electron beam in a storage ring is Gaussian in 

all three dimensions under standard operating conditions. For the visible beam SR source, we can 

take a normalized Gaussian distribution as the model [109-110]  

                         

where σ is the RMS source size. 

From the Van Cittert-Zernike theorem the degree of coherence is the Fourier transform of the 

Gaussian distribution  

γ (
𝑑

𝜆𝑅
) = ∫ 𝐼(𝑦)

∞

−∞

𝑒−𝑖𝑘𝑑
𝑦
𝑅𝑑𝑦 =

1

√2𝜎2𝜋
∫ 𝑒

−
𝑦2

2𝜎2

∞

−∞

𝑒−𝑖𝑘𝑑
𝑦
𝑅𝑑𝑦                        (6.42) 

where 𝑑 is again the slit separation, R is the distance from the source to the slits, and the wave 

number of the radiation is k =
2𝜋

𝜆
. 

 To evaluate the Fourier transform of the Gaussian distribution requires complex analysis [110-

111]. Making the substitutions α =
1

2𝜎2 and  β =
𝑘𝑑

𝑅
 Eq.(6.42) becomes 

γ (
𝑑

𝜆𝑅
) = ∫ 𝐼(𝑦)

∞

−∞

𝑒−𝑖𝑘𝑑
𝑦
𝑅𝑑𝑦 = √

𝛼

𝜋
∫ 𝑒−(𝛼𝑦2+𝑖𝛽𝑦)𝑑𝑦

+∞

−∞

= √
𝛼

𝜋
∫ 𝑒

−[(√𝛼𝑦+
𝑖𝛽

2√𝛼
)
2

+
𝛽2

4𝛼
]
𝑑𝑦

+∞

−∞

= √
𝛼

𝜋
𝑒−

𝛽2

4𝛼 ∫ 𝑒
−(√𝛼𝑦+

𝑖𝛽

2√𝛼
)
2

𝑑𝑦
+∞

−∞

                                                                                                      (6.43) 

Now substitute 𝑢 = √𝛼𝑦 +
𝑖𝛽

2√𝛼
  so that 𝑑𝑢 = √𝛼𝑑𝑦 to re-write Eq. (6.43) as 

𝐼(𝑦) =
1

√2𝜎2𝜋
𝑒

−
𝑦2

2𝜎2                                                        (6.41) 
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∫ 𝐼(𝑦)

∞

−∞

𝑒−𝑖𝑘𝑑
𝑦
𝑅𝑑𝑥 = √

1

𝜋
𝑒−

𝛽2

4𝛼 ∫ 𝑒−𝑢2
+∞

−∞

𝑑𝑢                                         (6.44) 

To evaluate the integral of the Gaussian on the right, let 𝑆 = ∫ 𝑒−𝑚𝑢2+∞

−∞
𝑑𝑢, and consider the 

quantity  S2  

 S2 = ∫ 𝑒−𝑚𝑥2+∞

−∞
𝑑𝑥 ∫ 𝑒−𝑚𝑦2+∞

−∞
𝑑𝑦 = ∫ ∫ 𝑒−𝑚(𝑥2+𝑦2)𝑑𝑥𝑑𝑦

+∞

−∞

+∞

−∞
.           (6.45) 

Now make a change of variables to cylindrical coordinates by substituting 𝑥 = 𝑟 cos 𝜃 , 𝑦 =

𝑟 sin 𝜃  𝑎𝑛𝑑 𝑟2 = 𝑥2 + 𝑦2.  According to calculus theory 

 ∬𝑓(𝑥, 𝑦)𝑑𝑥𝑑𝑦 = ∫𝑓(𝑟 cos 𝜃 , 𝑟 sin 𝜃)𝐽(𝑟, 𝜃) 𝑑𝑟𝑑𝜃                        (6.46) 

where 𝐽(𝑟, 𝜃) = |

𝜕𝑥

𝜕𝑟

𝜕𝑥

𝜕𝜃
𝜕𝑦

𝜕𝑟

𝜕𝑦

𝜕𝜃

|  is the Jacobian matrix, so we have 𝑑𝑥𝑑𝑦 = 𝑟𝑑𝑟𝑑𝜃. 

Therefore Eq. (6.45) can be expressed as 

S2 = ∫ ∫ 𝑒−𝑚𝑟2
𝑟𝑑𝑟𝑑𝜃

∞

0

2𝜋

0

= 2𝜋 ∫ 𝑒−𝑚𝑟2
𝑟𝑑𝑟

∞

0

=
𝜋

𝑚
                        (6.47) 

Solving for S, 

                         

Integration of the normalized distribution with 𝑚 = 
1

2𝜎2 becomes 

∫ 𝐼(𝑥)
+∞

−∞

𝑑𝑥 =
1

√2𝜎2𝜋
∫ 𝑒

−
𝑥2

2𝜎2  
+∞

−∞

𝑑𝑥 = 1                                  (6.49) 

Using this value in Eq. (6.49) we have finally the result for the Fourier transform of the Gaussian 

function: 

∫ 𝐼(𝑥)

∞

−∞

𝑒−𝑖𝑘𝑑
𝑥
𝑅𝑑𝑥 = √

1

𝜋
𝑒−

𝛽2

4𝛼 ∫ 𝑒−𝑢2
+∞

−∞

𝑑𝑢 = 𝑒−
𝛽2

4𝛼                                 (6.50) 

Back-substituting the original variables α =
1

2𝜎2
, β =

𝑘𝑑

𝑅
 into Eq. (6.50), we can find the Fourier 

transform of the Gaussian beam distribution: 

∫ 𝐼(𝑥)

∞

−∞

𝑒−𝑖𝑘𝑑
𝑥
𝑅𝑑𝑥 = 𝑒

−
(𝑘𝑑𝜎)2

2𝑅2 = 𝑒
−
(2𝜋𝑑𝜎)2

2𝜆2𝑅2                                          (6.51) 

𝑆 = ∫ 𝑒−𝑚𝑢2
+∞

−∞

𝑑𝑢 = √
𝜋

𝑚
                                                     (6.48) 
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Finally substituting Eq. (6.49), and Eq. (6.51) into Eq. (6.37), the visibility for an incoherent 

Gaussian source becomes  

γ(𝑑) =
∫ 𝐼(𝑦𝑠)

∞

−∞
𝑒−𝑖𝑘𝑑

𝑦𝑠

𝑅 𝑑𝑦𝑠

∫ 𝐼(𝑦𝑠)
∞

−∞
𝑑𝑦𝑠

= ∫ 𝐼(𝑦𝑠)

∞

−∞

𝑒−𝑖𝑘𝑑
𝑦𝑠

𝑅 𝑑𝑦𝑠 = 𝑒
−
(2𝜋𝑑𝜎)2

2𝜆2𝑅2                  (6.52) 

 or 

                         

where again 𝑓𝑥 =
𝑑

𝜆𝐿
 (𝑚−1) is the spatial frequency. 

According to Eq. (6.53), a single fringe contrast measurement γ(𝑑) at a fixed slit separation d 

(spatial frequency 𝑓𝑥) can be made to calculate the electron beam source size 

𝜎 =
𝜆𝑅

𝜋𝑑
√

1

2
ln

1

γ(𝑑)
     or      𝜎 =

1

𝜋𝑓𝑥
√

1

2
ln

1

γ(𝑑)
                               (6.54) 

For a Gaussian beam, the interference contrast γ(𝑑) only needs to be experimentally measured 

for one slit separation to calculate the beam size [94-96].  

                      

to enable fast on-line beam size measurements with a fixed slit separation. Alternatively, by 

scanning the slit separation through a range of values the measured fringe contrast dependence 

can be numerically fit to a Gaussian profile yielding Eq. (6.56)  

𝛾(𝑓𝑥) = 𝑒
− 

𝑓𝑥
2

2𝜎𝛾
2
                                                                       (6.56)  

where 𝜎𝛾 is the RMS width of the fringe contrast curve. By comparing Eq. (6.56) with Eq. (6.53), 

a reciprocal relation between the rms value for the Gaussian source size and the width of the 

measured 'degree of coherence' curve [99] can be found  

                         

 

 

γ(𝑑) = 𝑒
−
(2𝜋𝑑𝜎)2

2𝜆2𝑅2 = 𝑒−2𝑓𝑥 
2𝜋2𝜎2

                                            (6.53) 

 

γ(𝑑) =
𝐼𝑚𝑎𝑥 − 𝐼𝑚𝑖𝑛

𝐼𝑚𝑎𝑥 + 𝐼𝑚𝑖𝑛
                                                                (6.55) 

 

𝜎𝛾
2 =

1

4𝜋2𝜎2
      or     𝜎𝛾𝜎 =

1

2𝜋
                                                    (6.57) 
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6.2.5 Van Cittert-Zernike theorem in two dimensions 

The Van Cittert-Zernike theorem states that for a monochromatic incoherent source the 

inverse Fourier transform of the spatial coherence function gives the intensity distribution of the 

source. It follows that by measuring the interference contrast in the observation plane as a 

function of slit separation, the source profile can be deduced.   

Replacing 𝐼(𝑦𝑠) with 𝐼(𝑥, 𝑦)  in Eq. (6.52), the two-dimensional Van Cittert-Zernike theorem 

can be written 

𝛾(𝑓𝑥, 𝑓𝑦) = ∬𝐼(𝑥, 𝑦)𝑒−𝑖2𝜋(𝑓𝑥𝑥+𝑓𝑦𝑦)𝑑𝑥𝑑𝑦                              (6.58) 

where the configuration space coordinates (x, y) and spatial frequencies (𝑓𝑥, 𝑓𝑦) are referenced to 

an x-y Cartesian axis system. An upright bi-Gaussian beam profile and the normalized degree of 

coherence can therefore be expressed as [99] 

𝐼(𝑥, 𝑦) = 𝐼𝑜𝑒
−(

𝑥2

2𝜎𝑥
2 + 

𝑦2

2𝜎𝑦
2)

                                                       (6.59) 

 𝛾(𝑓𝑥, 𝑓𝑦) = 𝛾𝑜𝑒
−(

𝑓𝑥
2

2𝜎𝛾,𝑥
2  + 

𝑓𝑦
2

2𝜎𝛾,𝑦
2 )

                                                (6.60) 

The expression in the exponent of Eq. 6.60 indicates the coherence function 𝛾(𝑓𝑥 , 𝑓𝑦) is a 

continuum of concentric ellipses in reciprical space conjugate to the incoherent source intensity 

profile. 

Experimentally it is possible to rotate the double-slit field discriminator to measure the SR 

beam coherence as a function of observation angle θ relative to the x-axis. The projected spatial 

frequencies are then 𝑓𝑥 =
𝑑

𝜆𝐿
𝑐𝑜𝑠𝜃 and  𝑓𝑦 =

𝑑

𝜆𝐿
𝑠𝑖𝑛𝜃. For a Gaussian beam profile Eq. 6.60, the 

coherence function becomes  

                         

This expression will be used below for analysis of interferometer measurements collected when 

the double-slit system is rotated about the beam axis. The resulting data leads to a recovery of the 

full transverse beam profile. 

𝛾(𝑓𝑥, 𝑓𝑦 , 𝜃) = 𝛾𝑜𝑒

−(
(
𝑑
𝜆𝐿

𝑐𝑜𝑠𝜃)
2

2𝜎𝛾,𝑥
2  +  

(
𝑑
𝜆𝐿

𝑠𝑖𝑛𝜃)
2

2𝜎𝛾,𝑦
2 )

                                   (6.61) 
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6.3 The SPEAR3 interferometer system 

In this section we describe the hardware and software components of the SPEAR3 

interferometer system. As described in previous Chapters, the visible SR beam has a relatively 

large opening angle so it is possible to use double-slits made out of high-density cardboard. 

Furthermore, since the SR beam is in the visible part of the spectrum, all optical components are 

commercially available. The most difficult part of the interferometer are (a) reducing physical 

vibrations, (b) tuning the beam polarizer to only allow horizontal polarization in the interference 

pattern, and (c) adjusting the optics to bring the interference pattern into focus. The analysis 

software also must be carefully designed to make accurate numerical fitting to the raw data. For 

the rotated slit-scan data, the Van-Cittert Zernike theorem can be used to calculate the beam 

profile from the inverse Fourier transform. With knowledge that the beam cross-section is 

Gaussian, the simplified approach described in Section 6.3.3 above can be used.  

6.3.1 Experimental configuration 

The double-slit interferometer at SPEAR3 was installed on the visible-light diagnostic 

beamline described in Chapter 2. Figure 6.5 shows a schematic of the beamline with the 

interferometer optics. Synchrotron radiation from a dipole magnet is reflected from the Rh-coated 

pick-off beam extraction mirror and then reflected by a pair of aluminum mirror to the optical 

bench. The detailed description of beamline optics and effect of the Rh-coated mirror on beam 

polarization was discussed in Chapter 5. The double slits are located 16.7m from the source point 

where they define two square spots of the visible SR beam which are then re-focused to produce 

an interference pattern by a reflective Herschelian telescope lens with focal length 1.2m. The 

reflective optics has low dispersion and makes a straightforward system design without blocking 

the visible SR beam. The alignment of the optics has to be careful to avoid measurement error 

from imbalanced beam intensity. The imbalance of beam intensity from two slits needs to be 

maintained less than about ±5% for a visibility error of less 1%. More methods for reducing the 

measurement error and making improvements to the interferometer are discussed in references 

[112-114].  
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For the final focus, a Takahashi eyepiece with 24mm focusing length was selected to magnify 

the interference pattern on the CCD camera. A Glan-Thompson polarizer inserted with 

transmission axis orientated along the horizontal axis selects the σ-mode component of the SR. 

For vertical beam size measurements, the π-polarization must be carefully filtered out of the 

interference pattern since it has ±90° phase difference relative to the horizontal field pattern. A 

532 nm bandpass filter with 5nm FWHM bandwidth was used to limit the input light wavelength, 

and a PointGrey FL2-08S2M CCD camera captured the interference image for display and 

analysis in Matlab. Both the double-slit mask and the CCD camera were mounted on rotatable 

stages to enable measurements at arbitrary axial angles around the beam axis. Figure 6.6 shows 

the interferometer hardware on the optical bench. Note that the two slits can be replaced with 

horizontal, vertical or rotated slits. The components of the interferometer are listed in Table 6.1.  

Table 6.1: Interferometer system components  

Components name Model/Parameters 

Double slits  2mm×2mm 

Parabolic focusing mirror 1.2m focusing length 

Flat reflective mirror Melles Griot 

Eyepiece 24mm Takahashi ML CE Lens 

Polarizer Glan-Thompson 

Filter 532nm±5nm 

CCD camera Point grey FL2-08S2M 

 

Figure 6.5: Schematic of the double slit interferometer system at SPEAR3 
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6.3.2 Software interface of the interferometer system  

The Matlab interface for interferometer data analysis is shown in Fig. 6.7. The nominal 

shutter time of CCD camera was set to 3 ms to minimize mechanical vibration effects, which can 

induce smear in the interference pattern and cause error to measurements. The CCD camera 

shutter time can be reduced to less than 1ms but the CCD signal-to-noise ratio decreases when the 

number of photons is small, which puts a lower limit the minimum shutter time.  

   The data analysis proceeds as follows. First, to estimate the center of the interference 

pattern along the horizontal axis, the raw image is summed vertically along rows and a Gaussian 

function fit is to the result. Next, 50 pixels in width are selected relative to the horizontal center 

along vertical axis with 25 pixels on each side. This vertical 'lineout' of the image is plotted in 

blue in the top plot. To make the final fitting, first a sinc-function is fit to the lineout as shown in 

green. A formula similar to Eq. 6.38 that includes horizontal and vertical offsets is then fit to the 

blue, raw data curve. In the example shown the pink fitted curve extends ±150 pixels on each side 

 

 

Figure 6.6: top: Optical component configuration for the visible light double-slit 

interferometer at SPEAR3. Bottom: Double slits from left to right are horizontal, vertical and 

rotatable. The vertical double slits are made from a combination of one long vertical slit 

covering two horizontal slits. 
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of the center. A nonlinear Levenberg-Marquardt function-fitting routine written in Matlab is used 

to make the final fit. The Matlab interface displays the fitting parameters (including fringe 

contrast) as well as the estimated beam size using Eq. 6.54. 

 

6.4 Experiment results  

In this section experimental results are presented for the double slit interferometer. To 

measure beam size in the horizontal direction, the slit separation was scanned from 8mm to 17.88 

mm using two manual translation stages with a measurement step size of about 0.5 mm. In the 

vertical direction, slit separation was adjusted from 25 mm to 85 mm with a step size of 5 mm 

using a set of discrete insertable masks. To characterize angular dependence, a 16.94 mm fixed-

separation double slit system was rotated from 0° to 180° degrees with a step size of 5 degrees. 

The value of 16.94 mm was chosen as a compromise between high fringe contrast in the vertical 

plane and low fringe contrast in the horizontal plane. 

 

 

 

 
Figure 6.7: Software analysis interface showing a typical interferogram observed with raw 

data in left bottom corner. 
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6.4.1 Horizontal and vertical slit scan 

The fringe contrast with the interferometer slits orientated in horizontal direction was first 

measured using the 532nm±5nm bandpass filter and σ-polarization of the SR beam. Figure 6.8 

shows examples interferograms captured with two different horizontal double-slit separations, 

and Fig. 6.9 shows two vertical double-slit images. In each case the visibility is clearly higher 

when the double slit separation is smaller because near the central axis of propagation the beam 

has a higher degree of spatial coherence. For the same slit separation of d=8mm, the vertical 

double-slit produces an interferogram with higher visibility because the vertical beam size at the 

source is about a factor 6 times smaller than the horizontal beam size. 

For the horizontal slit separation scan, the raw data points and fitted Gaussian curve are 

shown in Fig. 6.10. In terms of spatial frequency, the RMS width of the curve is 𝜎𝛾,𝑥=1328 𝑚−1 

(d=11.8 mm). The spatial frequency is related to the slit separation by 𝑓𝑥 =
𝑑

𝜆𝐷
. From Eq. (6.57) 

we infer an RMS beam size of about 𝜎𝑥=119.83 um. Taking into account the incoherent depth of 

field effect due to the electron beam trajectory on a circular path the actual beam size is about 118 

um [115]. 

 

                 

     (a) d=8mm                                                  (b) d=16.36mm 

Figure 6.8: Interferogram from two horizontal double-slit separations d. 

 

 

 

 

 

Figure 6.8: X- and y-direction fringe contrast. 
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Fringe contrast data measured along the vertical axis is also plotted in Fig. 6.10. In this case 

the curve is wider due to the low aspect ratio of the electron beam (𝜎𝑦 ≪ 𝜎𝑥). The rms width of 

the vertical contrast curve is 𝜎𝛾,𝑦 =8104 𝑚−1 (d=72 mm) yielding an RMS beam size of about 

𝜎𝑦=19.64um. This value is well below the diffraction limit 𝜎𝑑~80 um for direct visible SR 

imaging [116], and in this case there is no incoherent depth of field effect. Both the horizontal 

and vertical beam size measurements agree well with calculated values at the SR source.      

 

 

 

                

(a) d=8mm                                              (b) d=64mm 

Figure 6.9: Interferogram from two vertical double-slit separations d. 

 

 

 

 

Figure 6.10: Measurements of horizontal and vertical interference pattern fringe contrast as a 

function of spatial frequency. 
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6.4.2 Double slit rotation measurement  

In the last section the separation of the double-slits was changed to measure the horizontal 

and vertical beam size using the Van-Cittert Zernike theorem. When the source is an upright bi-

Gaussian distribution, this is an effective measurement. From pinhole camera measurements, 

however, the beam is often observed to be tilted due to coupling of the betatron functions and in 

the past the tilt was not observed with the interferometer technique. Discussions to use visible SR 

light at the diagnostic beam line for Coherent Diffraction Imaging experiments (CDI) and 

measurements made at the Advanced Photon Source [117] lead to the idea that the interferometer 

slits could be rotated to make 'tomographic slicing' measurements of the full transverse source 

profile [118]. Since that time, developments at ALBA demonstrated the important result that 

numerical fitting could also be used with the rotated-slit data to resolve very small beam sizes 

with large interference contrast and therefore noisy data [119-120]. These results promise to be an 

important development for characterization of diffraction limited storage ring light sources in the 

future. 

 

 

Figure 6.11: Contrast measured with double-slit rotation for 4 betatron coupling conditions. 

(Blue-rotation angle 0°, red-rotation angle 9°, black-rotation angle 16°, pink-27°) 
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For the system at SPEAR3, Figure 6.11 shows the variation in fringe contrast when the 

double slit system and CCD camera were rotated synchronously around the SR beam axis and the 

polarizer angle held fixed. In this case the slits were separated by 16.94 mm and placed in the 

lower half of the SR beam below the cold finger. The double slit separation was a compromise 

between RMS values of 𝜎𝛾,𝑥 at 1328 𝑚−1and 𝜎𝛾,𝑦 at 7991 𝑚−1 taken from measurements seen in 

Fig. 6.9.  

The four data sets plotted in Fig. 6.10 were measured by increasing betatron coupling leading 

to beam rotation angles of 𝜃0=0°, 9°, 16° and 27°. The RMS sizes as measured along the minor 

axis of the beam ellipse were determined to be 𝜎𝑚𝑖𝑛𝑜𝑟=20, 35, 53 and 69 um. The theoretical 

curves according to Eq. (6.61) are superimposed. Figure 6.12 illustrates plots of the 2-D RMS 

electron beam intensity profile derived from the fringe contrast data plotted in Fig. 6.11. The 

electron beam eigen-axes have been rotated by coupling of the betafunctions. 

6.4.3 Beam size control with RCDS   

As illustrated in reference [112], a significant advantage of the double slit interferometer lies 

the ability to measure beam size with high resolution. In order to take advance of this feature, an 

experiment was conducted to use the interferometer in an optimization loop and compare the 

resolution with the traditional X-ray pinhole camera. The goal was to reduce the vertical beam 

size to the minimum value of about 10 m using optimal control. The beam size reduction 

process is complicated, however, because it is a multi-variable, nonlinear optimization problem. 

Most optimization algorithms are not suitable for online applications because they are designed to 

 

Figure 6.12: RMS electron beam cross-section color coded for each of the beam conditions 

in Fig. 6.10. (Blue-rotation angle 0°, red-rotation angle 9°, black-rotation angle 16°, pink-

27°) 
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work with smooth mathematical models. Noise in the objective function can cause these 

algorithms to take incorrect steps and hence fail to approach the true optimum.  

An algorithm specifically designed for online applications, the Robust Conjugate Direction 

Search (RCDS), overcomes this difficulty [121]. In this section we demonstrate how RCDS can 

be used to control vertical beam size. Technically, the RCDS algorithm combines the power of 

Powell's conjugate direction method with a robust, noise-resistant line optimizer. The result is an 

optimization algorithm for noisy, on-line applications to control multi-variable, non-linear 

processes.  

The RCDS algorithm was initially demonstrated at SPEAR3 by minimizing the betatron 

coupling using 13 independent skew quadrupoles with the Touschek-dominated beam loss rate as 

the objective function [121]. Despite the relatively large noise component in the measurements, 

the algorithm found the optimal solution starting from all skew quadrupole fields set to zero.  

For the RCDS applications reported here, the objective function was vertical beam size as 

measured by the double-slit interferometer. The 13 skew-quads were again used to control x-y 

betatron coupling. Referring to Fig. 6.13, both the interferometer and an x-ray pinhole camera 

report online values of vertical beam size to the EPICS database. The measurement results from 

the X-ray pinhole camera were compared to the interferometer. The RCDS algorithm reads 

values measured by the interferometer and performs iterative optimization to control the vertical 

beam size. The updated skew-quad power supply setpoint values are reported back to EPICS and 

applied to the lattice magnets. 

 

 

Figure 6.13: Architecture for the RCDS optimization algorithm to control vertical beam size 

using the interferometer as an input parameter. 
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Figure 6.14 shows raw data when the RCDS reference value was set to 20um, 25um and 

35um as measured by the interferometer. The x-ray pinhole camera is taken as a comparison for 

measuring the electron beam size. For each new reference value, the skew quad power supplies 

were initially set to zero and the algorithm converged within a few minutes. The 'jumps' seen 

midway along each search correspond to less than optimal conditions as the RCDS algorithm 

explores the phase-space of skew quad eigenvector combinations. Comparisons were made using 

the individual skew quads as independent variables against 13 skew quad eigenvector patterns 

extracted from the Jacobian of the orbit response matrix with respect to each skew quad setting. 

For each run the eigenvector method converged more quickly because the eigenvectors are 

inherently more orthogonal than the individual skew quad supplies. 

Figure 6.15 shows the case where the RCDS reference was set to zero (minimum coupling). 

The red line underlying the data indicates conditions with minimum objective function value. 

Application of the corresponding skew quad power supply settings produced a minimum value of 

𝜎𝑦=9.5um as measured at the interferometer. Further tests using electron beam Touschek lifetime 

are planned to determine whether 𝜎𝑦=9.5um is the minimum resolution limit of the interferometer 

or the minimum achievable coupling value with only 13 skew quadrupoles.  

 

Figure 6.14: Vertical beam size reference set to 20um, 25um and 30um for the 

interferometer (blue) and resulting pinhole camera values (green). The two measurement 

methods have different measured results because 𝛽𝑦 at each source point is different. 
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6.5 Conclusion 

In this chapter we presented the application and analysis of a double-slit interferometer 

operating at the visible light diagnostic for SPEAR3.  A detailed derivation of the Van Cittert-

Zernike theorem was provided to demonstrate the origin of the Fourier transform relation 

between incoherent source distribution and fringe contrast evaluated as a function of spatial 

frequency. The interferometer system was constructed with a Herschelian reflective optics 

configuration. The reflective geometry with a commercial telescope eyepiece provides accurate, 

low aberration results. Base line measurements of the horizontal and vertical beam size agree well 

with the online accelerator model. A new measurement technique, rotation of the double-slit 

mask with respect to the beam axis, yields a modulated fringe contrast profile that can be used as 

a tomographic 'slicing' tool to extract the transverse electron beam intensity profile in agreement 

with theory. Finally, the interferometer was applied as a measurement tool to control vertical 

electron beam size using the Robust Conjugate Directional Search algorithm (RCDS) in a 

parameter optimization feedback loop. It is hoped that in the future visible light interferometer 

systems will continue to prove useful for characterization of the beam profile and optimization of 

beam parameters in new, diffraction-limited storage rings. 

 

 

 

Figure 6.15: Convergence to minimum vertical beam size with interferometer objective 

function set to '0'. Blue curve is the measurement result from interferometer, while the green 

curve is the measurement result from X-ray pinhole camera. The red curve is the value 

closest to the desired objective value.  
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Chapter 7:  Conclusions and Future Work 

7.1 Conclusions 

The motivation of this thesis is to characterize the polarization state and spatial coherence of 

the diffraction-limited visible SR beam at SPEAR3. A continuous scan system was first 

developed to accurately and efficiently characterize the SR polarization as a function of vertical 

observation angle relative to the accelerator mid-plane. The results are presented in the form of 

Stokes' parameters, the beam polarization ellipse and displayed on the Poincaré sphere. To 

measure the spatial coherence properties and thereby determine the electron beam size, a double 

slit interferometer was used. The theoretical principle of the double slit interferometer to 

determine source size is known as the Van-Cittert Zernike theorem, which states that under 

monochromatic light conditions the interference visibility (or contrast) defined as a function of 

spatial frequency is the Fourier transform of the incoherent intensity distribution of the source. A 

rotated double slit interferometer was designed to fully measure the transverse electron beam 

profile. This a new method measures for the first time the electron beam profile with high 

resolution using visible light, including the rotation angle of the beam in the accelerator. The 

results and contributions contained in this thesis are summarized below. 

7.2 Beam polarization studies 

The characterization of beam polarization at 430nm, 532nm, 650nm wavelengths was 

performed. For this work, a continuous scan system was developed at SSRL and tested for 

accuracy and reproducibility using ZnO powder diffraction in an x-ray diffraction configuration. 

The time efficiency of a continuous scan depends on the segment integration time, which can be 

significantly improved when the counting time is much less than the moving time. For beam 

polarization measurements, detailed edge diffraction due to apertures in the diagnostic beamline 

can be observed using the continuous scan system. For SR research applications, the continuous-

scan method is advantageous when used with large, high-inertia systems which require relatively 

long times to start, stop and mechanically settle and will be particularly valuable for high 

brightness diffraction-limited storage ring light sources in the future.  

For the beam polarization studies, we define the electric field of the σ -mode polarized 

radiation to oscillate in the horizontal plane. When the σ-mode component is incident on the 

Rhodium SR beam exatraction mirror, this corresponds to P-wave incidence (oscillating in the 

incident plane) in traditional optics.  σ-mode radiation can be isolated by passing the beam 

through an optical polarizer with the optical axis orientated in the horizontal direction. The 
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electric field of π-polarized radiation oscillates in vertical plane corresponding to S-wave at the 

beam extraction mirror (oscillating perpendicular to the incident plane). π-mode can be extracted 

by passing the beam through the polarizer with its optical axis orientated in vertical direction. 

One of the main findings in the beam polarization research was that the Rhodium-coated SR 

beam extraction mirror has a significant effect on both  σ and π mode field amplitude and causes 

a relative phase shift between the two components. The changes depend strongly on the complex-

valued index of refraction for the Rh-coated mirror and the incidence angle of the beam. By 

analogy to conventional optics, S-wave light is efficiently reflected from a dielectric interface 

whereas P-wave light is cut-off at the so-called 'Brewster angle' incidence angle. The visible 

beam SR extraction mirror in SPEAR3 is metal (Rhodium-coated) instead of a dielectric and 

therefore has a complex-valued index of refraction. As a result the intensity of the σ-polarization 

component is attenuated by about 75% while the intensity of π-polarization component is only 

attenuated by about 8% relative to its original value. Because of the 81
◦
 incidence angle, the σ-

polarization component is near to the 'Brewster angle' for the metal beam extraction mirror. 

Taking the effect of the Rhodium beam extraction mirror into account, the measured 

polarization profiles for both the σ-mode and π-mode components as a function of vertical 

observation angle at the experiment station agree well with the theoretical model based on 

Schwinger’s equations and Fresnel’s law for reflection using a complex-valued thin-film 

refraction index for the Rh mirror. The agreement indicates that Schwinger's equations are 

accurate in the long wavelength regime far from the x-ray critical energy and that the 

measurement system is reliable. Moreover, the thin film Rh-coated mirror model is the right 

model for calculating the visible SR beam amplitude attenuation and phase shift. 

Next the visible SR beam polarization state was fully characterized in terms of Stokes 

parameters at 532nm wavelength. This wavelength was chosen due to a balance of small 

diffraction influence and available commercial optics including a narrow-band quarter wave plate 

optimized for operation at 532nm. The Stokes parameters provide a unique method to represent 

the beam polarization by measuring the beam intensity at a series of polarizer and quart wave 

plate rotation angles. This was the first time the vertical profile of visible SR light has been 

represented in terms of Stokes parameters after the beam extraction mirror (measurement and 

theory). The precise measurements were enabled by development of the continuous-scan data 

acquisition system. 

Finally, the polarization state was represented by plotting the Stokes's parameters on the 

Poincaré sphere to produce a comprehensive and clear comparison of the measured beam 

polarization state with the model. From the trace on the Poincaré sphere, the measured 

polarization state is slightly different with the theoretical model in terms of the polarization 

ellipticity angle. This is due to an anomalous phase shift when the SR light is reflected from the 
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Rh-coated beam extraction mirror above the accelerator mid-plane. Ideally the phase difference 

between σ polarization and π polarization should constant after reflection from the Rh-coated 

mirror. However, it was found that the phase difference between the two polarizations varied as a 

function of vertical observation angle above the mid-plane. The reason for this problem might be 

due to the installation of in vacuum Rh-coated mirror or the thermal deflection on its surface, 

which still needs to be further investigated. 

Overall, the measured SR beam polarization state agrees well with the model developed 

under the condition using the theoretical expressions σ and π mode profiles and the measured 

phase variation when beam is reflected from the thin film Rh-coated mirror. The contribution of 

this part of work is to provide a unique view point for understanding the characterization of 

diffraction limited visible SR beam from both theory and measurement. It is our hope the 

knowledge will benefit the design of future diffraction limited storage rings and in particular SR 

diagnostic beamlines.  

7.3 Beam coherence studies 

In order to measure the electron beam size, a double-slit 'steller' interferometer was used to 

characterize the spatial SR beam coherence.  The measurement system included a Herschelian 

reflective optics telescope with an objective lens to image the double-slit interference pattern onto 

a CCD camera. The reflective telescope geometry with a commercial telescope eyepiece provides 

accurate, low aberration results. The double slits were cut out of high-density cardboard and 

placed symmetrically in the unfocused synchrotron light beam. In the horizontal plane the double 

slit separation was adjusted using micrometer stages. In the vertical plane the double slits were 

made from a set of fixed-spacing configurations. In each plane measurements were made for the 

interference fringe contrast as a function of double-slit separation (spatial frequency).  

The goal of the measurement for SR beam spatial coherence was to derive the transverse 

source intensity distribution using the Van-Cittert Zernike theorem. A detailed derivation of the 

Van-Cittert Zernike theorem is provided to demonstrate the origin of the Fourier transform 

relation between incoherent source distribution and fringe contrast evaluated as a function of 

spatial frequency. In this case a step-by-step theoretical derivation was developed for the Van-

Cittert Zernike theory because often derivations in the literature are either incomplete or not 

clearly presented. Furthermore, because the transverse electron beam source profile has a 

Gaussian shape, a derivation is provided that relates the Gaussian profile of the fringe contrast 

evaluated to the Gaussian profile of the radiating source. This result is used to evaluate the 

horizontal and vertical electron beam size and agrees well with the online accelerator model.  

A derivation is also provided for rotation of the two-slit system using the two-dimensional 

form of the Van-Cittert Zernike theorem. The results are again applied to measurements in the 
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SPEAR3 diagnostic beam line. The modulated fringe contrast profile can be used as a 

tomographic 'slicing' tool to extract the transverse electron beam intensity profile. This was the 

first time that the interferometer slits had been rotated to map the transverse particle beam profile. 

The new rotation technique also provides the tilt angle of the electron beam that can result from 

coupling of the betatron functions in an accelerator. Finally, the interferometer was applied as the 

measurement source in an optimization feedback loop. In this case the Robust Conjugate 

Directional Search (RCDS) algorithm was configured to control the vertical electron beam size 

either at fixed values or to obtain a minimum value of less than 10 um at the source point. 

7.4 Limitations and future work 

The work presented in thesis provides new SR beam characterization methods using visible 

light with good agreement between theory and measurement. In practice, research with polarized 

SR UV and X-rays has a wide range of applications where the polarization state has to be 

accurately known but is difficult to measure directly at short wavelengths. Nevertheless, beam 

polarization measurements are possible in the visible spectrum due to the available optics, 

flexible manipulation, and no harmful radiation. By constructing a continuous-scan system it was 

possible to characterize polarization in the visible part of the spectrum. Although work is 

proceeding to measure the X-ray beam polarization, the work is difficult. Secondly, the 

polarization and coherence properties of the SR beam are unified, which in part means the 

polarization state can influence the interference contrast produced from the double slits. This 

problem has not been fully investigated in this thesis other than by separating the orthogonal 

polarization components with a beam polarizer. Future work along the lines of investigating the 

unified theory of polarization and coherence in the SR beam has the potential to reveal deeper 

physics hidden within the radiation field. 

In the future, an increasing number of research efforts will benefit from very high brightness 

synchrotron radiation beams with high transverse coherence. To address this need several major 

laboratories are in the design or construction phase for so-called diffraction limited light source 

storage rings (DLSR). The new generation of synchrotrons will reduce the electron beam size at 

the radiation source point to very small 'diffraction limited' sizes compared with current values. 

For these machines the double-slit interferometer will play a very important role to measure and 

characterize the electron beam using visible light due to its high resolution. Future studies are 

needed demonstrate the compatibility of the double-slit interferometer with DLSR sources. 

 

 

 



 

114 
 

References 

[1] Herman Winick, “Synchrotron Radiation Sources”, World scientific Publishing Co. Pte. Ltd., 

pp: 93, 1994. 

[2] A Synchrotron Radiation Research Facility for Africa 

http://www.lightsources.org/news/2014/09/05/synchrotron-radiation-research-facility-africa 

[3] Light sources of the world. http://www.lightsources.org/regions 

[4] Giorgio Margaritondo. “Introduction to Synchrotron Radiation”. Oxford University press, 

1988. 

[5] The Electromagnetic Spectrum 

      http://www2.lbl.gov/MicroWorlds/ALSTool/EMSpec/EMSpec2.html 

[6] ALS, APS, NSLS-II, SSRL, “Grand challenge science on diffraction limited storage rings.” 

BESAC subcommittee on future light sources, July 10-12, pp.2-12, 2013.  

[7] Polarization. https://en.wikipedia.org/wiki/Polarization_(waves) 

[8] Dennis H. Goldstein. “Polarized Light”. Third edition, CRC press, pp.3, 2011. 

[9] J.Stöhr, et al., “Element specific magnetic microscopy with circularly polarized X-ray”, 

Science, Vol. 259, pp.658, 1993. 

[14] L. Lu, V. Sahajwalla, C. Kong et al., “Quantitative X-ray diffraction analysis and its 

application to various coals”, Carbon, Vol 39, pp.1821-1833, 2001. 

[15] H.J. Wang, “Step size, scanning and shape of X-ray diffraction peak”, Journal of applied 

crystallography, Vol.27, pp.716-721, 1994. 

[16] J.H. Reibenspies, “Peak width determination of step scan profiles: the floating baseline 

method”, Journal of applied crystallography, Vol. 26, pp.426-430, 1993. 

[17] Vitalij K. Pecharsky and Peter Y. Zavalij., “Fundamentals of power diffraction and structural 

characterization of materials”, New York: Springer, pp. 319-328, 2005. 

[18] L. Joly, E. Otero, F. Choueikani et al., “Fast continuous energy scan with dynamic coupling 

of the monochromator and undulator at the DEIMOS beamline”, Journal of synchrotron 

radiation, Vol 21, pp. 502-506, 2014. 

[19] K. Medioubi, N. leclercq, F. Langlois et al., “Development of fast, simultaneous and multi-

technique scanning hard X-ray microscopy at synchrotron Soleil”, Journal of synchrotron 

radiation, Vol 20, pp. 293-299, 2013. 

[20] Li, C.L., Kiss, A.M., Van Campen, D. G., Corbett, J., et al., 'Continuous scan capability at 

SSRL and application to X-ray diffraction', Journal of Synchrotron Radiation, Vol 23, Part 4, 

p.909-9218, 2016. 

http://www.lightsources.org/news/2014/09/05/synchrotron-radiation-research-facility-africa
http://www.lightsources.org/regions
http://www2.lbl.gov/MicroWorlds/ALSTool/EMSpec/EMSpec2.html
https://en.wikipedia.org/wiki/Polarization_(waves)


 

115 
 

[21] Li, C.L., Corbett, J., Mistuhashi, T., et al, 'Characterization of the SR visible beam 

polarization state at SPEAR3', IBIC2015, Melbourne, Australia.  

[22] Li, C.L., Corbett, J., Y.H. Xu, Zhang, W.J., 'Polarization Measurement and Modeling of 

Visible Synchrotron Radiation at SPEAR3’, IBIC2016, Barcelona, Spain. 

[23] Corbett, J., Li, C.L., Kiss, A.M, et al, 'Characterization of Visible Synchrotron Radiation 

Polarization at SPEAR3', IPAC2015, Richmond, Virginia, USA. 

[24] Coherence 

https://en.wikipedia.org/wiki/Coherence_(physics)#The_relationship_between_coherence_tim

e_and_bandwidth 

[25] A.A. Michelson and F.G. Pease, “Measurement of the Diameter of α-Orionis with the 

Interferometer”, Astrophysical Journal, pp. 249-258, 1921. 

[26] T. Mitsuhashi. “Spatial coherency of the synchrotron radiation at the visible light region and 

its application for the electron beam profile measurement”, Particle Accelerator Conference, 

pp: 766-768, 1997. 

[27] T. Mitsuhashi, “Beam profile and size measurement by SR interferometers”. Proceedings of 

the joint US-CERN-Japan-Russia School on Particle Accelerators, World Scientific Publishing 

Co. Pte. Ltd, pp.399-400, 1998.  

[28] T. Mitsuhashi, “Twelve Years of SR Monitor development at KEK”. Beam instrument 

workshop: Eleventh workshop, pp. 1-8, 2004.   

[29] A.S. Fisher, M. Petree and E.L. Bong, “A synchrotron light interferometer for PEP-II�”, 

SLAC-PUB-8456, May 2000.  

[30] M. Masaki and S. Takano, “Beam size measurement of the spring-8 storage ring by two 

dimensional interferometer”, Proceeding DIPAC, Grenoble, France, pp: 142-144, 2001. 

[31] Kai Tang, Baogen Sun, Yongliang Yang et al., “Transverse beam size measurement system 

using visible synchrotron radiation at HLS Ⅱ”, Chinese Physics C，Vol. 40, No. 9, pp: 

097002-1, 2016. 

[32] Georges Trad, “Development and optimization of the SPS and LHC beam diagnostics based 

on Synchrotron Radiation monitors”, UNIVERSITĖ DE GRENOBLE, Ph.D thesis, PP.89-106, 

2015.  

[33] Kent Peter Wootton, “Demonstrating beams for a future linear collider using electron storage 

rings”. The University of Melbourne, Ph.D thesis, pp.87, 2014. 

[34] For a SLAC overview see https://www6.slac.stanford.edu/about/slac-overview. 

[35] For and overview of the Stanford Synchrotron Radiation Lightsource see 

https://www6.slac.stanford.edu/facilities/ssrl 

https://en.wikipedia.org/wiki/Coherence_(physics)#The_relationship_between_coherence_time_and_bandwidth
https://en.wikipedia.org/wiki/Coherence_(physics)#The_relationship_between_coherence_time_and_bandwidth
https://www6.slac.stanford.edu/about/slac-overview
https://www6.slac.stanford.edu/facilities/ssrl


 

116 
 

[36] L. Wang, J. Safranek, Y, Cai, J. Corbett, et al., “Beam ion instability: Measurement, analysis, 

and simulation”, Physics review special topics-accelerators and beams, pp: 104402-2, 2013. 

[37] J.Corbett, P.Leong and L.Zavala, “Bunch pattern measurement via single photon counting at 

SPEAR3”, Proceeding of IBIC14, Monterey, USA, pp: 195-197, 2014. 

[38] Herman Winick, “Synchrotron Radiation Sources”, World scientific Publishing Co. Pte. Ltd., 

pp: 379, 1994. 

[39] Tor Raubenheimer, “X-rays: past, present, and future”, Stanford University, Applied Physics 

325 Lecture #3, pp: 11-12, 2015. 

[40] LCLS. http://lcls.slac.stanford.edu/ImageGallery_LCLS.aspx 

[41] Scientists Take First X-ray Portraits of Living Bacteria at the LCLS. 

https://www6.slac.stanford.edu/news/2015-02-11-scientists-take-first-x-ray-portraits-living-

bacteria-lcls.aspx 

[42] LCLS-II: A world class discovery machine. 

 https://portal.slac.stanford.edu/sites/lcls_public/lcls_ii/Pages/default.aspx 

[43] C. Limborg, A. Ringwall, M. Rowen, and J. Stieber. “An ultra-violet light monitor for 

SPEAR3”, European Particle Accelerator Conference (EPAC2002), Paris, France, pp: 1924-

1925, 2002. 

[44] Albert Hofmann, “The Physics of Synchrotron Radiation”, Cambridge University Press, 

2004. 

[45] L.Yongbin, H.Guoqing, Z.Manzhou, et al., “Beam based calibration of X-ray pinhole camera 

in SSRF”, Chinese Physics C, Vol.36, N0.1, pp: 80-83, 2012.  

[46] M.A. Tordeux, L. Cassinari, O. Chubar, et al., “Ultimate resolution of SOLEIL X-ray 

pinhole camera”, Proceeding of DIPAC07, Venice, Italy, pp: 180-182, 2007. 

[47] C.A. Thosmas and G.Rehm, “Pinhole camera resolution and emittance measurement”, 

proceeding of EPAC08, Genoa, Italy, pp: 1254-1256, 2008. 

[48] M.J.Boland and M.Spencer, “Vertical beam profile measurement and analysis with an X-ray 

pinhole”, Proceeding of EPAC08, Genoa, Italy, pp: 1059-1061, 2008. 

[49] J.C. Bergstrom and J.M. Vogt, “The X-ray diagnostic beamline at the Canadian Light 

Source”, Nuclear instrument and methods in physics research, A 587, pp: 441-443, 2008. 

[50] C. Limborg, J. Safranek, P. Stefan, “A pinhole camera for SPEAR2”, Proceeding of EPAC 

2000, Vienna, Austria, pp: 1774-1776, 2000. 

[51] J-M. Ko, S-M. Chung, E-S. Kim, et al., “Impedance estimations from bunch lengthening in 

the Pohang Light Source”, Japanese Journal of Applied Physics, Vol. 44, No.1A, pp: 438, 

2005. 

http://lcls.slac.stanford.edu/ImageGallery_LCLS.aspx
https://www6.slac.stanford.edu/news/2015-02-11-scientists-take-first-x-ray-portraits-living-bacteria-lcls.aspx
https://www6.slac.stanford.edu/news/2015-02-11-scientists-take-first-x-ray-portraits-living-bacteria-lcls.aspx
https://portal.slac.stanford.edu/sites/lcls_public/lcls_ii/Pages/default.aspx


 

117 
 

[52] J. Feikes, K. Holldack, P. Kuske and G. Wüstefeld, “Compressed electron bunches for THz 

Generation-Operating Bessy II in a dedicated low alpha mode”, Proceeding of EPAC04, 

Lucerne, Switzerland, pp: 2290, 2004. 

[53] J. Corbett, A. Fisher, X. Huang, et al., “Bunch length measurements in SPEAR3”, PAC07, 

Albuquerque, New Mexico, USA, 2007.  

[54] W. Cheng, Alan Fisher, and Jeff Corbett, “Streak camera measurements with high currents 

in PEP-II”, Beam instrument workshop, SLAC-PUB-13248, 2008. 

[55] J. Corbett. “Electron beam diagnostics at SPEAR3 using visible light”, lecture, April, 2015. 

[56] A.S. Fisher and M.Petree, “Turn by turn imaging of the transverse beam profile in PEP-II ,” 

12th beam instrumentation workshop, Fermilab, Batavia, IL, USA, 2006. 

[57] J. Corbett, W. Cheng, A.S. Fisher, et al., “Injection beam dynamics in SPEAR3”, IPAC10, 

Kyoto, Japan, pp: 1811-1812, 2010. 

[58] W. Cheng, J. Corbett and A. Fisher, “Fast gated camera measurements in SPEAR3”, PAC09, 

Vancouver, BC, Canada, pp: 4015-4017, 2009. 

[59] Klaus Wille, “The physics of Particle Accelerators”, Oxford University Press, 2000. 

[60] Herman Winick, “Synchrotron Radiation Sources”, World Scientific Publishing Co. Pte. Ltd, 

1994. 

[61] Matthew Sands. “Physics of Electron Storage Rings”, SLAC-PUB-121, pp: 103-112, 1979. 

[62] Parameters. http://www.esrf.eu/home/UsersAndScience/Accelerators/parameters.html 

[63] Albert Hofmann, “The Physics of Synchrotron Radiation”, Cambridge University Press, pp: 

84-85, 2004. 

[64] Li, C.L., Zhang, W.J., Corbett, J., et al., “Continuous-scan capability at SSRL and 

applications to X-ray diffraction”, J. Synchrotron Rad, 23, pp: 914-915, 2016.    

[65] Corbett, J., Kiss, A.M., Li, C.L., Mitsuhashi, T., “Characterization of visible synchrotron 

radiation polarization at SPEAR3”, Proceeding of IPAC15. Richmond, USA, pp: 1240, 2015. 

[66] Li, C.L., Corbett, J., Mitsuhashi, T., “Characterization of the SR visible beam polarization 

state at SPEAR3”, Proceeding of IBIC15. Melbourne, Australia, pp: 365, 2015. 

[67] Lu, L., Sahajwalla, V., Kong, C., et al., “Quantitative X-ray diffraction analysis and its 

application to various coals”. Carbon, 39, pp: 1823, 2001. 

[68] Uvarov, V., Popov, I., “Metrological characterization of X-ray diffraction methods for 

determination of crystallite size in nano-scale materials”, Materials Characterization, 58, pp: 

883-884, 2007. 



 

118 
 

[69] Paktunc, D., Foster, A., Laflamme, G., et al., “Speciation and characterization of arsenic in 

ketza river mine tailings using x-ray absorption spectroscopy”, Environment Science & 

Technology, 37, pp: 2068, 2003. 

[70] Toda, H., Maire, E., Yamauchi, S., et al., “In situ observation of ductile fracture using X-ray 

tomography technique” Acta Materialia, 59, pp: 1995-1996, 2011. 

[71] Pecharsky, V. K., Zavalij, P. Y., “Fundamentals of Power Diffraction and Structural 

Characterization of Materials”, New York, USA, pp: 319-328, 2005. 

[72] Rivers, M. “Trajectory scanning with the Newport MM 4005, Newport XPS, Aerotech 

Ensemble, and Pro-Dex MAXv Motor Controllers”, Trajectory scan note, Argonne National 

Laboratory, Chicago, USA, 2014. 

[73] Cobb, T., Chernousko, Y., Uzun, I., “Zebra: A flexible solution for controlling scanning 

experiments”, Proceeding of ICALEPCS, San Francisco, USA, pp: 736, 2013. 

[74] Joly, L., Otero, E., Choueikani, F., et al., “Fast continuous energy scan with dynamic 

coupling of the monochromator and undulator at the DEIMOS beamline”, J. Synchrotron Rad. 

21, pp: 502-503, 2014. 

[75] Medioubi, K., Leclercq, N., Langlois, F., et al., “Development of fast, simultaneous and 

multi-technique scanning hard X-ray microscopy at synchrotron Soleil”, J. Synchrotron Rad. 

20, pp: 293, 2012. 

[76] Li, C.L., Kiss, A.M., Zhang, W.J. et al., “Investigation of continuous scan methods for rapid 

data”, Proceeding of IPAC15, Richmond, USA, pp: 1243-1245, 2015. 

[77] M. Eriksson, J. Friso van der Veen, C. Quitmann, "Diffraction Limited Storage Rings - A 

Window to the Science of Tomorrow", Journal of Synchrotron Radiation, 21, pp:837-842, 

2014. 

[78] Polarization state. https://en.wikipedia.org/wiki/Polarization_(waves) 

[79] Edwin Collett. “Polarized light: Fundamentals and Applications”. pp: 34-51, 1993. 

[80] Dennis H. Goldstein, “Polarized light”. Third edition, Boca Raton, CRC Press, Taylor and 

Francis Group, pp: 50-51, 2011. 

[81] Hofmann, A., “The Physics of Synchrotron Radiation”. Cambridge University press, pp: 7-

84, 2004. 

[82] Limborg, C., Ringwall, A., Rowen, M., Stieber, J. “An ultra violet light monitor for 

SPEAR3”. European Particle Accelerator Conference, Paris, France, 2002. 

[83] Arndt, D.P., Azzam, M.A., Bennett, J.M., et al., “Multiple determination of the optical 

constants of thin film coating materials”. Applied optics, Vol. 23, No.20, pp: 3594, 1984. 

[84] Refractive index database. http://refractiveindex.info/?shelf=main&book=Al&page=Rakic 

https://en.wikipedia.org/wiki/Polarization_(waves)
http://refractiveindex.info/?shelf=main&book=Al&page=Rakic


 

119 
 

[85] Aleksandar D. Rakić. “Algorithm for the determination of intrinsic optical constants of metal 

films: application to aluminium”, Applied optics, Vol.34, No. 22, pp: 4762-4764, 1995. 

[86] Hecht Eugene. “Optics”, fourth edition, Adelphi Univeristy, Addison Wesley, pp: 113-115, 

2002. 

[87] Corbett, J., Kiss, A.M., Li, C.L., Mistuhashi, T. “Characterization of visible synchrotron 

radiation polarization at SPEAR3”. Proceeding of IPAC1. Richmond, USA, 2015. 

[88]Skin Depth Calculator. http://www.rfcafe.com/references/calculators/skin-depth-calculator.htm 

[89] T.M. Mitsuhashi. “Michelson’s Interferometer-Theory and Practice”, US Particle 

Accelerator School, Jan, 2008. 

[90] F. Zernike. “The Concept of Degree of Coherence and Application to Optical Problems”, 

Physica V, No. 5, pp: 785-786, 1938.  

[91] Max Born and Emil Wolf. “Principles of Optics”, 7th edition, Cambridge University Press, 

pp: 572-575, 1999. 

[92] J.W. Goodman, “Statistical Optics”, Wiley Classics Library, pp: 207-209, 2000. 

[93] A.A. Michelson and F.G. Pease, “Measurement of the Diameter of α-Orionis with the 

Interferometer”, Astrophysical Journal, Vol.51, pp: 249-258, 1921. 

[94] T.M. Mitsuhashi. “Beam Profile and Size Measurements by SR Interferometers”, Beam 

Measurements, Proceeding of the Joint US-CERN-Japan-Russia School on Particle 

Accelerator, Published by world scientific Publishing Co. Pte. Ltd., pp: 399-427, 1998. 

[95] T.M. Mitsuhashi. “Recent Trends in Beam Size Measurements Using Spatial Coherence of 

Visible Synchrotron Radiation”, Proceeding of IPAC15, Richmond, VA, USA, pp: 3662-3667, 

2015.  

[96] T. Mitsuhashi. “Twelve Years of SR Monitor Development at KEK”, Beam Instrumentation 

workshop: Eleventh Workshop, pp: 3-5, 2004. 

[97] J. Corbett, W. Cheng, A. Fisher, et al. “Interferometer Beam Size Measurements in 

SPEAR3”. Proceedings of PAC09, Vancouver, BC, Canada, pp: 4018, 2009. 

[98] J. Corbett, X. Huang and C. L. Li, et al., “Transverse Beam Profile and Vertical Emittance 

Control with a Double-Slit Stellar Interferometer”, Proceeding of IBIC16, Barcelona, Spain, 

2016. 

[99] C. L. Li, J. Corbett, T. Mitsuhashi, et al., “Double Slit Interferometer Measurement at 

SPEAR3”, Proceeding of IPAC16, Busan, Korea, pp: 368, 2016. 

[100] P. Chevtsov, A. Day, A.P. Freyberger et al., “Synchrotron Light Interferometry at Jeffseson 

LAB”, Proceeding of EPAC04, Lucerne, Switzerland, pp: 2846, 2004. 

http://www.rfcafe.com/references/calculators/skin-depth-calculator.htm


 

120 
 

[101] S.T. Wang, D.L. Rubin, J. Conway et al., “Visible-Light Beam Size Monitors using 

Synchrotron Radiation”, Nuclear Instruments and Methods in Physics Research Section A: 

Accelerators, Spectrometers, Detectors and Associated Equipment, Vol. 703, pp: 80, 2013. 

[102] A. Hanson, E. Wallén, Å. Andersson, “Transverse Electron Beam Imaging System using 

Visible Synchrotron Radiation at MAX III”, Nuclear Instrument and Methods in Physics 

Research Section A: Accelerators, Spectrometers, Detectors and Associated Equipment, Vol. 

671, pp: 94, 2012. 

[103] G. Trad, E. Bravin, A. Goldblat et al., “Performance of the Upgraded Synchrotron 

Radiation Diagnostic at the LHC”, Proceeding of IPAC16, Busan, Korea, 2016. 

[104] Georges Trad. “Development and optimization of the SPS and LHC beam diagnostics 

based on Synchrotron Radiation monitors”, UNIVERSITĖ DE GRENOBLE, Ph.D thesis, 

PP.89-106, 2015.  

[105] Eugene Hecht. “Optics”, 4th Edition, Adelphi University, pp: 452-460, 2002. 

[106] Fraunhofer diffraction (mathematics). 

https://en.wikipedia.org/wiki/Fraunhofer_diffraction_(mathematics)#cite_note-6 

[107] Ariel Lipson, Stephen G. Lipson, and Henry Lipson. “Optical physics”, 4th edition. 

Cambridge University Press, pp: 231, 2011. 

[108] Justin Peatross and Michael Ware. “Physics of light and optics”, pp: 202-207, 2008. 

[109] An introductory discussion of the Gaussian function. 

https://en.wikipedia.org/wiki/Gaussian_function 

[110] An introductory discussion of the normal distribution. 

https://en.wikipedia.org/wiki/Normal_distribution 

[111] William Nesse, “Fourier transform of a Gaussian”.  

     https://www.youtube.com/watch?v=iLQ-E0FA85Q 

[112] T. Naito and T. Mitsuhashi, “Very Small Beam Size Measurement by a Reflective 

Synchrotron Radiation Interfeometer”, Physics review special topical topics-accelerators and 

beams, pp: 122802-1:6, 2006.  

[113] T. Mitsuhashi, “Measurement of Small Transverse Beam Size Using Interferometry”, 

Proceeding of DIPAC, ESRF, Grenoble, France, pp: 29-30, 2001. 

[114] U. Iriso, L. Torino, T. Mitsuhashi, “First Transverse Beam Size Measurement Using 

Interferometry at ALBA”, Proceeding of IBIC13, Oxford, UK, pp: 194-196, 2013. 

[115] M. Boland et al., “Measurement of the incoherent depth of field effect on horizontal beam 

size using an SR interferometer”, Proceeding of IPAC15, Richmond, Virginia, USA, pp: 1391-

1393, 2015. 

https://en.wikipedia.org/wiki/Fraunhofer_diffraction_(mathematics)#cite_note-6
https://en.wikipedia.org/wiki/Gaussian_function
https://en.wikipedia.org/wiki/Normal_distribution
https://www.youtube.com/channel/UCXv696SjJra5Ih3sZB0bb1g


 

121 
 

[116] A. Hofmann, “The Physics of Synchrotron Radiation”, Cambridge University Press, pp: 

229, 2004.  

[117] X. Shi, S. Marathe, M.J. Wojcik et al., “Circular grating interferometer for mapping 

transverse coherence area of X-ray beams”, Applied Physics Letter 105, pp: 041116, 2014. 

[118] J. Corbett, X. Huang, J. Wu, et al., “Transverse Beam Profiling and Vertical Emittance 

Control with a Double Slit Stellar Interferometer”, Proceeding of IBIC16, Barcelona, Spain, 

2016.  

[119] L. Torino, U. Iriso, “Beam Shape Reconstruction Using Synchrotron Radiation 

Interferometry”, IBIC16, Proceeding of IBIC16, Barcelona, Spain, 2016.  

[120] L. Torino, U. Iriso, “Transverse Beam Profile Reconstruction Using Synchrotron Radiation 

Interferometry ”, Physical review accelerators and Beams, pp:122801(3-8), 2016. 

[121] X. Huang, J. Corbett, J. Safranek, “An algorithm for online optimization of accelerators”, 

Nuclear Instruments and Methods in Physics Research A, Vol.726, pp: 77, 2013. 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 



 

122 
 

Appendix A 

During a constant-velocity scan, the acceleration is zero throughout the data acquisition phase 

between the start and end points. During a variable-velocity scan the acceleration changes 

between segments as specified by the input parameters. Six parameters are needed to define each 

trajectory segment. They are the start position (𝑠), the final position (𝑓), the number of segments 

(𝑛), the data acquisition time for the first segment (𝑡𝑠), the data acquisition time for the last 

segment (𝑡𝑓 ), and an exponential factor (𝑝). The distance (𝑑 ), of each piecewise trajectory 

segment is calculated from Equation A.1, and the velocity at the start and end positions can be 

calculated by Equations A.2 and A.3, where  𝑣𝑠𝑡𝑎𝑟𝑡 is the start position velocity and 𝑣𝑒𝑛𝑑 is the 

end position velocity. 

𝑑 =
𝑓 − 𝑠

𝑛
                                                                                 (A. 1) 

𝑣𝑠𝑡𝑎𝑟𝑡 =
𝑑

𝑡𝑠
                                                                                (A. 2) 

𝑣𝑒𝑛𝑑 =
𝑑

𝑡𝑓
                                                                                 (A. 3) 

For both constant-velocity and variable-velocity scans, the input velocity (𝑣𝑖𝑛) and the output 

velocity (𝑣𝑜𝑢𝑡) of each segment is calculated from equations A.4 and A.5, where N is the number 

of the current segment. 

𝑣𝑖𝑛 = 𝑣𝑠𝑡𝑎𝑟𝑡 + (𝑣𝑒𝑛𝑑 − 𝑣𝑠𝑡𝑎𝑟𝑡) (
𝑁 ∙ 𝑑

|𝑓 − 𝑠|
)
𝑝

                                                (A. 4) 

𝑣𝑜𝑢𝑡 = 𝑣𝑠𝑡𝑎𝑟𝑡 + (𝑣𝑒𝑛𝑑 − 𝑣𝑠𝑡𝑎𝑟𝑡) (
(𝑁 + 1) ∙ 𝑑

|𝑓 − 𝑠|
)

𝑝

                                      (A. 5) 

The exponential factor, p, appearing in these equations dictates the tendency that the motor 

velocity decreases (p > 1) as the control segment is executed. The movement time 𝑡, for each 

segment is calculated according to Equation A.6 and A.7 

𝑣𝑎𝑣𝑒 =
𝑣𝑖𝑛 + 𝑣𝑜𝑢𝑡

2
                                                                         (A. 6) 

𝑡 =
𝑑

𝑣𝑎𝑣𝑒
                                                                                    (A. 7) 

To calculate the start (𝑠𝑠𝑡𝑎𝑟𝑡) and end (𝑠𝑒𝑛𝑑) positions for each segment Equations A.8 and 

A.9 are used, where 𝑠𝑠𝑡𝑎𝑟𝑡is the start position of each segment and 𝑠𝑒𝑛𝑑 is the end position of 

each segment 

𝑠𝑠𝑡𝑎𝑟𝑡 = 𝑠 + 𝑁 ∙ 𝑑 − 0.5 ∙ 𝑑                                                         (A. 8) 
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𝑠𝑒𝑛𝑑 = 𝑠𝑠𝑡𝑎𝑟𝑡 + 𝑑                                                                        (A. 9) 

The acceleration segment is added before the start position and deceleration is added after the 

end position. The acceleration segment parameters can be calculated from Equations A.10-A.14, 

where 𝑑𝑎𝑐𝑐is the acceleration distance, 𝑡𝑎𝑐𝑐 is the acceleration time, 𝑠𝑠𝑡𝑎𝑟𝑡 is the start position of 

the acceleration segment, 𝑠𝑒𝑛𝑑 is the end position of the acceleration segment, 𝑣𝑖𝑛 is the input 

velocity of the acceleration segment, 𝑣𝑜𝑢𝑡 is the output velocity of acceleration segment. 

𝑑𝑎𝑐𝑐 = 0.5 ∙ 𝑣𝑠𝑡𝑎𝑟𝑡 ∙ 𝑡𝑎𝑐𝑐                                                                 (A. 10) 

𝑠𝑠𝑡𝑎𝑟𝑡 = 𝑠 − 0.5 ∙ 𝑑 − 𝑑𝑎𝑐𝑐                                                            (A. 11) 

𝑠𝑒𝑛𝑑 = 𝑠 − 0.5 ∙ 𝑑                                                                           (A. 12) 

𝑣𝑖𝑛 = 0                                                                                            (A. 13) 

𝑣𝑜𝑢𝑡 = 𝑣𝑠𝑡𝑎𝑟𝑡                                                                                    (A. 14) 

The deceleration segment parameters are calculated from Equations A.15-A.19, where 𝑑𝑑𝑒𝑐 is 

deceleration distance, 𝑡𝑑𝑒𝑐  is equal to the 𝑡𝑎𝑐𝑐    defined by the acceleration time in the SPEC 

configuration file, 𝑣𝑖𝑛 is the input velocity of the deceleration segment, 𝑣𝑜𝑢𝑡 is the output velocity 

of deceleration segment.  

𝑑𝑑𝑒𝑐 = 0.5 ∙ 𝑣𝑒𝑛𝑑 ∙ 𝑡𝑑𝑒𝑐                                                                (A. 15) 

𝑠𝑠𝑡𝑎𝑟𝑡 = 𝑓 + 0.5 ∙ 𝑑                                                                        (A. 16) 

𝑠𝑠𝑡𝑎𝑟𝑡 = 𝑓 + 0.5 ∙ 𝑑 + 𝑑𝑑𝑒𝑐                                                          (A. 17) 

𝑣𝑖𝑛 = 𝑣𝑒𝑛𝑑                                                                                   (A. 18) 

𝑣𝑜𝑢𝑡 = 0                                                                                        (A. 19) 
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Appendix B 

B.1 Fresnel reflection theory 

 

Fresnel’s laws can be used to calculate electromagnetic field reflectivity at an arbitrary angle 

where the transmission medium changes index, in this case from 𝑛1 =1 (vacuum) to 𝑛2 

=2.6+i*3.3(thin film rhodium mirror).  As shown in Fig. B.1, the SR beam strikes the Rh-coated 

mirror at a horizontal incidence angle θi of 81° from the surface normal†. �⃑� 𝑠, �⃑� 𝑝 and �⃑� 𝑠, �⃑� 𝑝 are 

the incident and reflected electric field amplitudes and �⃑� 𝑠, �⃑� 𝑝 are the transmitted electrical field 

amplitudes, respectively. The incident and refracted angles 𝜃𝑖 and 𝜃𝑡 are related by Snell’s law 

𝑛𝑖 sin 𝜃𝑖 = 𝑛𝑡 sin 𝜃𝑡                                                                 (B. 1) 

Here θtis a complex quantity representing both angular direction and attenuation. 

† Note the SR 𝜎-mode component corresponds to the P-polarization convention at the mirror 

and the SR 𝜋-mode component corresponds to the S-polarization convention in Fig. B.1. 

Fresnel's equations for the reflected field amplitude can be expressed as [9]: 

𝑟𝑠 =
𝑅𝑠

𝐸𝑠
=

𝑛1 cos 𝜃𝑖 − 𝑛2 cos 𝜃𝑡

𝑛1 cos 𝜃𝑖 + 𝑛2 cos 𝜃𝑡
                                              (B. 2) 

𝑟𝑝 =
𝑅𝑝

𝐸𝑝
=

𝑛2 cos 𝜃𝑖 − 𝑛1 cos 𝜃𝑡

𝑛1 cos 𝜃𝑡 + 𝑛2 cos 𝜃𝑖
                                             (B. 3) 

Where 𝑛2, 𝜃𝑡, 𝑟𝑠 and 𝑟𝑝  are all complex valued for a conductive medium 𝑛2.  

 

 

 

 

 

Figure B.1: S and P polarized electric field component reflection a metallic mirror. 
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B.2 Optical parameters of bulk Rh-coated mirror 

If one replaces the thin-film complex index of refraction with the complex index of refraction 

for bulk Rhodium the calculated relative intensity from Fresnel's equations becomes 𝐼𝑝/𝐼𝑠~50% 

(Table B.1). This value does not agree well with the measured data [10]. Application of the 'three 

state' thin-film equation again with the bulk Rh index of refraction simply yields the bulk Rh 

result because the skin depth is about 0.005 nm for 532nm wavelength [11]. As a result we 

conclude the 600Å Rhodium surface is best modeled with the thin film values for complex 

refractive index. 

Table B.1 Optical parameters of bulk Rh-coated mirror [7] 

 

 

 

 

 

 

 

 

 

Parameters Value 

Wavelength (nm) 430 532 650 

Refractive index (𝑛𝑟)  1.64 1.93 2.19 

Extinction index (𝑘𝑖)  4.37 4.89 5.74 

Reflection coefficient 𝑟𝑠(π mode) 0.98 0.98 0.98 

Reflection coefficient 𝑟𝑝 (σ mode) 0.70 0.68 0.68 

Intensity ratio 𝐼𝑝/𝐼𝑠=(𝑟𝑝 𝑟𝑠⁄ )2 0.51 0.48 0.48 

π mode phase shift ∆∅𝑆  -176.52° -176.93° -177.37° 

σ mode  phase shift ∆∅𝑃 -70.40° -77.58° -87.39° 

Phase difference ∆∅𝑆−𝑃,                     

(a-above, b-below)                            

a=-16.12° 

b=163.88° 

a=-9.35° 

b=170.65° 

a=0.02° 

b=180.02° 
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B.3 Field and intensity reflection 

By inserting the thin-film values for complex index of refraction directly into Fresnel's 

equations it is possible to calculate S-wave and P-wave field reflectivity and phase shift as a 

function of beam incidence angle. Figure B.2 shows a plots of both the reflectivity and intensity 

reflectance for the S and P polarization components as a function of incidence angle on the thin 

film Rh surface at wavelength λ=532nm. The 81◦ incidence required by the diagnostic beam line 

geometry is close to the 'Brewster angle' cutoff of the mirror, which makes P-polarization 

reflectance near the minimum value. Note that traditional S-wave and P-wave definitions 

correspond to π -mode and σ -mode synchrotron radiation components incident on the 

horizontally-deflecting SPEAR3 beam line extraction mirror, respectively. 

  

 

 

 

 

 

 

 

 

Figure B.2: (blue) Calculated S-wave and P-wave field reflectivities from a thin-film 

Rhodium mirror as a function of incidence angle. (red-dash), intensity reflectance as a 

function of incidence angle. The ratio of reflected P-wave intensity to reflected S-wave 

intensity 𝐼𝑝 𝐼𝑠⁄  is plotted in black. 



 

127 
 

Appendix C  Publications Arising from This Work 

1. Li, C.L., Kiss, A.M., Van Campen, D. G., Corbett, J., et al., 'Continuous scan capability at 

SSRL and application to X-ray diffraction', Journal of Synchrotron Radiation, Volume 23, 

Part 4, pp: 909-9218, 2016. 

2. Li, C.L., Kiss, A.M., Zhang, W.J., et al, 'Investigation of Continuous Scan Method for 

Rapid Data Acquisition', IPAC2015, Richmond, Virginia, USA. 

3. Li, C.L., Corbett, J., Mistuhashi, T., et al, 'Characterization of the SR visible beam 

polarization state at SPEAR3', IBIC2015, Melbourne, Australia.  

4. Li, C.L., Boland, M.J., Mistuhashi, T. and Corbett, J., 'Double Slit Interferometer 

Measurements at SPEAR3', IPAC2016, Busan, South Korea. 

5. Li, C.L., Corbett, J., Y.H. Xu, Zhang, W.J., 'Polarization Measurement and Modeling of 

Visible Synchrotron Radiation at SPEAR3’, IBIC2016, Barcelona, Spain. 

6. Xu, Y.H., Sun, Z.H., Li, C.L., Zhang W.J. and Corbett, J., 'Time Response of a Gridded 

X-ray Beam Ionization Chamber', IPAC2016, Busan, South Korea. 

7. Corbett, J., Huang, X., Wu, J., Li, C.L., et al, 'Transverse Beam Profiling and Vertical 

Emittance Control with a Double Slit Stellar Interferometer’, IBIC2016, Barcelona, Spain.  

8. Corbett, J., Li, C.L., Kiss, A.M, et al, 'Characterization of Visible Synchrotron Radiation 

Polarization at SPEAR3', IPAC2015, Richmond, Virginia, USA. 

 

 

 

 

 

 

 

 

 

 

 




