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Functional bases of differential invariants of the first-order of the splitting subgroups of the
group P (1, 4) have been constructed. For majority of these subgroups functional bases of
differential invariants of the second-order have also been described.

The differential invariants of the local Lie groups of the point transformations play an impor-
tant role in the group-analysis of differential equations (see, for example [1–10]). In particular,
with the help of these invariants we can construct differential equations with non-trivial symme-
try groups. Differential invariants have been studied in many works (see, for example [1–10]).

The present paper is devoted to construction of functional bases of differential invariants
of the first- and second-order for the splitting subgroups of generalized Poincaré group P (1, 4).
The group P (1, 4) is the group of rotations and translations of five-dimensional Minkowski space
M(1, 4). This group has many applications in theoretical and mathematical physics [11, 12, 13].
In order to present some of the results obtained we have to consider the Lie algebra of the
group P (1, 4).

1 The Lie algebra of the group P (1, 4)
and its continuous subalgebras.

The Lie algebra of the group P (1, 4) is given by the 15 basis elements Mµν = −Mνµ and P ′
µ

(µ, ν = 0, 1, 2, 3, 4), satisfying the commutation relations[
P ′

µ, P ′
ν

]
= 0,

[
M ′

µν , P
′
σ

]
= gµσP ′

ν − gνσP ′
µ,[

M ′
µν , M

′
ρσ

]
= gµρM

′
νσ + gνσM ′

µρ − gνρM
′
µσ − gµσM ′

νρ,

where g00 = −g11 = −g22 = −g33 = −g44 = 1, gµν = 0, if µ �= ν. Here, and in what follows,
M ′

µν = iMµν .
Further we will use following basis elements:

G = M ′
40, L1 = M ′

32, L2 = −M ′
31, L3 = M ′

21,

Pa = M ′
4a − M ′

a0, Ca = M ′
4a + M ′

a0 (a = 1, 2, 3),

X0 =
1
2

(
P ′

0 − P ′
4

)
, Xk = P ′

k (k = 1, 2, 3), X4 =
1
2

(
P ′

0 + P ′
4

)
.

In order to study the subgroup structure of the group P (1, 4) we used the method proposed
in [14]. Continuous subgroups of the group P (1, 4) have been found in [15–19].
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One of the important consequences of the description of the continuous subalgebras of the Lie
algebra of the group P (1, 4) is that the Lie algebra of the group P (1, 4) contains as subalgebras
the Lie algebra of the Poincaré group P (1, 3) and the Lie algebra of the extended Galilei group
G̃(1, 3) [13], i.e. it naturally unites the Lie algebras of the symmetry groups of relativistic and
nonrelativistic quantum mechanics.

2 The differential invariants of the first-order
for splitting subgroups of the group P (1, 4)

For all splitting subgroups of the group P (1, 4) the functional bases of differential invariants of
the first-order have been constructed. Below, we present some of the results obtained.

At first, let us consider the following representation of the Lie algebra of the group P (1, 4):

P ′
0 =

∂

∂x0
, P ′

1 = − ∂

∂x1
, P ′

2 = − ∂

∂x2
, P ′

3 = − ∂

∂x3
,

P ′
4 = − ∂

∂x4
, M ′

µν = − (
xµP ′

ν − xνP
′
µ

)
. (1)

For this representation of the considered Lie algebra we have obtained the functional bases
of differential invariants of the first-order for all its splitting subalgebras.

Below, for some of the splitting subalgebras of the Lie algebra of the group P (1, 4) we write
its basis elements and corresponding functional basis of differential invariants.

1. 〈L3 + eG, X3, e > 0〉,(
x2

0 − x2
4

)1/2
, (x2

1 + x2
2)

1/2, ln(x0 + x4) + e arctan
x1

x2
, u, x1u2 − x2u1,

(x0 + x4)(u0 + u4), u3, u2
0 − u2

4, u2
1 + u2

2, uµ ≡ ∂u

∂xµ
, µ = 0, 1, 2, 3, 4;

2. 〈L3 + dG, P3, X4, d > 0〉,(
x2

1 + x2
2

)1/2
, u, x1u2 − x2u1,

x0 + x4

u0 − u4
,

u0 − u4

x0 + x4
x3 + u3,

d arctan
u1

u2
+ ln(x0 + x4), u2

1 + u2
2, u2

0 − u2
3 − u2

4;

3. 〈P1, P2, P3, X4〉,
x0 + x4, u,

x1

x0 + x4
+

u1

u0 − u4
,

x2

x0 + x4
+

u2

u0 − u4
,

x3

x0 + x4
+

u3

u0 − u4
,

u0 − u4, u2
0 − u2

1 − u2
2 − u2

3 − u2
4;

4. 〈G, L1, L2, L3, X4〉,(
x2

1 + x2
2 + x2

3

)1/2
, u, (x0 + x4)(u0 + u4), x1u1 + x2u2 + x3u3,

u2
0 − u2

4, u2
1 + u2

2 + u2
3;

5. 〈G, P1, P2, X1, X2, X4〉,
x3, u,

x0 + x4

u0 − u4
, u3, u2

0 − u2
1 − u2

2 − u2
4;

6. 〈L3, P1, P2, P3, X1, X2, X4〉,
x0 + x4, u,

x3

x0 + x4
+

u3

u0 − u4
, u0 − u4, u2

0 − u2
1 − u2

2 − u2
3 − u2

4;
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7. 〈G, L3, P1, P2, X1, X2, X3, X4〉,
u,

x0 + x4

u0 − u4
, u3, u2

0 − u2
1 − u2

2 − u2
4;

8. 〈L3 + bG, P1, P2, P3, X0, X1, X2, X3, X4, b > 0〉,
u, u2

0 − u2
1 − u2

2 − u2
3 − u2

4.

Now, let us consider an other representation of the Lie algebra of the group P (1, 4)

P ′
0 =

∂

∂x0
, P ′

1 = − ∂

∂x1
, P ′

2 = − ∂

∂x2
, P ′

3 = − ∂

∂x3
,

P ′
4 = − ∂

∂u
, M ′

µν = − (
xµP ′

ν − xνP
′
µ

)
, x4 ≡ u. (2)

More details about this representation can be found in [20].
Taking into account this representation of the considered Lie algebra we have constructed

the functional bases of differential invariants of the first-order for all its splitting subalgebras.
Here, for some of the splitting subalgebras of the Lie algebra of the group P (1, 4) we give its

basis elements and corresponding functional basis of differential invariants.

1. 〈L3 + εP3, ε = ±1〉,
x0 + u,

(
x2

1 + x2
2

)1/2
,

(
x2

0 − x2
3 − u2

)1/2
,

x3

x0 + u
+

u3

u0 + 1
,

ε arctan
x1

x2
− x3

x0 + u
,

u2
3

(u0 + 1)2
+

2
u0 + 1

,
x1u2 − x2u1

x1u1 + x2u2
,

u2
1 + u2

2

(u0 + 1)2
,

uµ ≡ ∂u

∂xµ
, µ = 0, 1, 2, 3;

2. 〈G, L3〉,
x3,

(
x2

1 + x2
2

)1/2
,

(
x2

0 − u2
)1/2

, (x0 + u)2
u0 − 1
u0 + 1

,
x1u2 − x2u1

x1u1 + x2u2
,

u2
0 − 1
u2

3

,
u2

1 + u2
2

u2
3

;

3. 〈G, P1, P2〉,
x3,

(
x2

0 − x2
1 − x2

2 − u2
)1/2

,
x0 + u

u0 + 1
u3, x1 +

x0 + u

u0 + 1
u1, x2 +

x0 + u

u0 + 1
u2,

u2
0 − u2

1 − u2
2 − 1

u2
3

;

4. 〈G, L3, P1, P2〉,

x3,
(
x2

0 − x2
1 − x2

2 − u2
)1/2

,
x0 + u

u0 + 1
u3,

u2
0 − u2

1 − u2
2 − 1

u2
3

,(
x1 +

x0 + u

u0 + 1
u1

)2

+
(

x2 +
x0 + u

u0 + 1
u2

)2

;

5. 〈G, P3, L3, X1, X2〉,(
x2

0 − x2
3 − u2

)1/2
, x3 +

x0 + u

u0 + 1
u3,

(
u2

1 + u2
2

) (
x0 + u

u0 + 1

)2

,
u2

0 − u2
3 − 1

u2
1 + u2

2

;

6. 〈G, L1, L2, L3, X0, X4〉,(
x2

1 + x2
2 + x2

3

)1/2
,

(x1u1 + x2u2 + x3u3)2

u2
0 − 1

,
u2

1 + u2
2 + u2

3

u2
0 − 1

;
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7. 〈G, P1, P2, P3, X1, X2, X4〉,

x3 +
x0 + u

u0 + 1
u3, (u2

0 − u2
1 − u2

2 − u2
3 − 1)

(
x0 + u

u0 + 1

)2

;

8. 〈G, L3, P1, P2, P3, X1, X2, X4〉,

x3 +
x0 + u

u0 + 1
u3,

(
u2

0 − u2
1 − u2

2 − u2
3 − 1

)(
x0 + u

u0 + 1

)2

.

3 On differential invariants of the second-order
for splitting subgroups of the group P (1, 4)

We have constructed functional bases of differential invariants of the second-order for some
splitting subgroups of the group P (1, 4). Now, we present some of the results obtained.

Let us consider the representation (1) of the Lie algebra of the group P (1, 4). For this repre-
sentation of the considered Lie algebra we have constructed the functional bases of differential
invariants of the second-order for some its splitting subalgebras. Below, for some of the splitting
subalgebra of the Lie algebra of the group P (1, 4) we write its basis elements and corresponding
functional basis of differential invariants.

〈L3 + eG, e > 0〉,
x3,

(
x2

0 − x2
4

)1/2
,

(
x2

1 + x2
2

)1/2
, e arctan

x1

x2
+ ln(x0 + x4), u,

(x0 + x4)(u0 + u4), x1u2 − x2u1, u3, u2
0 − u2

4, u2
1 + u2

2,

e arctan
u13

u23
+ 2 ln(x0 + x4), ln(u00 + u44 +

√
2u04) − 2

√
2e arctan

x1

x2
,

arctan
(

u02 + u24

u01 + u14

)
+ 2 arctan

x1

x2
, 4e arctan

u1

u2
− ln

(
(u01 + u14)2 + (u02 + u24)2

)
,

u03 + u34

(u0 + u4)2
, arctan

( √
2u12

u11 − u22

)
+ 2

√
2 arctan

u1

u2
, u33, u00 − u44, u11 + u22,

u2
03 − u2

34, u2
13 + u2

23, u2
11 + u2

12 + u2
22, u2

00 − u2
04 + u2

44, u2
01 + u2

02 − u2
14 − u2

24,

u01u24 − u02u14, uµ ≡ ∂u

∂xµ
, uµν ≡ ∂2u

∂xµ∂xν
, µ, ν = 0, 1, 2, 3, 4.

Now, let us consider the representation (2) of the Lie algebra of the group P (1, 4). Taking
into account this representation of the considered Lie algebra we have obtained the functional
bases of differential invariants of the second-order for some its splitting subalgebras.

Here, for some of the splitting subalgebra of the Lie algebra of the group P (1, 4) we give its
basis elements and corresponding functional basis of differential invariants.

〈L3〉,
x0, x3,

(
x2

1 + x2
2

)1/2
, u, x1u1 + x2u2, u0, u3, u2

1 + u2
2,(

x2
1 − x2

2

)
u01 + 2x1x2u02, 2

√
2 arctan

x1

x2
− arctan

(
u11 − u22√

2u12

)
, u00, u03, u33,

u11 + u22, u2
01 + u2

02, u2
13 + u2

23, u2
11 + u2

12 + u2
22, u02u13 − u01u23,

uµ ≡ ∂u

∂xµ
, uµν ≡ ∂2u

∂xµ∂xν
, µ, ν = 0, 1, 2, 3.
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