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Functional bases of differential invariants of the first-order of the splitting subgroups of the
group P(1,4) have been constructed. For majority of these subgroups functional bases of
differential invariants of the second-order have also been described.

The differential invariants of the local Lie groups of the point transformations play an impor-
tant role in the group-analysis of differential equations (see, for example [1-10]). In particular,
with the help of these invariants we can construct differential equations with non-trivial symme-
try groups. Differential invariants have been studied in many works (see, for example [1-10]).

The present paper is devoted to construction of functional bases of differential invariants
of the first- and second-order for the splitting subgroups of generalized Poincaré group P(1,4).
The group P(1,4) is the group of rotations and translations of five-dimensional Minkowski space
M (1,4). This group has many applications in theoretical and mathematical physics [11, 12, 13].
In order to present some of the results obtained we have to consider the Lie algebra of the
group P(1,4).

1 The Lie algebra of the group P(1,4)
and its continuous subalgebras.

The Lie algebra of the group P(1,4) is given by the 15 basis elements M, = —M,,, and P;’L
(n,v=0,1,2,3,4), satisfying the commutation relations

[PL,PL]:O, [M/ Pl]:gMUP;—gVUPZ“

puvrt o
[M;/uﬂ Mfl)a] = gMﬂMILO' + gVUM;ILp B gVPM;/LO' B gHUMlI/m
where goo = —g11 = —g22 = —933 = —gaa = 1, g = 0, if p # v. Here, and in what follows,
M, =iM,.

Further we will use following basis elements:

Pa:Mia_ c,LOv Ca:Mia_‘_Mt/zO (a:17273)>

(P +Pj).

N =

1
X0=§(P5—P4), Xy =P (k=1,2,3), X4 =

In order to study the subgroup structure of the group P(1,4) we used the method proposed
n [14]. Continuous subgroups of the group P(1,4) have been found in [15-19].



On Differential Invariants of First- and Second-Order 141

One of the important consequences of the description of the continuous subalgebras of the Lie
algebra of the group P(1,4) is that the Lie algebra of the group P(1,4) contains as subalgebras
the Lie algebra of the Poincaré group P(1,3) and the Lie algebra of the extended Galilei group

G(1,3) [13], i.e. it naturally unites the Lie algebras of the symmetry groups of relativistic and
nonrelativistic quantum mechanics.

2 The differential invariants of the first-order
for splitting subgroups of the group P(1,4)

For all splitting subgroups of the group P(1,4) the functional bases of differential invariants of
the first-order have been constructed. Below, we present some of the results obtained.

At first, let us consider the following representation of the Lie algebra of the group P(1,4):

0 0 0 0
P = P =__— pl=__= Pl=__
0 8%0 ’ ! 8%1 ’ 2 61‘2 ’ 3 8x3 ’
0

For this representation of the considered Lie algebra we have obtained the functional bases
of differential invariants of the first-order for all its splitting subalgebras.

Below, for some of the splitting subalgebras of the Lie algebra of the group P(1,4) we write
its basis elements and corresponding functional basis of differential invariants.

1. (Ly+eG, X3, e > 0),

1/2 x
(z§ — 73) / o (22 +22)Y2, In(xo 4 24) + earctan az_l’ u, TiUug — TalUi,
2
2 _ .2 2, .2 _ Ou
(1‘0+x4)(UQ+U4), us, uO —U4, Ul +'U:2, Uu = %, M:0,1,2,3,4;
o

2. <L3+dG,P3,X4, d> 0>,
( 2 2)1/2 To + 24 Uy — U4

ry+x3) ", U, Tiug — Taua, ; T3 + us,
Uy — U4 To + 24
uy
darctan — + In(xg + x4), u? +u3, ud—ui —ui;

u2
3. <P17P27P37X4>)
€1 U Z2 Uz x3 us

o + T4, u,

+ ) + ) + ,
To+ T4 U — Ug To+ T4 U — Ug To+ T4  UY— Ug
ug — Ug, ug—u%—ug—ug—ui;
4. (G, Ly, Lo, L3, X4),
(x%—i—a:%%—x%)lﬂ
ug—ui, u%—&-u%—i—u%;
5. (G, P, Py, X1, X5, X4),

To + T4 2 2 2 2
U3, Up — Up — Uy — Uy;

, u, (xo+x4)(up +ug), z1U1 + T2UZ + T3US3,

z3, u, 3
Uug — U4q

6. (Ls, Pi, Py, P3, X1, X9, X4),

€T3 us 2 2 2 2 2
+ y  UQ —Uq4, Ug — Up — Uy — U3z — Uy;
To+ T4 U — U4

o + 24, u,
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7. (G, Ls, P, Py, X1, X2, X3, X4),
To + x4 2 2 9 9
uo — u4, U3, UO Ul 'U/2 U4,
8. <L3 + bG7P17 P27 P37X07X17X27X37X47 b > 0)7
U, ug—u%—ug—ug—ui.
Now, let us consider an other representation of the Lie algebra of the group P(1,4)
0 0 0 0
Pl=_—— Pl =—— Py=—— 45—
0 6$0 ’ 8.7}1 ’ 81‘2 ’ 61’3 ’
0
P = —50 M), = — (z,P, —z,P)), T4 = u. (2)

More details about this representation can be found in [20].

Taking into account this representation of the considered Lie algebra we have constructed
the functional bases of differential invariants of the first-order for all its splitting subalgebras.

Here, for some of the splitting subalgebras of the Lie algebra of the group P(1,4) we give its
basis elements and corresponding functional basis of differential invariants.

1. <L3+€P3,E::|:1>,
2, .2\1/2 2 .2 2\1/2 x3 ug
To + u, (:E1+1‘2) , (:L'O 3 u) ' otu Twrl
T T3 u% 2 T1U9 — ToUL u% + u%
garctan — — , 3 , , 31
xa  xo+u  (up+1) uo+ 1" zyug +zous’ (up+1)
ou
= — =0,1,2,3;
tu Oz, H
2. (G, Ls),
9 on1/2 9 o 1/2 qup — 1 TiU9 — ToUq
9 + 9 - } ) }
3 (xl x2) (:EO u) (x0+u) UO+1 T1UL + T2U2
u%—l u%—i—u%
uid ud
3. (G, P, Py),
2 2 2 2\1/2 To+u o+ u To+u
3, (330 T1 — X ) ) To—l—lug’ T1 u0+1u1’ 2+u0+1u2’
u%—u%—u%—l'
u3 ’
4. (G,L3, P, Py),
2 2 2
2 2 2 onl/2 Ty +u UO—UI—UQ—I
3, (.’170 331 CCQ ) U/O"‘lug’ ug )
2 2
To + U To+u .
<$1+ 0+1U1> +<$2+UO+1U2> ;
5. (G, P3, L3, X1, X5),
2 2 2
2 2 2\1/2 To+u 2, 2y (Zotu up —uz—1
(2§ — x5 —u®) "7, UO+1U37 (U1+U2)<UO+1>7 Ztal
6. (G, L1, Lo, L3, Xo, X4),

(:L‘lul + xous + 1‘3U3)2

uf 4 u3 + uj

(27 + 23 +22) "%, :

2
uj—1

9

2
uj—1
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7. (G, P, Py, P3, X1, X2, X4),

o+ u To+u 2
1:3+u0+1u;3, (ug—u%—ug—ug—l)(uo_{_l) ;
8. (G, Ls, P, Py, P3, X1, X5, X4),

To+ U To+u 2
2 2 2 2

- 3, —wr—ur—ut—1

1:3+u0 1U5 (uo Uy — Uy — U3 ><u0 1>

3 On differential invariants of the second-order
for splitting subgroups of the group P(1,4)

We have constructed functional bases of differential invariants of the second-order for some
splitting subgroups of the group P(1,4). Now, we present some of the results obtained.

Let us consider the representation (1) of the Lie algebra of the group P(1,4). For this repre-
sentation of the considered Lie algebra we have constructed the functional bases of differential
invariants of the second-order for some its splitting subalgebras. Below, for some of the splitting
subalgebra of the Lie algebra of the group P(1,4) we write its basis elements and corresponding
functional basis of differential invariants.

(L3 +eG, e > 0),

1/2 1/2 x
x3, (25— 23) / . (2% +23) / , earctan x_l +In(xo + 24), u,
2
(xo + x4)(up + ua), Tiu2 — T2uU1, U3, u(% - ui, u% + u%?

u x
e arctan —> 1 2 In(zg + z4), In(ugo + uag + \/§u04) — 2v/2e arctan —1,
U23 Z2

Ug2 + U x U
arctan <u> + 2 arctan —1, e arctan — — In ((u01 + u14)2 + (uo2 + u24)2) ,
up1 + U4 T2 U2

Up3 + U34 V2u1o u1

2 T arctan | ————— | +2v/2arctan —,  usg3,  ugo — Uaa, Uil + Uso,
2

(uo + ua) U1 — U22 U2

2 2 2 2 2 2 2 2 2 2 2 2 2 2
Uy — U3y, U3+ Uz, U + U + Uy, Uy — Upg + Uhy, Upp T Uy — UTy — Uy,

ou 0%*u
U1 U224 — UO2U14, Uy = y  Upy = y MV = O) 17 27 35 4.
Oz, 0x,0x,

Now, let us consider the representation (2) of the Lie algebra of the group P(1,4). Taking
into account this representation of the considered Lie algebra we have obtained the functional
bases of differential invariants of the second-order for some its splitting subalgebras.

Here, for some of the splitting subalgebra of the Lie algebra of the group P(1,4) we give its
basis elements and corresponding functional basis of differential invariants.

(L),
2 2\1/2 2 2
ZTo, I3, (901 + 332) , U,  T1Ul + TaUz, Ug, U3, U] 1+ U3,
T U] — U22
(m% — a:%) uo1 + 2x1T2UQ2, 2\/5 arctan — — arctan (—) , Upo, U3, U33,
2 V2ui9

2 2 2 2 2 2 2
U1l —+ U2, UOl + UO27 Ulg + UQ37 ull + u12 + UQz, Up2U13 — UO1U23,
ou 0%u

= = —— =0,1,2,3.
I 8$M7 Uy 8$M8$V7 v ) Ly 4y

u
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